Math 212 Lecture | I.

The Lebesgue integral.



Review: sigma fields.

Let X be a set.

(Usnally X will be a topological space or even a metric space). A
collection F of subsets of X is called a ¢ field if:

e X c F.
o If ¥ € Fthen F° =X\ F < F, and
o If {£,} is a sequence of elements in F then |, E, € F.

The intersection of anv family of o-fields is again a o-field, and hence
civen any collection C of subsets of X. there is a smallest o-field F
which contains it. Then F is called the o-field generated by C.

If X is a metric space. the o-field generated by the collection of
open sets is called the Borel o-field, usnally denoted by B or B(X)
and a set belonging to B is called a Borel set.



Review: measures on
sigma fields.

"

Given a o-field F a (non-negative) measure 1s a function
m : F — [0, ]
such that

e m({)) =0 and

e Countable additivity: If F), 1s a disjomnt collection of sets in

F then
m (UF”) — Zm[F”_],

T

In the countable additivity condition it 1s understood that both sides
might be mfinite.



A key tool.

Let A, € F with A,, C

A=A,

We describe this situation by writing

A, 41 and

A, /A

If m 1s a measure on F then

lim m(A,) =m(A).

L — X

This is the key fact that we will be using over and over
agalll.



In what follows, (X,F,m) is a space with a o-field of sets,
and m a measure on F. The purpose of this chapter is to develop
the theory of the Lebesgue integral for functions defined on X.
The theory starts with simple functions, that is functions which
take on only finitely many non-zero values, say {ay,....a,} and
where

= fHa;) € F.

In other words. we start with functions of the form

r.

O(r) = Z“il.-ﬂi A, e F. (1)

i=1
Then, for any £ € F we would like to define the integral of a
simple function ¢ over E as

n

/ odm = Z a;m(A; N E) (2)

4 i—1

and extend this definition by some sort of limiting process to a
broader class of functions.



The function values.

/ odm = Z a;m(A; N E) (2)
)

i=1

[ haven't vet specified what the range of the functions should
be. Certainly, even to get started, we have to allow our functions
to take values in a vector space over R, in order that the ex-
pression on the right of (2) make sense. In fact, I will eventually
allow f to take values in a Banach space. However the theory is

a bit simpler for real valued functions, where the linear order of
the reals makes some arguments easier. Of course it would then
be no problem to pass to any finite dimensional space over the
reals. But we will on occasion need integrals in infinite dimen-
sional Banach spaces, and that will require a little reworking of
the theory.



Real valued measurable functions.
Recall that if (X, F) and (Y.G) are spaces with o-fields. then

f: X =Y
is called measurable if
Y EyeF VYFEeg. (3)

Notice that the collection of subsets of Y for which (3) holds is
a o-field. and hence if it holds for some collection C. it holds for
the o-field generated by C. For the next few sections we will
take Y = R and ¢ = B. the Borel field. Since the collection of
open intervals on the line generate the Borel field, a real valued
function f: X — R 1s measurable if and onlyv if

f_l[f) e F  tor all open intervals [.

Equally well, it 1s enough to check this for intervals of the form
(—oc. a) for all real numbers a.



Compositions of
measurable functions.

g o= 3] B . .
Proposition 1 If F' : R — R is a continuous function and
f. g are two measurable real valued functions on X, then F(f.g)
is measurable.

Proof. Theset F~1(—oc.a) is an open subset of the plane, and
hence can be written as the countable union of products of open
intervals I x J. So if we set h = F(f.g) then h='((—oc.a)) is the

countable union of the sets f=1(I) M ¢~ *(J) and hence belongs

to F. QED

From this elementary proposition we conclude that if f and
g are measurable real valued functions then



From this elementary proposition we conclude that if f and
g are measurable real valued functions then

e [+ g is measurable (since (r,y) — x4+ y is continuous),
e fg is measurable (since (x,y) — xy is continuous), hence
e {1, is measurable for any A € F hence

e T is measurable since f~([0,>]) € F and similarly for

f~ so
e | f| is measurable and so is |f — g|. Hence
e fAgand fV g are measurable

and so on.



The integral of a non-negative function.

We are going to allow for the possibility that an integral might
be infinite. We adopt the convention that

000 =0.

Recall that ¢ is simple if ¢ takes on a finite number of distinct
non-negative values, aq.....a,. and that each of the sets

A= o YHa)

is measurable. These sets partition X:
X=AU.---UA,.

Of course since the values are distinct.

f;L' B fflj' — 'm' f(l]" .? # j



r.

O(x) = Z”il--ﬂi A, e F.o (1) / odm = Zaim[fli NE) (2)
JE

With this definition, a simple function can be written as in (1)
and this expression is unique. So we may take (2) as the definition
of the integral of a simple function. We now extend the definition
to an arbitrary (|0, oc] valued) function f by

/ fdm =supl(E. f) (4)
JE

where

I{E. f)= {[ odm :0< o< f, & hil]l].)l(".‘}. (5)
JE

Notice that if A := f (o) has positive measure. then the
simple functions nl 4 are all < f and so [.\ fdm = .

Proposition 2 For simple functions, the definition (4) coin-
cides with definition (2).



Proof. Since ¢ is < itself. the right hand side of (2) belongs to
I(E.¢) and hence is < [,. ¢dm as given by (5). We must show
the reverse inequality: Suppose that ¢» =) b1, < ¢. We can
write the right hand side of (2) as

Z bm(ENB;) = Z bm(ENA;NDB;)

1.7

since ' N B, is the disjoint union of the sets £'NA; N B; because
the A; partition X, and m is additive on disjoint finite (even
countable) unions. On each of the sets A; N B; we must have
b; < a;. Hence

Y bm(ENANB) <Y am(ENANB;) =Y a;m(ENA,)
1.7 ]

since the B, partition X. QED
In the course of the proot of the above proposition we have
also established

1 < ¢ for simple functions mmplies / wdm < / odm.  (6)



/ odm = Z a;m(A; N E) (2)
JE

=1

Suppose that E and F are disjoint measurable sets. Then
m(A;, N(EUF))=m(A;, N E)+m(A; NEF)

so each term on the right of (2) breaks up into a sum of two
terms and we conclude that

If ¢is simple and ENF =), then / odm = / odm— / odn
JEUF JE JF

(7)
Also, it is immediate from (2) that if @ = 0 then
If ¢ is simple then / addm = a / odm. (8)
JE JE

It is now immediate that these results extend to all non-negative
measurable functions. We list the results and then prove them.
In what follows f and ¢ are non-negative measurable functions.
a = 0 1is a real number and E and F' are measurable sets:



/ fdm
J F
[u_ftf?ﬂ.
S B

m(E) =0

EnF =1

f < g a.e.

—

/f*-‘f?”-i- / gdm.
J B S

/ 1p fdm

Jx

/ fdm < fdm.
o

. f:'

/ fdm _[ f{ffﬁé—l—[ fdm.
FUF

/ fdm =10

Jx

/ fdm < / gdm.
d N SN



Proofs:
<gqg = /fr.rf-m.i. / gdm. (9)
JE J B
!

I =
/ fdn
J I J X

FclF = / fdm < / fdm. (11)
oS B J I

[u_ffﬁm — u[fff-m, (12)
J B J B

(9):1(E. f) c I(E.g).

(10): If ¢ is a simple function with ¢ < f, then multiplying
¢ by 1p gives a function which is still < f and is still a sim-
ple function. The set I(E. f) is unchanged by considering only
simple functions of the form 15 ¢ and these constitute all simple
functions < 1pf.

(11): We have 15 f < 15 f and we can apply (9) and (10).

(12): I(E,af)=al(E.[).

— / 1p fdm (10)



Proofs, continued.

/ afdm = a fdm. (12)

J B J B

m(E)=0 = fdm = 0. (13)
J

(12): [(E.af)=al(E.[).
(13): In the definition (2) all the terms on the right vanish
since m(EMA;) =0. So I(E. f) consists of the single element 0.



EFnF=0) = fdm = fdm + / fdm. (14)
J I J E J

(14): 'This is true for simple functions, so I(E U F| f)
I(E, f)+ I(F, f) meaning that every element of [(E U F, f) is a

sum of an element of [(E, f) and an element of I(F, f). Thus
the sup on the left is < the sum of the sups on the 1ﬁ11t proving
that the left hand side of (14) is < its right hand side. To prove
the reverse inequality, choose a simple function ¢ < 1gf and a
simple function ¢¥» < 15 f. Then o+ < 1p o f since ENE = ().
So ¢+ ¢ is a simple function < f and hence

/ odm —+ / wdm < / fdm.
JE Jr JEUF

If we now maximize the two summands separately we get

fdm + / f{f-nra.if/ fdm
5 JF JEUF

which 1s what we want.



=0 ae < / fdm = 0. (15)
Jx

(15): It f =0 almost everywhere, and ¢ < f then ¢ = 0 a.e.
since ¢ > (. This means that all sets which enter into the right
hand side of (2) with a; # 0 have measure zero, so the right hand
side vanishes. So I( X, f) consists of the single element 0. This
proves = in (15). We wish to prove the reverse implication. Let

A={z|f(x) > 0}. We wish to show that m(A) = 0. Now
1
A=|1]A, where A, ={z|f(z)> -}
U where {z|flx) > _”.}

The sets A,, are increasing. so we know that m(A) = lim,, .. m(A4,,).
S0 it is enough to prove that m(A, ) = 0 for all n. But

_1.'.1-;1 E-: .f
n

and is a simple function. So

1 1
— [ 1a, dm=—m(A,) < [ fdm =10
X | X

n . n Jx

implying that m(A, ) = 0.



f<g ae = / fdm < / gdm. (16)
J x '

oS X

(16): Let £ ={x|f(xr) < g(x)}. Then E is measurable and

FE° 1s of measure zero. By definition, 15 f < 1gg everywhere,

hence by (11)
/ 1p fdm < / 1pgdm.
J X J X

But

/ 1 fdm + / e fdm = / fdm + fdm = / fdm
J X J X JE JEe J X

where we have used (14) and (13). Similarly for g. QED



Fatou’s lemma.

Theorem 1 If {f,} is a sequence of non-negative functions,

then |
lm inf /f,s,d-m. > /(]im int f,g) dm. (17)
n—oc k>n _ n— 00 k> |

Recall that the limit inferior of a sequence of numbers {a, } is
defined as follows: Set

by, == Inf ay
ke =n
so that the sequence {b,, } is non-decreasing, and hence has a limit
(possibly infinite) which is defined as the lim inf. For a sequence
of functions, lim inf f,, is obtained by taking lim int f, () for
every .



Strict inequality can
occur.

Consider the sequence of simple functions {1y, ,,.q)}. At each
pomt x the lim inf is 0, in fact 1y, ,,4(x) becomes and stays 0
as soon as n > x. lhus the right hand side of (17) i1s zero. The
numbers which enter into the left hand side are all 1. so the left
hand side is 1.

Similarly, if we take f,, = nlg1/y). the left hand side is 1
and the right hand side is 0. So without further assumptions, we
cenerally expect to get strict inequality in Fatou's lemma.



Proof of Fatou’s lemma.

Set
Gn «— Hli f.f

¢~

so that

On = r+1
and set

f:= lim inf f, = lim g,.
n— 00 L > Fl— OO
Let
o< f

be a simple function. We must show that

/fﬁuf.m < lim inf /_f;t.fﬂ-m.

n—oc k>n



To show: /r;.-i:-ff-m. < lim inf [_f,;t.ff-m. (18)

n—oo k>n

There are two cases to consider:

a) m({x:od(x)>0}) = oc. In this case [ dpdm = oo and
hence [ fdm = oo since ¢ < f. We must show that lim inf | f,dm =
~c. Let

D:={x:0(x) >0} som(D)=oc.

Choose some positive number b < all the positive values taken
by ¢. This is possible since there are only finitely many such
ralues.

Let
D, :={x|g,(x) > b}.

The D,, /D since b < o(x) < lim,,_.. g,(x) at each point of

D. Hence m(D,,) — m(D) = ~.



D,, .= {x|g,(x) > b}. m(D,,) — m(D) = oc.

%

bm(D,) < / gndm < frdm k =n
JD, J D,

since g, < fi for k£ = n. Now

/ frdm = / frdm
. JD,

since fr is non-negative. Hence liminf [ f,,dm = ~.



b) m({x:o(x) > 0}) < oo. Choose € > 0 so that it is less than the minimum
of the positive values taken on by ¢ and set

De(w) = { o(r)—e i ¢(z) >0

0 it o(x) = 0.

Let
c-n. L= {.’I.'|g”_(;i’:) = ij}

and
C={x:f(xr)= ot}
Then C,, / C. We have

Jeo, Jo C

T v ‘m

[f;i-d-m.. k>n

AN

AN

Jc
/fﬁ-fz'fFJ- k> n.



[ o.dm < liminf [_f,s,ff-m.
J, :

We will next let n — oc: Let ¢; be the non-zero values of ¢, so

e = E cilp,

for some measurable sets B, € . Then

[ Oedm = er.,.;-m.[B.,; nC,,) — Z c;m(B;) = [r;.-f;,,,ffm
JC :

since (B, NC,,) " B,NnC =8,;. So

[r;.-f;fff-m < lim inf [_f,;.ffm‘

/ Oedm = [r;.-fnf-m. —em ({x|p(x) > 0}) .

Since we are assuming that m ({x|o(x) > 0}) < oo, we can let
¢ — 0 and conclude that [ ¢dm < liminf [ frdm. QED

Now



Pierre Joseph Louis Fatou

Born: 28 Feb 1878 in Lorient, France
Died: 10 Aug 1929 in Pornichet, France



The monotone convergence theorem.

We assume that {f, } is a sequence of non-negative measurable
functions. and that f,(x) is an increasing sequence for each x.
Define f(x) to be the limit (possibly 4o¢) of this sequence. We
describe this situation by f,, / f. The monotone convergence
theorem asserts that:

fn=0, fn f = Lm [_f”d-m. — [_fd-m., (19)

Fi— O

The f, are increasing and all < f so the [ f,dm are monotone
increasing and all < [ fdm. So the limit exists and is < [ fdm.
On the other hand, Fatou's lemma gives

/fff-m < liminf / frndm = lim [f”fi'-m..

QED



In the monotone convergence theorem we need only know
that

fn / f a.e.

Indeed, let C' be the set where convergence holds, so m(C*“) = 0.
Let g, = 1o f, and ¢ = 1o f. Then g, / g everywhere. so
we may apply (19) to g, and g. But [ g,dm = [ f,dm and
| gdm = | fdm so the theorem holds for f,, and f as well.



The space L£(X,R).

We will say an R vuluu:‘d measurable function is integrable it
both [ fTdm < oc and [ f~dm < oo. If this happens, we set

/fffm: /f+fhn— [f dm. (20)

Since both numbers on the right are finite, this difference makes
sense. Some authors prefer to allow one or the other numbers
(but not both) to be infinite, in which case the right hand side
of (20) might be = o0 or —oc. We will stick with the above
convention.

We will denote the set of all (real valued) integrable functions
by L1 or L1(X) or L1(X.R) depending on how precise we want
to be.



Notice that if f < g then fT < g" and f~ > ¢ all of these
functions being non-negative. So

/f+ff-rrs. < /.i;erff'f”u /f_d'f”' 2 /ﬂ_d"’”’
/f+d-m. — /f_d-m. < /!_’JJF*’ET”-— /.‘3’_"3"’”‘

f {_j q —, /f{f-ﬁr@, i /g(ﬂ“l. (21)

If a is a non-negative number, then (af)™ = af*. If a < 0
then (af)* = (—a)fT so in all cases we have

/ufd-nrs.. —a / fdm. (22)

hence

O



Additivity of the
integral.

We now wish to establish

f.ge Ly = f+ge L, and /(_f + g)dm = / fdm + / gdm.
| | (23

Proof. We prove this in stages:



e First assume f =) a;14,. g = > b;1p, are non-negative
simple functions, where the A; partition X as do the B;.
Then we can decompose and recombine the sets to vield:

[+ gyim = >+ bm(Ain B)

szam i By) —I—ZZE};H i N DBy)
— Zu,gm ) + Z i (

1

— [_fd-m.—l— /gd-m.

where we have used the fact that m 1s additive and the
A;N B, are disjoint sets whose union over j is A; and whose
1101 over 7 1s Bj-,



e Next suppose that f and ¢ are non-negative measurable
functions with finite integrals. Set

22?1

ZQH _][—-.rr“l

Each is a simple function < f. and )El'-i-'-i-illﬁ' from f

T I I = T
to f,.1 involves splitting each of ’rhn:* sets f1 [;;; _. E}_l]} n
the sum into two. and choosing a larger value on the second
portion. So the f, are increasing. Also, it f(x) < oo, then
f(xz) < 2™ for some m, and for any n > m f,(x) differs
from f(x) by at most 27", Hence f,, / f a.e., since f
is finite a.e because its integral is finite. Similarly we can
construct g, /" g. Also (fu, +9n) / [+ g a.e.

By the a.e. monotone convergence theorem

/(f—I_g]{EIH — li]—]l /[fn+ﬂ-n)d'”l —

lilll/f”_fﬂm—l—lim /g”dm — /f{f-r;ra.—l—/gd-m._.




Bv the a.e. monotone convercence theorem

/[f—|—g)cf-m. — lim [[fn-I-gﬁffm —

lim / frndm~+lim [g”.rf-m — /f{fm—l—[gffm.

where we have used (23) for simple functions. This argu-
ment shows that [(f + g)dm < oc if both integrals [ fdm
and | gdm are finite.

For any f € £1 we conclude from the preceding that

/. | fldm = /(f+ + 7 )dm < ~c.



e For any f € L1 we conclude from the preceding that

/. | fdm = /(f+ + [ )dm < .

Similarly for g. Since |f + g| < |f| + |g| we conclude that
both (f+ ¢)" and (f + g)~ have finite integrals. Now

(f+)t =+ =f+9g=(U"=f)+(@" —g)

Or
(f+9) +f +g =f"+g" +(f+9)

All expressions are non-negative and integrable. So inte-
orate both sides to get (23).QED



We have thus established

Theorem 2 The space L1(X.R) is a real vector space and f +—
| fdm is a linear function on L4(X,R).

We also have

Proposition 3 If h € L1 and ]1 hdm = 0 for all A € F then
h >0 a.e.

Proof: Let A, : {z|h(x) < ——} Then

/ hdm < / _—lffm — —i-m.(_fl”)
JA, Ja, N n

T

so m(A,) = 0. Bu’r it we let A := {x|h(x) < 0} then A,, / A
and hence m(A 0.QED



We have defined the integral of any function f as [ fdm =
[ fTdm— [ f~dm, and [ |f|dm = [ fTdm+ [ f~dm. Since for

any two non-negative real numbers a — b < a + b we conclude

that |
‘ / fdm

1l = /.|f|ff?:"é‘.

< / | fldm. (24)

If we define

we have verified that

1 +gl < S+ gl

and have also verified that

Il = lelll il



1F+ gl = 1/ + llgll

and have also verified that

Il = [elllF 1

In other words, || - ||1 is a semi-norm on L. From the preceding
proposition we know that || f||{ = 0 if and only if f =0 a.e. The
question of whether we want to pass to the quotient and identify
two functions which differ on a set of measure zero is a matter
of taste.



The dominated convergence theorem.
This savs that

Theorem 3 Let [, be a sequence of measurable functions such
that
ful < g ae, ge Ly,

Then
fn—f ae = feLly and /f”dm - [_ffﬂ-m..

Proof. 'The functions f,, are all integrable, since their positive
and negative parts are dominated by ¢g. Assume for the moment
that f,, = 0. Then Fatou’s lemma says that

[fff-m. < lim inf / fndm.



fn = 0. Then Fatou's lemma says that

[ fdm < lim inf / frdm.

Fatou's lemma applied to g — f,, says that

/[Q_f)d'f”- < liminf /[g—f”)dm — lim inf (/ gdm — /f”d-m.)

— /gd-nrs..—lim sup / frdm.

Subtracting [ gdm gives

lim sup / frndm < / fdm.

SO . . .
lim sup / fndm < / fdm < liminf / frndm

which can only happen if all three are equal.



We have proved the result for non-negative f,,. For general
f,, we can write our hypothesis as

—qg < f,, < g a.e..
Adding ¢ to both sides gives
0< f,+9g<2g a.e.

We now apply the result for non-negative sequences to g + f,,
and then subtract off [ gdm.



Riemann integrability.

-
y

Suppose that X = [a,b] is an interval. What is the relation
between the Lebesgue integral and the Riemann integral? Let us
suppose that |a. D] is bounded and that f is a bounded function.
say | f| < M. Each partition

Pira=ay<ay<---<a,=2>b
into intervals I; = |a;—1.a;] with
m;:=ml(l;))=a;—a;_1. i=1....,n
defines a Riemann lower sum

Lp= Z kim; ki = inf f(x)

r=1;

and a Riemann upper sumn

Up = Z M;m; M,; = SUP f(fj'



Lp= Z kim; ki = :i_}lf_ flw) Up = Z M;m; M, := sup f(x)

.E"TJFE'

which are the Lebesgue integrals ot the simple tunctions

Fp = Z .ff.iljri._ and ip = Zﬂf«;d—lfﬂ-_

respectively.

According to Riemann., we are to choose a sequence of par-
titions F,, which refine one another and whose maximal mterval
lengths go to zero. Write ¢; tor {p, and u; tor up.. Then

bbby == f < Sup <uy.

Suppose that f 18 measurable. All the tunctions i the above 1m-
equality are Lebesgue mtegrable, so dominated convergence 1m-

plies that
b b
Ihm U, = 1'1111/ w,, dr = / wdx
o i o

where u = lim u,, with a similar equation tor the lower bounds.
The Riemann mtegral 1s defined as the common value of Iim L,
and hm U,, whenever these limits are equal.



Proposition 4 f is Riemann integrable if and only iof f is con-
tinuwous almost everywhere.

Proof. Notice that it x 1s not an endpoint of any interval 1 the
partitions, then f is continuous at x if and only if w(x) = f(x).
Riemann’s condition tor integrability says that [fu — Odm = 0
which mmplies that f 1s continuous almost everywhere.

Conversely, it f 12 continunous a.e. then v = f = ¢ a.e.. Since
u 1s measurable so 15 f, and since we are assunming that [ 1s
bounded, we conclude that f Lebesgue integrable. As £ = f = u
a.c. thewr Lebesgue mtegrals comcide. But the statement that
the Lebesgue mtegral of « 15 the same as that ot £ 1s precisely
the statement of Riemann mtegrabilitv.QED

Notice that in the course of the proof we have also shown that
the Lebesgue and Riemann mteerals comcide when both exist.



