Math 212 Lecture |2

The Lebesgue integral, 2.



The Beppo-Levi theorem.

Lemma 1 Let {g,} be a sequence of non-negative measurable
functions. Then

/. i_{;” dm = i /g.”ffm.

n=1 =1

Proof. We have

i 1
/Zgﬂhnzz /gmfm.
Y k=1 k=1"

for finite n by the linearity of the mtegral. Since the g, = 0.
the sums under the mtegral sign are mecreasing, and by defini-
tion converge to >, gr. The monotone convergence theorem
nnplies the lemma. QED

But both sides of the equation 1in the lemma might be mmfinite.



Theorem 4 Beppo-Levi. Let f, € L1 and suppose that

- .
> / | f|dm < oo

r'!:l.':].

Then > fir(x) converges to a finite limit for almost all x, the
sum is integrable, and

/ Z.fﬁ- dm = Z / frdm.
T k=1 h=1"

Proof. Take g, := |f,| in the lemma. If we set g =>_ ", g, =
> | fu| then the lemma says that

[gff-m. — Z / | frldm,

rn—1

and we are assuming that this sum is finite. So ¢ is integrable,
in particular the set of x for which g(x) = oo must have measure
zero. In other words,

Z |.frr (f)| < OO0 a.e.

n—1



Z|fﬂ r)] < oo a.e.

n—1
If a series is absolutely convergent, then it is convergent, so we
can say that > f, () converges almost everywhere. Let

fla) =) fulr)

n—=1
) at all

at all points where the series converges. and set f(x)

other points. Now
> Julw)| < g(a)

at all points, and hence by the dominated convergence theorem,

fe Ly and

/fff-m — / ]1111 Z Jr dm = lim Z / frdm = Z [f,;,d-m
| | ' k=1"

QED




L, 1s complete.

This is an immediate corollary of the Beppo-Levi theorem and
Fatou's lemma. Indeed, suppose that {h, } is a Cauchy sequence
in £,. Choose n; so that

|
[y — T || < 5 Y on > n.
Then choose 1, > ny so that
|
||h'|’i' o h‘ﬂg” i“t E Vo= Ny,

Continuing this way, we have produced a subsequence h,,, such
that

|
||h'”j|l o h“‘j” = E_J'



Let
le — h-”jl L h”j'

|
/ | fildm < 57

so the hypotheses of the Beppo-Levy theorem are satisfied. and
> f; converges almost everywhere to some limit f € £,. But

Then

I
fin, +ij- = Ny y -

J=1

So the subsequence h
h = f_‘] .

ne converges almost everywhere to some



||I'|'
Py + Y Fi = Ty
j=1

So the subsequence h,, converges almost everywhere to some

he L.

We must show that this h 1s the himt of the h,, m the

norm. For this we will use Fatou's lemmea.
For a given € > 0. choose N so that ||hA,

k.n > N. Since h = lim h,,; we have, for k£ > N

|h—hi||1 = /|h—h;1.|fhn.: / lim |hy,; —h|dm

WSS

= lim inf ||h.”j — hill < e.

QED

RaiF

— fi'..m || < € for

< ]'1111'1111'/ |f3.,,..j—h_k|(f”,-_



Dense subsets of £{(R.R).

Up until now we have been studying mtegration on an arbitrary
measure space (X, F,m). In this section and the next. we will

take X = R. F to be the o-field of Lebesgnue measurable sets.
and m to be Lebesgue measure, i order to simplity some of the
tormulations and arguments.

Suppose that f 18 a Lebesgue imtegrable non-negative tunction
on R. We know that for anv € > 0 there 1s a simple function ¢
such that

o= f

/fffm — / odm = /(f —o)ldm = ||f — 0|1 < e.

and



To say that ¢ is simple implies that

ffi: E ﬂil.fii

(finite sum) where each of the a; > 0 and since [ ¢dm < oo each
A; has finite measure. Since m(A;N[—n.n]) — m(A;) as n — oo,
we may choose n sufficiently large so that

| f— |1 <26 where ¥ = Z ﬂil,-ﬂm[—w..n.]*

For each of the sets A; N [—n.n] we can find a bounded open set
/i which contains it, and such that m(U;/A;) is as small as we
please. So we can find finitely many bounded open sets U; such

that
1/ — Z'ﬂilf?i“l < Je.



|/ = Z“f]—f:’iHl < 3e.

Each U; is a countable union of disjoint open intervals, U; =
U_,‘ [; ;. and since m(U;) = Z_}. m(l; j), we can find finitely many
[; j, j ranging over a finite set of integers, .J; such that m (Uﬁ_ji)
is as close as we like to m(U;). So let us call a step function a
function of the form > b;1;. where the I; are bounded intervals.
We have shown that we can find a step function with positive
coefficients which is as close as we like in the || - | norm to f. If
f is not necessarily non-negative, we know (by definition!) that
fT and f~ arein £;. and so we can approximate each by a step
function. the triangle inequality then gives

Proposition 5 The step functions are dense in L1(R,R.).



Proposition 5 The step functions are dense in L1(R,R).

If |a.b]. a < bis a finite interval, we can approximate 1, 5 as
closely as we like in the || - ||; norm by continuous functions: just
choose n large enough so that % < b — a, and take the function
which is 0 for = < a, 1‘i-a-:"~-a linearly from 0 to 1 on |a.a + 1]
identically 1 on [a 4+ +,b — l] and goes down linearly from 1 to

0 from b — l to b clll(l stays 0 thereafter. As n — oo this clearly

T(‘.‘ll(lh to 1[”,3_,] in the || - || norm. So

Proposition 6 The continuous functions of compact support are

dense in L1(R,R).

As a consequence of this proposition. we see that we could have
avolded all of measure theory if our sole purpose was to define the
space L1(R,R). We could have defined it to be the completion
of the space of continuous functions of compact support relative
to the

|- ||1 norm.



The Riemann-Lebesgue Lemma.

We will state and prove this in the “generalized form”. Let h be
a bounded measurable function on R. We say that 5 satisfies
the averaging condition if

|
lim —/ hdm — 0. (25)
ol Jo

|| —
For example, if h(t) = cos&t, £ # 0, then the expression under

the limit sign in the averaging condition is

1 ¢t
— sin &t
c&

which tends to zero as |¢|] — oc. Here the oscillations in h are
what give rise to the averaging condition. As another example,

let | j
h(_t):{ Lo =t

/It |t > 1



|
lim —/ hdm — 0. (25)
(

el —oe || Jg

h(_t):{ b=t

I 1t = 1.

let

Then the left hand side of (25) is

1 -
H(_l—l—]ug‘h‘ﬂ. lc| = 1.

Here the averaging condition is satisfied because the integral in
(25) grows more slowly that |e|.



Theorem 5 |Generalized Riemann-Lebesgue Lemma].
Let f € Li([e.d].R), —oc < ¢ < d < oc. If h satisfies the

averaging condition (25) then

il
]im/ f(t)h(rt)dt = 0. (26)

r— 0C

Proof. Our proof will use the density of step functions, Propo-
sition 5. We first prove the theorem when f = 1, is the in-
dicator function of a finite interval. Suppose for example that

0 < a < b.Then the integral on the right hand side of (26) is

. -0
[ Lja.ee(rt)dt = / hirt)dt., or setting x = rt
J0 /.

i

1 by 1 T
= [ hix)dr — — [ hix)dax
rJo " Jo

and each of these terms tends to 0 by hypothesis. The same

argument will work for any bounded interval |a, b].



vl
To prove: lim / f(t)h(rt)dt = 0. (26)

I — 20 .
we have proved (26) for

indicator functions of intervals and hence for step functions.
Now let M be such that |h| < M everywhere (or almost

everywhere) and choose a step function s so that 1f = sl < E
J ) - 'L:: 1 |

—2M

Then fh=(f —s)h+ sh

‘[_f(_t)h(_-rﬁ]dt‘ = /.(_f(_f.) — s(t)h(rt)dt + [s(_ﬁ]h(_rr)df‘

|

. /(f(f) — s(t))h(rt)dt

+ ‘/ s(t)h(rt)dt

€

. M + ‘/ .w(_t)h(_-rt)dﬁ‘.

|

2M

We can make the second term < < by choosing r large enough.
2 . L) L)

QED



The Cantor-Lebesgue theorem.
This savs:

Theorem 6 [f a trigonometric series

( -
?"] + Z dy cos(nt — o) dp e R
i

converges on a set E of positive Lebesgue measure then
d,, — 0.

(I have written the general form of a real trigonometric series
as a cosine series with phases since we are talking about only
real valued functions at the present. Of course, applied to the
real and imaginary parts, the theorem asserts that if > a,e'™*
converges on a set of positive measure, then the a,, — 0. Also,
the notation suggests - and this 1s my intention - that the n’s are
integers. But in the proot below all that we will need is that the
n’'s are any sequence of real numbers tending to ~c.)



Proof. The proof is a nice application of the dominated conver-
gence theorem, which was invented by Lebesgue in part precisely
to prove this theorem.

We may assume (by passing to a subset if necessary) that £
is contained in some finite interval [a,b]. If d,, % 0 then there
is an € > 0 and a subsequence |d,,, | > € for all k. If the series
converges, all its terms go to 0, so this means that

cos(npt — o) — 0 Yte k.
So
cos®(npt — o) — 0 Yte k.

Now m(FE) < oo and cos?(nt — ¢p.) < 1 and the constant 1 is
integrable on [a,b]. So we may take the limit under the integral
sign using the dominated convergence theorem to conclude that

lim / cos?(npt — o )dt = / lim cos®(ngt — ¢p)dt = 0.
JE .

f—0 " “ - k—oc ‘
E



lim [ cos®(npt — ¢y )dt = / lim cos®(nit — op)dt = 0.
E I

f—oo JE fe— o
But |
cos?(npt — o) = 5 11+ cos2(ngt — op)]
SO
9 . L[ : )
cos“(npt — op)dt = 5 11+ cos2(npt — ¢y )]dt
J B J
1 ' , |
= 3 [-m.(_E) + / cos 2(n,t — ;.;'J,;l.)]
)
1 L [ ;
= —ml(E)+ = 15 cos2(npt — op)dt.
2 2 In

But 1z € £1(R. R) so the second term on the last line goes to 0
by the Riemann Lebesgue Lemma. So the limit is %m (F) instead
of 0, a contradiction. QED



Fubini’s theorem.

This famous theorem asserts that under suitable conditions, a
double integral is equal to an iterated integral. We will prove
it for real (and hence finite dimensional) valued functions on
arbitrary measure spaces. (The proof for Banach space valued
functions is a bit more tricky, and we shall omit it as we will
not need it. This is one of the reasons why we have developed
the real valued theory first.) We begin with some facts about
product o-fields.




Guido Fubini

Born: 19 Jan 1879 in Venice, Italy
Died: 6 June 1943 in New York, USA



Product o-fields.

Let (X.JF) and (Y.G) be spaces with o-fields. On X x Y we can

consider the collection P of all sets of the form
Ax B, AelF. Beg.

The o-field generated by P will, by abuse of language, be denoted
bv

F % Q.
If £ is any subset of X x Y, by an even more serious abuse of
language we will let

B, = {yl(x.y) € E}
and (contradictorily) we will let
E, = {x|(x.y) € E}.

The set E, will be called the a-section of E and the set £, will
be called the y-section of E.



Finally we will let C € P denote the collection of cylinder
sets, that is sets of the form

AxY AelF

or

XxB, Beg.

In other words, an element of P is a evlinder set when one of the
factors 1s the whole space.



Theorem 7 .

o F x G is generated by the collection of cylinder sets C.
o F x G is the smallest o-field on X <Y such that the pro-
jections

pry: X xY — X pry(z,y) =x
pry c X xY —Y pry (2, y) = ¥

are measurable maps.

e for ecach ' € F x G and all x € X the x-section E, of
E belongs to F and for all y € Y the y-section F, of £

belongs to G.



Proof. AxB=(AxY)N(X x B) so any o-field containing
C must also contain P. This proves the first item.

Simce pr;—]{;{] = A x Y, the map pry 1s measurable, and
similarly for Y. But also, anv o-field contaming all 4 x Y and
X X B must contamn P by what we just proved. This proves the
second 1tem.

As to the third item. anv set £ of the form A x B has the
desired section properties, since its x section 18 B it @ € A or
the empty set if # € A. Smmilarly for 1ts y sections. So let 'H
denote the collection of subsets £ which have the property that
all £, € G and all £, € F. If we show that H is a o-field we are
done.

Now E¢ = (E,)° and similarly for y, so G is closed under
taking complements. Similarly for countable nnions:

U -E-n — U(-En :-'.4:-

QED



m-systems

Recall that the o-field o(C) generated by a collection C of subsets
of X is the intersection of all the o-fields containing C. Sometimes
the collection C is closed under finite intersection. In that case,
we call C a m-system. Examples:

e X is a topological space, and C is the collection of open
sets in X.

e X = R. and C consists of all half infinite intervals of the
form (—oco,al. We will denote this © system by 7(R.).



A-systems

A collection 'H of subsets of X will be called a A-system if
1. X €'H.
2. A BeHwithAnB=0= AUBe™H,
3. ABeHand BC A= (A\ D)< H, and
4, {A )" CcHand A, /A = AeH.

From items 1) and 3) we see that a A-system is closed under
complementation. and since ) = X it contains the empty set.
If 5 is both a m-system and a A system. it is closed under any
finite union, since AU B = AU (B/(AN B) which is a disjoint
union. Any countable union union can be written in the form
A =" A, where the A, are finite disjoint unions as we have
already argued. So we have proved

Proposition 7 If ‘H is both a w-system and a A-system then it
is a o-field.



Dynkin’s lemma.

Proposition 8 [Dynkin’s lemma.| [f C is a w-system, then
the o-field generated by C is the smallest A-system containing C.
Let M be the o-field generated by C. and H the smallest A-
system containing C. So M O 'H. By the preceding proposition,
all we need to do is show that ‘H 1s a w-system.
Let
Hy = {A

ANC e HJC e C}.

Clearly ‘Hq i1s a A-system containing C. so 'H < 'H1 which means
that ANC e 'H for all A e H and C e C.
Let
Hg L= {:—1

ANHeH YH € 'H}.

Hs 1s again a A-system. and it contains C by what we have just
2 g . . J
proved. So ‘Hs D 'H, which means that the intersection of two
elements of 'H 1s again in 'H, 1.e. 'H 1s a m-system. QED



The monotone class theorem.

Theorem 8 Let B be a class of bounded real valued functions
on a space Z satisfying

1. B is a vector space over R.
2. The constant function 1 belongs to B.

3. B contains the indicator functions 14 for all A belonging
to a w-system L.

4. If {fn} is a sequence of non-negative functions in B and

fn /[ where fis a bounded function on Z. then f € B.

Then B contains every bounded M measurable function, where
M is the o-field generated by 1.



Proof. Let ‘H denote the class of subsets of Z whose indicator
functions belong to B. Then Z € 'H by item 2). If B € A are
both in ‘H, then 14,5 =14 — 15 and so A\ B belongs to 'H by
item 1). Similarly. if ANB =10 then 14,3 =14+ 15 and so if
A and B belong to H so does AU B when AN B = 0. Finally.
condition 4) in the theorem implies condition 4) in the definition
of a A-system. So we have proved that that 'H is a A-system
containing 7. So by Dvnkin's lemma, it contains M.



Now suppose that 0 < f < K is a bounded M measurable
function, where we may take i to be an integer. For each integer
n > 0 divide the interval [0, K] up into subintervals of size 277,

and let
Al n. _. _{ i2" < f ?,) < 1)2—“}

where 7 ranges from 0 to K 2™, Let

K2
i
H”(_E) L= § Qﬁl.-'lf_n.éj*
i=0
Since f is assumed to be M-measurable. each A(n.i) € M. so
by the preceding. and condition 1), f,, € B. But ) < s, /T,

and hence by condition 4), f € B.
For a general bounded M measurable f. both f* and f— are
bounded and M measurable, and hence by the preceding and

condition 1), f = f* — f~ € B.QED



We now want to apply the monotone class theorem to our
situation of a product space. 50 Z = X x Y, where (X, JF) and
(Y, G) are spaces with o-fields, and where we take Z =P to be the
m-system consisting of the product sets A x B, Ae F., B ed.

Proposition 9 Let B consist of all bounded real valued func-
tions [ on X x Y which are F x G-measurable. and which have
the property that

o for each v € X, the function y — f(x,y) is G-measurable,
ard

o for each yeY the function x — f(x,y) is F-measurable.

Then B consists of all bounded F x G measurable functions.



Proposition 9 Let B consist of all bounded real valued func-
tions f on X x Y which are F x G-measurable, and which have
the property that

o for ecach x € X, the function y — f(x,y) is G-measurable,
and

o for each y €Y the function v — f(x,y) is F-measurable.
Then B consists of all bounded F x G measurable functions.

Indeed, y — 1axp(z,y) = 1p(y) it r € A and = 0 otherwise; and
similarly for @ — 14«p(x,y). So condition 3) of the monotone
class theorem is satisfied, and the other conditions are immediate.
Since F x G was defined to be the o-field generated by P, the
proposition is an immediate consequence of the monotone class
theorem.



Fubini for finite measures and bounded
functions.

Let (X.F.m) and (Y,G,n) be measure spaces with m(X) < o
and n(Y ) < oc. For every bounded F x G-measurable function
f. we know that the function

f(if ) LY f(f n

is bounded and G measurable. Hence it has an integral with
respect to the measure n, which we will denote by

/ F(ar.y)n(dy).

This is a bounded function of x (which we will prove to be F
measurable in just a moment). Similarly we can form

[ flx,y)m(dx)

which 1s a function of y.



Proposition 10 Let B denote the space of bounded F x G mea-
surable functions such that

o | fla.y)n(dy) is a F measurable function on X,

o [x flz.y)m(dz) is a G measurable function on'Y and

/ (/ f(@,y)nidy) ) m(dz) :/ (/ [, y)m(dx) )-n.(d-y].

(27)

Then B consists of all bounded F x G measurable functions.



Proof. We have verified that the first two items hold for 14« 5.
Both sides of (27) equal m(A)n(B) as is clear from the proof of
Proposition 9. So conditions 1-3 of the monotone class theorem
are clearly satisfied. and condition 4) 1s a consequence of two
double applications of the monotone convergence theorem. QED



Now for any C' € F x G we define

(mxn)(C') = [ (/ Lo (. )n(c'h;)) m(dx)
Jx \Jy

:/ (/ 1o (. }m(dr])n[dy)i
Jy \Jx

(28)

both sides being equal on account of the preceding proposition.
T'his measure assigns the value m(A)n(B) to any set A x B P,
and since P generates F x G as a sigma field, any two measures
which agree on P must agree on F x G. Hence m x n is the
unique measure which assigns the value m(Ajn(B) to sets of P.



Furthermore. we know that

T ..1-}{1}"-

is true for functions of the form 14,5 and hence by the mono-
tone class theorem it is true for all bounded functions which are
measurable relative to F < G.



1 N¢ apove assertions are tne content of fuablin s theorein 1or
bounded measures and functions. We summarize:

Theorem 9 Let (X.F,m) and (Y,G,n) be measure spaces with
m(X) < oo and n(Y) < oo. There exists a unique measure on
F % G with the property that

(mxn)(Ax B)y=m(An(B) YAxBeP,.

For any bounded F x G measurable function, the double integral
is equal to the iterated integral in the sense that (29) holds.

. .r\l.- }{})- .
/ ( / J _f.” d s )) .TJ.(fE;fj)



Extensions to unbounded functions and
to o-finite measures.

Suppose that we temporarily keep the condition that m(X) < o
and n(Y ) < oo. Let f be any non-negative F x G-measurable
function. We know that (29) holds for all bounded measurable
functions. in particular for all simple functions. We know that
we can find a sequence of simple functions s, such that s, /
f. Hence by several applications of the monotone convergence
theorem, we know that (29) is true for all non-negative F x G-
measurable functions in the sense that all three terms are infinite
together, or finite together and equal. Now we have agreed to
call a F x G-measurable function f integrable if and only if fT
and f~ have finite integrals. In this case (29) holds.



A measure space (X, F.m) is called o-finite if X =[] X,
where m(X,,) < oc. In other words, X is o-finite if it is a count-
able union of finite measure spaces. As usual, we can then write
X as a countable union of disjoint finite measure spaces. So if
X and Y are o-finite. we can write the various integrals that
occur in (29) as sums of integrals which occur over finite mea-
sure spaces. A bit of standard argumentation shows that Fubini
continues to hold in this case.

If X orY is not o-finite, or. even in the finite case. if f is
not non-negative or m x n integrable. then Fubini need not hold.
I hope to present the standard counter-examples in the problem
set.



