Math 212 Lecture |3

The Daniell-Stone theory of the integral.



The idea.

Daniell’'s idea was to take the axiomatic properties of the
integral as the starting point and develop integration for broader
and broader classes of functions. Then derive measure theorv as
a consequence. NMuch of the presentation here is taken from the
book Abstract Harmonic Analysis by Lvnn Loomis. Some of the
lemmas. propositions and theorems indicate the corresponding
sections in Loomis’s book.



The Daniell Integral

Let L be a vector space of bounded real valued functions on a set
S closed under A and V. For example, S might be a complete
metric space, and L might be the space of continuous functions
of compact support on S.
A map

I:L—R
is called an Integral if

1. [ is linear: [(af +bg)=al(f)+bl(g)

Y

2. I is non-negative: f = 0 = I(f) = 0 or equivalently f =

g=1(f) = 1(g).
3. fn NO=1(f,) 0.

For example, we might take S = R", L = the space of continuous
functions of compact support on R", and I to be the Riemann
integral. 'T'he first two items on the above list are clearly satisfied.



1. I is linear: I(af+bg) =al(f)+Dbl(g)

2. [ is non-negative: f = 0 = I(f) = 0 or equivalently f >
g=1(f) = I(g).

3. fu N 0= I(f)\0.

For example, we might take S = R", L = the space of continuous
unctions of compact support on R", and [ to be the Riemann
ntegral. The first two items on the above list are clearly satisfied.
As to the third, we recall Dini’s lemma from the notes on metric
spaces. which sayvs that a sequence of continuous functions of
-ompact support {f,,} on a metric space which satisfies f,, \, 0
wctually converges uniformly to 0. Furthermore the supports of
the f,, are all contained in a fixed compact set - for example the
support of fy. This establishes the third item.



The plan is now to successively increase the class of functions
on which the integral is defined.

Define

U := {limits of monotone non-decreasing sequences of elements of L}.

We will use the word “increasing” as synonvmous with “mono-
tone non-decreasing” so as to simplify the language.



Lemma 1.1 If f,, is an increasing sequence of elements of L
and if k € L satisfies k < lim f,, then im I(f,) = (k).

Proof. If k € L and lim f,, > k. then
fAk<k and f,> f. Ak
so I(f,) = I(f, A k) while
= (fu AR\ O

SO
I([k— f,NE]) N O
by 3) or
I(fuNE) /7 1(E).
Hence im I(f,,) = im I (f, A k)= 1(k). QED



Lemma 1.2 [12C]| If{f.} and {g.} are increasing sequences of
elements of L and lim g,, < lim f,, then limI(g,) < LhmI(f,).

Proof. Fix m and take £ = ¢,, in the previous lemma. Then
I(gy,) < lmlI(f,). Now let m — oc. QED
Thus

fn /" fand g, / f =lmlI(f,)=1lmlI(g,)

so we may extend [ to U by setting

I(f):=lmlI(f,) for f, ~f.

It f € L, this coincides with our original I. since we can take
gn = f for all n in the preceding lemma.



We have now extended I from L to U. The next lemma shows
that if we now start with / on U and apply the same procedure
again, we do not get any further.

Lemma 1.3 [12D] If f,, € U and f, / f then f € U and
I(fn) /" I(])-

Proof. For each fixed n choose ¢ 7, f,.. Set
i f
i i=g1 V- Vg,

W

hy, € L and h, is increasing

with
g < h, < f, fori<n.



A

.qln {—: h"?i‘ {_: f]r;- f':'].' -!i' TL.

Let n — ~o. Then
fi < limh, < f.

Now let 1 — oc. We get

f<limh, < f.

So we have written f as a limit of an increasing sequence of
elements of L, So f € U. Also

I(g;") < I(hyn) < I([)

so letting n — oo we get

I(fi) <I(f)<lLmlI(f,)

so passing to the limits gives I(f) =lmI(f,). QED

|



Extending to -U .
We have o o

I(f+g)=1())+1(g) for f.gel.

Define
~U:={-f| [eU}
and
I(f)=—I(~f) fe-U.
It feUand —fecUthen I(f)+1(—f)=1f—Ff)=1(0)=0

so [(—f)= —1I(f) in this case. So the definition is consistent.
—U is closed under monotone decreasing limits. etc.
It g —U and h € U with ¢ < h then —g € U soh—ge U

and h —g=>0sol(h)—I(g)=1(h+(—g))=1{h—g) = 0.



| - summable functions.

A function f is called I-summable if for every e > 0, dg &€
—U, h € U with

g<f<h, |I(g)| <oc, |[I(h) <oc and I(h —g) <
For such f define
[(f)=glb I(h)=1ub I(g).

ItfelU ukff h=fand f, € Lwith f,, / f. Then—f, € LCU
SO [ E It I(f) < oc then we can choose n sufficiently large
so that f ( f) — I(f,) < e. The space of summable functions
is denoted by Li. It is clearly a vector space, and I satisfies
conditions 1) and 2) above, i.e. is linear and non-negative.



Theorem 1.1 [12G| Monotone convergence theorem. f, €
Li, fn / fand imI(f,) <oc = fe Ly and [{f)=1LmI(f,).

Proof. Replacing f,, by f, — fo we mayv assume that f; = 0.
Choose

) | ‘
h, € U, such that f,—f, 1 < h,and I(h,) < I{f,—f0n_1)+ on
Then
T 'l
n < Z h; and Z I(hy) < I(f,) +e¢
1 i=1
Since U is closed under monotone increasing limits.
-
hi=Y h; €U, f<h andI(h) <HmI(f,)+e
Since f,, € L we can find a g, € —U with I(f,,) — fj”,-.) < €

and hence for m large enough I'(h) —I(gm) < 2¢. So f € L1 and
I(f)y=4hmI(f,). QED



Monotone class theorems.

A collection ot functions which 1s closed under mono-
tone Increasing and monotone decreasing limits 1s called a
monotone class. B 1s defined to be the smallest mono-
tone class contaming L.

Lemma 4 Let h < k. If M is a monotone class which
contains (gV h) Ak for every g € L. then M contains all
(fVh)NE forall feB.

Proof. The set of f such that (fvh)AE E M is a
monotone class containing L by the distributive laws.QED
Takme i = & = 0 this says that the smallest monotone
class containing L. the set of non-negative functions in
L. 18 the set BT, the set of non-negative functions in B.



Here is a series of monotone class theorem stvle arguments:
Theorem 2.1 f.ge B =af+bgeB. fvge B and f g e B.
For f € B, let

M(f):={9€B|f+g.f Vg frge B}

M(f) is a monotone class. If f € L it includes all of L, hence all
of B. But
ge M(f) & J<eMlg).

So L € M(g) for any ¢ € B, and since it is a monotone class
B C M(g). This says that f,ge B= f+ge b, f ANge B and
f v ge B, Similarly, let M be the class of functions for which
cf € B for all real ¢. This 1s a monotone class containing L hence

contains B. QED



Lemma 2.2 [f f € B there exists a g € U such that f < g.

Proof. The limit of a monotone increasing sequence of functions
in U belongs to U. Hence the set of f for which the lemma is
true is a monotone class which contains L. hence it contains B.

QED

A function f is L-bounded if there exists a ¢ € LT with
1l < g. A class F of functions is said to be L-monotone if F is
closed under monotone limits of L-bounded functions.

Theorem 2.2 The smallest L-monotone class including L™ is
BT.



Theorem 2.2 The smallest L-monotone class including LT is
BT.

Proof. Call this smallest family F. If ¢ € L™, the set of all
f € BT such that fAg € F form a monotone class containing L™,
hence containing B™ hence equal to BT, If f € BT and f < ¢
then f Ag = f € F. So F contains all L bounded functions
belonging to BT. Let f € B™. by the lemma, choose ¢ € U such
that f < ¢. and choose ¢g,, € L™ with ¢,, /" ¢g. Then f N g, < g,
and so is L bounded, so f A g, € F. Since (f N gn) — [ we see
that f € F. So
BT cCF.

We know that B is a monotone class. in particular an L-monotone

class. Hence F = BT. QED



The space L' .

Define
Ll = fl N B.

Since L and B are both closed under the lattice operations,
fell= frfel'=|fleL".
Theorem 2.3 If f € B then f € L' © 3g € L with | f| < g.

We have proved =: simply take ¢ = |f|. For the converse we
may assume that f > 0 by applying the result to f* and f—.
The family of all h € BT such that h A g € L' is monotone and
includes LT so includes BT. So f= fAge LY. QED

Extend I to all of BT be setting it = oc on functions which
do not belong to L',



Stone’s axiom.

Loomis calls a set A integrable if 1 4 € B. The monotone class
properties of B imply that the integrable sets form a o-field.
Then define

[ A) = / 14

and the monotone convergence theorem guarantees that j is a
measure.
Add Stone’s axiom

fel=fnlel.

Then the monotone class property implies that this is true with
L replaced by B.

Theorem 3.1 f € B and a >0 = then
Ao = {p|f(p) > a}
is an integrable set. If f € L' then

[A,) < oc.



Theorem 3.1 f € B and a >0 = then
Ao = {p|f(p) > a}
is an integrable set. If f € L then

ALY < oo

Proof. Let
fn = [”{f —f A HJ] Nl e B.

Then
| ! if flx) =z a+ %
falz) = < 0 if f(r)<a
| n(f(x)—a) if a< fx)<a+t
We have
fn /14,

soly, eBand <1,y < %fJF QED



Ay = {p|fp) > a}
Theorem 3.2 If {f = 0 and A, s mtegrable for all a > 0 then
teb.
Proof. For 0 > 1 define

A0 = {0 < f()

“tm

FAN

{:j'f”—l—l }

and

f{:,' .= E .{"iml‘,qa .

T
Each fs € B. Take
5, =22 ",

Then each successive subdivision divides the previous one into

“octaves’ and ff:im /- QED



Also
fﬁ {—: f i {iff"!

5 Zr})”ﬁf A ) = /f,_,gfﬂgf.+

I(fs)

and

So we have

AN

/j,_,»,ff;f < /fff;f {h/jﬂf;;

So if either of I(f) or [ fdu is finite they both are and

‘Hf) - / fdy

and

= (0= 1I(fs) = (0 = D)I(f).

[ fdu=10s

S0



If feB" and a > 0 then

{2 f(2)" > b} = {a|f(x) > b }.

So f€ BT = f*¢ BT and hence the product of two elements of
BT belongs to BT because

— [(f+9)?—=(f—-9)7].

..|_||—t

fg =



Marshall Harvey Stone

Born: 8 April 1903 in New York, USA
Died: 9 Jan 1989 in Madras, India



Holder, Minkowski , L” and LY.

The numbers p. g > 1 are called conjugate if

1 1

—+ — =1.

P |
This 1s the same as

pg=p+q

or

(p—1)(g—1)=1.

This last equation says that if

then



The area under the curve y = 2~ ! from 0 to a is

a?

.f]. —
p
while the area between the same curve and the y-axisup toy = b

="
q

Suppose b < a?~! to fix the ideas. Then area ab of the rectangle
1s less than A+ B or



1.4

1.4

1.6

1.8




1 . 1

with equality 1t and only it b = a” Replacing a by a? and b

1
bv b7 gives

1.1 (1 b
arbs < — + —,
P oq

Let LP denote the space of functions such that |f|P € L'. For

f e LP define
_ 1
1l = ( / |f|*"ff-ff)

We will soon see that if p > 1 this is a (semi- )norm.



| (1 b

n.%fﬁ < — 4+ —.
P9
If feL? and g € L9 with || f||, # 0 and ||g||, # 0 take
| gld
. IJ‘PI o 9]
[l 191l

as functions. Then

(1 llgDdi < 11f1llg ( / FlPdp + - / g “‘ffn) — 1119
_/| lohdp < Wl (5 [ 19 WH 9] 1 /1l llg]

This shows that the left hand side 1s imntegrable and that

‘ / fady

which is known asHo6lder’s inequality. (If either || f||, or ||g||, =
0 then fa =0 a.e. and Holder’'s meauality 1s trivial.)

We write |
(f.9) = /.f!“ﬁfﬁf-~

= Ifllzllgllq (1)




Otto Ludwig Holder

Born: 22 Dec 1859 in Stuttgart, Germany
Died: 29 Aug 1937 in Leipzig, Germany



Minkowski’s inequality
Proposition 4.1 [Minkowski’s inequality| If f,g € LY, p
i 2 - - .Ill'II J W - W
L then f+qge LP and 1F =+ glln < LIl + 11 gll.

For p = 1 this 1s obvious. If p > 1
F 491" < 2max([f]. [gD]" < 27 /" + [g]"]
implies that f+ g € LY. Write

LF+gllh < T+ 9P D) + 107+ 917 gl).



|f+ gl < I +glP= D) + IS + 9" gl

Now
qp—1)=qp—q=p
SO
f+glPt e L,
and its || - ||, norm is
I(|f+gP)s = I(|f+ql") "% = I(|f+g|") 7 = ||f+gll~".

So we can write the preceding inequality as
SR g —1 . —1
Lf+glb < ([f1 A+ 9" ) + (gl [f+9l")
and apply Holder's inequality to conclude that

|f+all” < I1f +glP= (L1l + Ngll).

We may divide by || f+¢g]||?~' to get Minkowski’s inequality
. iz -
unless || f + g||, = 0 in which case it is obvious. QED




Hermann Minkowski

Born: 22 June 1864 in Alexotas, Russian Empire (now Kaunas, Lithuania)
Died: 12 Jan 1909 in Gottingen, Germany



[" is complete.

Proof. Suppose f, > 0, f, € L, and »_||f.|l, < o

Then
T
=Y e
1

by Minkowski and since k,, / f we have |k,|P 7 f?
and hence by the monotone convergence theorem f :=
TR ' » . ¥
Now let { f,, } be any Cauchy sequence in L. By pass-
ing to a subsequence we may assume that

. . 1
||f‘i’i‘—|—]. o fﬂ”p < 2_

n

So > | fix1 — fi| € LP and hence

Un -— fn_z |f..r'—|—1_fi| = LP and "T'-'-'-ra- .= fn"‘Z |f‘é—|—1_fé| = LY.



xC o
On — .frr_z | fiv1—fil € LY and h,, := fi’i'—|_z | fit1—[i| € LP.
n 2

We have

In+1 — n = .fn—l—l — fir;l -+ |fir;|—|—1 — ,f.ra| E 0

so g, Is Increasing and similarly £,, 1s decreasing. Hence f :=
limg, € LP and ||f — fullp, < |[hn — gnllp = 272 (. So
the subsequence has a limit which then must be the limit of the
original sequence. QED



Proposition 4.2 L is dense in LP for any 1 < p < .

Proof. For p = 1 this was a defining property of L. More
cenerally, suppose that f € L? and that f > 0. Let

1
Ay ={x:— < flz) < n}.
n

and let

gﬁ' = f ' ]‘a"lﬂ.‘

Then (f—g,) .0 asn — oc. Choose n sufficiently large so that
||f — Un ||;,= < E;"Q‘ Since

0<gn<nla and p(A,) <nPI(|f]") < x

we conclude that
Un = Ll’



Now choose h € LT so that

€ NP
h—aq,l|l1 < (—)
Ih—galls < (5

and also so that h < n. Then

I(1h = ga|P)""
I(1h = gul?= Y1 = ga])) /"
TP~ h — g,))) "

|| h — Gn ||-Ji'_:

Al
e e T

A

T
T
b

So by the triangle inequality || f — h|| < e. QED



In the above, we have not bothered to pass to the quotient by
the elements of norm zero. In other words, we have not identi-
fied two functions which differ on a set of measure zero. We will
continue with this ambiguity. But equally well, we could change
our notation, and use L¥ to denote the quotient space (as we did
earlier in class) and denote the space before we pass to the quo-
tient by L? to conform with our earlier notation. I will continue
to be sloppy on this point. in conformity to Loomis™ notation.



