Math 212 Lecture |6

Wiener measure and Brownian motion.



The Big Path Space.
We begin by constructing Wiener measure tollowing a paper by Nelson. Journal
of Mathematical Physics 5 (1964) 332-343.

Let R™ denote the one point compactification of R". Let
(:= H R® (1)

be the product of copies ot R™, one for each non-negative . This is an uncount-
able product, and so a huge space, but by Tyvchonoff's theorem, 1t 15 compact
and Hausdorfl. We can think of a point w of €2 as being a function from R to
R™, i.e. as as a “curve” with no restrictions whatsoever,

Let F' be a contimmous tunction on the m-fold product:

L
F: ][[R*—R
and let t1 < fo < ... <t be fixed “times”. Define
0 —R

¢ = QF.t

by
dlw) = Flw(ty).....w(t,,)).



Finite functions.
F: H R™ — R,
i=1
and let t1 <t < ... < ¢, be fixed “times”. Define
00— R

¢ = OF.t...

=-frﬂ1 '

by
dlw) = Flw(ty),....w(t,,)).

We can call such a function a finite tunction since 1ts value at w depends only
on the values of w at fimtely many points. The set of such tunctions satisfies our
abstract axioms for a space on which we can define mtegration. Furthermore.,
the set of such tunctions 1s an algebra contaming 1 and which separates points.
so 18 dense 1 C'(£2) by the Stone-Welerstrass theorem. Let us call the space of
such functions C'y;,, (€2).

If we define an integral I on C'Yy;,(€2) then, by the
Stone-Weierstrass theorem it extends to C'(€2) and there-
fore. by the Riesz representation theorem. gives us a reg-
ular Borel measure on ).



For each @ € R™ we are going to define such an mtegral, 1. by

when ¢ = ¢p ¢, .+, Where

T

1 E‘J_[T_yjz.-'fgt {‘j]
(2mt)n/2 2

5

pla,y:t) =

(with p(x.oc) = 0) and all integrations are over R™. In order to check that this
is well defined, we have to verity that it F' does not depend on a given x; then
we get the same answer if we define ¢ in terms of the corresponding funection of
the remaining m — 1 variables. This amounts to the computation

/p{;rr. y:s)ply, 2. t)dy = p(a, 215 + 1),



To prove: [3;{,;-_ y:s)ply, 2. t)dy = plx. z: 5 + 1).

It n» =1 this is the computation

1 2 1o

o ; e et 2
fI_|IL:'|: Yy l,-_S{.J (y—z) EE”TIUI e - )
27t g 2m(s + 1)

1 2

\T—2)

f2( s+t

It we make the change of variables u = x — y this becomes
Mg * Mg = Ttyrg

where |
1 f,—:-r'gffﬁ-r
\‘/f'.}.

In terms of our “scaling operator” S, given by S, f(x) = flaxr) we can write

nelx) =

] [

Ny =1 2.5 in

T

. . . PN 2 0a
where n is the unit Gaussian n(r) = e=% /=



To prove:
Mg * Mg = Migs

where .
Nelx) = —e- *’Q"‘.
h, v{}‘
In terms of our “scaling operator”™ S, given by S, f(x) = flar) we can write
“ig
np=71"25 _1n

where n is the unit Gaussian n(x) = ¢ * /%, Now the
Fourier transform takes convolution into multiplication,
satisfies

(Safy=(1/a)S1;af.

and takes the unit Gaussian into the unit Gaussian. Thus
npon Fourier transform, the equation n; » ng = ny+« be-
comes the obvious fact that

—s —t£2 )2 o (s+1) 1£2 /2

The same proof (or an iterated version of the one dimen-
sional result) applies in n-dimensions.



Probabilistic
Interpretation.

So. for each ¥ € R™ we have defined a measure on {1. We denote the
measure corresponding to I, by pr_. It is a probability measure in the sense
that pr (1) = 1.

The intuitive idea behind the definition of pr, is that it assigns probability

pr,(E) =

/ - / pla,xyity)pleg,woito — ) Pl 1. e by — 1 )dy .. day,
JE, JE

to the set of all paths w which start at x and pass through the set E| at time
t1. the set E9 at time {9 ete. and we have denoted this set of paths by E.



The heat equation.

We pause to reflect upon the computation we did in the preceding section.
Define the operator 1, on the space & (or on &) by

(L i) :[ ple.y. 1) fly)dy. (3)

In other words, 1; is the operation of convolution with

‘i L
f—n;j{,_,—:t";ﬂt

We have verified that

Lioly, =1, (4)
Also, we have verified that when we take Fourier transforms,
(Tef)(&) = e /2 f(©) (5)
If we let + — 0 in this equation we get
lim 7; = Identity. (6G)

t—1)
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(Lo f) (€)= e % /2 f(e). (5)
}ill{ll 1; = Identity. (6)

Using some language we will introduce later, conditions (4) and (6) sav that
the 7; form a continuous semi-group of operators. If we differentiate (5) with
respect to ¢, and let

u(t,x) = (I.f)(x)

we see that u is a solution of the “heat equation”

9%u B % u T 0%u
(06)2 ~ (921)? (O™ )?
with the initial conditions u(0, x) = f(x). In terms of the operator
f-_.)'ﬂ f_;"“}
A= —
(e + o)
we are tempted to write
It = :‘_Li.

in analogy to our study of elliptic operators on compact manifolds.



Paths are continuous with probability one.

The purpose of this subsection is to prove that if we use
the measure pr_. then the set of discontinuous paths has
nmeasure zero.

We begin with some technical issues. We recall that
the statement that a measure g is regular means that for
any Borel set A

p(A) =inf{pu(G): ACG. G open |
and for any open set U

w(U) =sup{pu(K): K cU. K compact}.




'This second condition has the following consequence: Sup-
pose that I' is any collection of open sets which is closed

under finite union. If
O = U G

el

then
1(0) = sup u(G)
Ger

since any compact subset of O is covered by finitely many
sets belonging to I'. T'he importance of this stems from the
fact that we can allow I' to consist of uncountably many
open sets. and we will need to impose uncountably many
conditions in singling out the space of continuous paths.
for example. Indeed. our first task will be to show that
the measure pr . is concentrated on the space of continuous
paths in R™ which do not go to infinity too fast.



We begin with the following computation in one dimension:

1 lfg * 2 ‘) lfg e T 2
pry, {lw(t)] =r})=2- | — / e~ /2t ] < | = / e T2 g —
27t S it Jr T
1 /2 | 1 /2 2
2 ! . * a0 2 10 Ef ' ":"_T / 2t
— ey = [ == -

For fixed » this tends to zero (very fast) as ¢ — 0. In n-dimensions ||y| > €
(in the Fuclidean norm) implies that at least one of its coordinates y; satisfies
yi| > €/+/n so we find that

1--.-|--|..

]}T:t"::{|“"~‘1'::f:| — -*'| = F}:I < (T_:_EEF'EHT-

for a snitable constant depending only on n. In particular, if we let p(e. d) denote
the supremum of the above probability over all 0 < ¢ < 4 then

ple,d) = o(0). (7)



Lemma 1 LetO0<ty <.-- <t witht, —t; <0d. Let

A= {w| |wl(tj) —w(ty)]| > ¢

for some j =1,...m}.
Then .
pr.(A) < Epﬂaf. d) (8)
independently of the number m of steps.
Proof. Let |
B = {ef lo(t1) — w(tun)| > 3¢}
let .
Ci = {wl| |w(ti) —w(tm)| > EF}
and let

D; ={w| |w(ty) —w(t;)| = eand |w(t]) —w(ty)| <ek=1,...71—1}.

It we A, then w € D; for some ¢ by the definition of A, by taking ¢ to be the
first j that works in the definition of A. It w € B and w € D; then w

i e Cj
since it has to move a distance of at least +¢ to get back from outside the ball
3 =

of radius € to inside the ball of radius %F



| ) I |
B = {‘*"’1| |""‘1H1:" - L"'“"‘[_?L'j-n-}| = EF} O = {u.f| ||._,J.,..:I[-||r-?;| —.;;,:[_?‘.”;,” = E.r:},

D; ={w| |w(ty) —w(t;)| = eand |w(t]) —w(tp)| <ek=1....i— 1}

D; ={w| |wlt]) —w(t;)| > eand |w(t]) —w(tp)| <ek=1....i— 1}

It we A, then w € D; for some i by the definition of A, by taking ¢ to be the
first j that works in the definition of A. It w € B and w € D; then w € C}

since 1t has to move a distance of at least %F to get back from outside the ball

of radius € to inside the ball of radius %F. So we have

T
AcC BU L_JI,ZC1 W _D:.l
i=1
and hence
T
Pr, |L;1;| E pr EB:'I + Z I:"li,l.i(ﬁ W _D:,I 'LII':-]:"

i=1



pr(A) < pr (B)+ Z pr (C; M D). (9)

=1

Now we can estimate pr_(C;nD;) as follows. For w to belong to this intersection,
we must have w € D; and then the path moves a distance at least § in time
t, —t; and these two events are independent. so pr_(C; M D;) < p(5.0) pr, (D;).

Here is this argument in more detail: Let

I= 1‘{'3:#-

2)| Jy—z|>%e)

so that
1o, = OFi, i,

Similarly, let & be the indicator function of the subset of R™ x R™ x --- x R"
(i copies) consisting of all points with

|z — | <e. k=1..... i — 1, |rg — x| > €

so that
1p, = PGty



Then

pr (C;nD;) =
/ /p copty)oeplag g ti—ti ) F (2. .o ) Glag, ey, plag, oy, )day - - - day,.
The last integral (with respect to x,,) is < p( e,0). Thus
pr (C; N D;) < ﬁ’[%: 0)pr,(D;).
The D); are disjoint by definition. so

Y pr. (D) <pr. (Do) < 1.

1

: 1
pr.(A) < pr.(B)+ pl 56 §) < (2{—’ d).



Let
E:wl|w(ti) —w(t;)]| > 26 for some 1 < j <k < m}.

Then £ C A since if |w(t;) — w(ty)| > 2¢ then either |w(t)) — w(t;)| > € or
w(ty) — (f;ﬁ_jl| e (or both). So

pr.(E) < 2;)(%5,6). (10)

Lemma 2 Let 0 <a < b withb—a <9d. Let
Ela,b.e) = {w| |w(s) —w(t)| = 2 for some s.t € |a,b]}.
Then |
pr (E(a,b.e)) < 2;)(55,(5].

Proof. Here is where we are going to use the regularity of the measure. Let
S denote a finite subset of [a, b] and and let

Ela.b.e,S) :={w| |w(s) —w(t)] > 2¢ for some s,t € S}.

Then E(a,b,¢e,S)is an open set and pr_(E(a.b,e.S)) < ‘?fj( €. 0) for any S. The
union over all S of the E{a.b.e,5) is E{a.b,e). The 11:?ﬂul.:1111:3 of the measure
now implies the lemma. QED



Let & and »n be integers, and set

Let
F(k e d) :={w| |w(t) —w(s)| > 4e for some t,s € [0, k], with |t —s| < d}.
Then we claim that L
ﬂ{%F.GJ
s
Indeed, [0, %] is the union of the nk = k/d subintervals [0, 0], [0, 2], .. .. [l:—0.0].
If we Flk,e,d) then |w(s) — w(t)| = 4e for some s and ¢ which lie in either

pr, (F(k,e,d)) < 2k (11)

the same or in adjacent subintervals. So w must lie in E'{a, b, €) for one of these
subintervals, and there are kn of them. QED



Let w € ) be a continuous path in R"™. Restricted to
any interval |0, k| it is uniformly continuous. This means
that for any € > 0 it belongs to the complement of the set
F(k.e. o) for some 6. We can let € = 1/p for some integer
p. Let C denote the set of continuous paths from [0, oc)

to R". Then
C= (W JFk.eo)
k€ 0
so the complement C° of the set of continuous paths is

JUM Fk.c.0).
ke 0

a countable union of sets of measure zero since

—()

: |
pr, ﬂF(ﬁf., €,0) ] < lim 2?2:;}(55, 0)/0 = 0.
)



We have thus proved a famous theorem of Wiener:

Theorem 1 [Wiener.| The measure pr, is concentrated on the space of con-
tinuous paths. v.e. pr (C) = 1. In particular. there is a probability measure on
the space of continuous paths starting at the origin which assigns probabality

pry(E) =

/ / ;” (] L fllfj( EUP P f.& _flJ f( Uimn—1s L fm - m Jf’hl dx e
Fy

to the set of all paths w which start at O and pass through the set E at time tq,
the set By at teme ty ete. and we have denoted this set of paths by E.



Norbert Wiener

Born: 26 Nov 1894 in Columbia, Missouri, USA
Died: 18 March 1964 in Stockholm, Sweden



Embedding 1n &°.

For convenience in notation let me now specialize to the case n = 1. Let
WccC
consist of those paths w with w(0) = 0 and

T 5
/ (1+1) “w(t)dt < .
0

Proposition 1 [Stroock| The Wiener measure pr, is concentrated on W.

Indeed, we let E(|w(t)|) denote the expectation of the function |w(t)| of w with

respect to Wiener measure, so

F‘I‘- il |} N .
E(lw(t)]) = L z|e 2t dy = L Lemwlt gy = Ot\/?
Lwl(T)]) o R.: & (. Yok ?‘t’. (. :
P . Sl L 1 '

Thus, by Fubini.

E ([ (1 +f}_2|€£.‘{f:||fff) = / [l—l—f]_EEHur{f]H < o,
Jo

0

Tal

Hence the set of w with [ (1+1)72|w(t)|dt = oo must have measure zero. QED



Now each element of VW defines a tempered distribu-
tion, i.e. an element of &" according to the rule

(w,0) = /”:L w(t)o(t)dt. (12)

We claim that this map from W to &' is measurable
and hence

the Wiener measure pushes forward to give a measure

on S



the Wiener measure pushes forward to give a measure

on &,

To see this, let us first put a different topology (of
uniform convergence) on W. In other words, for each
w e W let U.(w) consist of all wy such that

sup |wq (t) — w(t)| < e,

t =0

and take these to form a basis for a topology on W. Since
we put the weak topology on & it is clear that the map
(12) is continuous relative to this new topology. So it will
be sufficient to show that each set U (w) is of the form
ANW where A is in B(€2), the Borel field associated to
the (product) topology on (2.



So first consider the subsets V, . (w) of W consisting of
all wy € W such that
1

sup |wy (1) —w(t)| <e — —.
(>0 n

Clearly

Ue(w) = JVie(w).

a countable union. so it is enough to show that each
Vie(w) is of the form A, N W where A, € B(X). Now
by the definition of the topology on (). if r is any real
number, the set

() ()] < e =

App = ‘["J-}l

is closed.



the set

1
A i=Hwi] lwi(r) —w(r)| <e— —

T

is closed. So if we let » range over the non-negative ratio-
nal numbers Q. then

An. — m An.r
']"'E'Q'.F

belongs to B(£2). But if w, is continuous, then if w, € 4,

then sup, g |wi () —w(t)| < € — 5, and so

Aﬂ. N V'l; — I‘;'rt:!-.f.(""’"‘)

as was to be proved.



Stochastic processes and gener-
alized stochastic processes.

In the standard probability literature a stochastic pro-
cess is defined as follows: one is given an index set 1
and for each ¢t € T one has a random variable X (1).
More precisely, one has some probability triple (€2, F, P)
and for each t € 1 a real valued measurable function
on (£2,F). So a stochastic process X is just a collection
X = {X(t),t € T'} of random variables. Usually 17" = Z
or Z in which case we call X a discrete time random
process or ' =R or R, in which case we call X a con-
tinuous time random process. Thus the word process
means that we are thinking of 1" as representing the set
of all times.



Brownian motion.

A realization of X, that is the set X (f)(w) for some
w € ) is called a sample path. If 1" is one of the above
choices. then X is said to have independent increments
if for all t, <t, <i5 <..- <1, the random variables

}-{(?‘-l ) — kr[f-(})- X (fl ) — X (f-l ) ------ X r[tn‘-) — kr[f-n—l]

are independent.

For example, consider Wiener measure, and let X (¢)(w)
w(t) (say for n =1). This is a continuous time stochastic
process with independent increments which is known as
(one dimensional) Brownian motion. The idea (due to
Einstein) is that one has a small (visible) particle which,
in any interval of time is subject to many random bom-
bardments in either direction by small invisible particles
(say molecules) so that the central limit theorem applies
to tell us that the change in the position of the particle is
(GGaussian with mean zero and variance equal to the length
of the interval.



Suppose that X is a continuous time random variable
with the property that for almost all w, the sample path
X(f)(w) is continuous. Let ¢ be a continuous function
of compact support. Then the Riemann approximating
sums to the integral

/ X (1) (w)ob(t)dt

Jr

will converge for almost all w and hence we get a random
ariable
(X, 9)



where
X.0)w) = [ Xt
Jr
the right hand side being defined (almost everywhere) as
the limit of the Riemann approximating sums.

The same will be true if ¢ vanishes rapidly at infinity
and the sample paths satisty (a.e.) a slow growth condi-
tion such as given by Proposition 1 in addition to being
continuous a.e.

The notation (X, ¢) is justified since (X, ¢) clearly de-
pends linearly on .



The notation (X. ¢) is justified since (X. @) clearly de-
pends linearly on ¢.

But now we can make the following definition due to
Gelfand. We may restrict ¢ further by requiring that ¢
belong to D or &. We then consider a rule Z which assigns
to each such ¢ a random variable which we might denote
by Z(¢p) or (Z.¢) and which depends linearly on ¢ and
satisfies appropriate continuity conditions. Such an object
is called a generalized random process. The idea is
that (just as in the case of generalized functions) we may
not be able to evaluated Z(t) at a given time ¢. but may
be able to evaluate a “smeared out version” Z(o).



Computational goal.

The purpose of the next few sections is to do the fol-
lowing computation: We wish to show that for the case
Brownian motion, (X, ¢) is a Gaussian random variable
with mean zero and with variance

/ | / ©min(s, £)é(s)(t)dsdt.
ol JA)

First we need some results about Gaussian random
variables.



Generalities about expectation and variance.

Let V' be a vector space (say over the reals and finite dimensional). Let X be
a V-valued random variable. That is, we have some measure space (M.,F, )
(which will be fixed and hidden in this section) where j is a probability measure
on M., and X : M — V i3 a measurable tunction. If X is integrable, then

E(X):= [ X dyi
is called the expectation of X and is an element of V.
The function X @ X is a V @V valued function, and if it is integrable, then

Var(X)=FE(X 2 X)—EX)2 F(X)=E(X-FEX) (X -FEX))

is called the variance of X and is an element of V& V', It is by its definition
a symmetric tensor, and so can be thought of as a quadratic form on V.



Functoriality.

ItA:V — Wisa linear map, then AX is a W valued random variable, and
EF(AX)=AFE(X). Var(AX)=(A® A)Var(X) (12)
assuining that E'(X) and Var(X) exist. We can also write this last equation as

Var(AX)(n) = Var(X)(A"n). neW” (13)

if we think of the variance as quadratic function on the dual space.



The characteristic function.

The function on V'* given by
. FooaE F".
£ — Ele's ’1"‘;

is called the characteristic function associated to X and is denoted by oy.
Here we have used the notation £-v to denote the valneof ¢ e Vonv e V. Itisa
version of the Fourier transform (with the conventions used by the probabilists).
More precisely, let X, denote the push forward of the measure p by the map
X, sothat X,pu is a probability measure on V. Then ¢x is the Fourier transtorm
of this measure except that there are no powers of 27 in front of the integral
and a plus rather than a minus sign is before the ¢ in the exponent. These are
the conventions of the probabilists. What is important for us is the fact that
the Fourier transform determines the measure, i.e. ¢ox determines X,p. The
probabilists would say that the [aw of the random variable (meaning X, ) is
determined by its characteristic function.



Var(AX)(n) = Var(X)(A™n)., neW” (13)

To get a feeling for (13) consider the case where A = & is a linear map

- &

from V' to R. Then Var(X)(¢) = Var(¢ - X) is the usual variance of the scalar
valued random variable ¢ - X. Thus we see that Var(X)(¢) = 0, so Var(X) is
non-negative definite symmetric bilinear form on V*. The variance of a scalar
valued random variable vanishes if and only if it is a constant. Thus Var(X) is
positive definite unless X is concentrated on hyperplane.

Suppose that A : V. — W is an isomorphism, and that X,pu is absolutely
continnous with respect to Lebesgue measure, so

X = pdv

where p is some function on V' (called the probability density of X ). Then
(AX ).p is absolutely continnous with respect to Lebesgue measure on W and
its density o is given by

o(w) = p(A™ w)| det A~ (14)

as follows from the change of variables formula for multiple integrals.



(GGaussian measures and thelr variances.

Let d be a positive integer. We say that N is a unit (d-dimensional) Gaussian
random variable if N is a random variable with values in R with density

f i i .E Dwori
()~ /2o el F23) /2,

It is clear that E(N) = 0 and, since

feyy—d2 S ,—If:::"f---—|—.4:ﬁ"_];"2 R
k?a‘t} /1, ?'}j{' “f“;!. —_— rj?_:l' \

that
Var(N) = Z 0; & 0; (15)

where dq..... 8, is the standard basis of RY. We will sometimes denote this
tensor by I;. In general we have the identification V' &V with Hom(V™*. V). so
we can think of the Var(X) as an element of Hom(V*, V) if X is a V-valued
random variable. If we identify R with its dual space using the standard basis.

then /,; can be thought of as the identity matrix.



A V-valued random variable X is called Gaussian if
(it 1s equal in law to a random variable of the form)

AN +a

where

A:RY =V

i1s a linear map. where a € V., and where N is a unit
(Gaussian random variable. Clearly

F(X)=a.

Var(X) = (A ® A)(1,)



Var(X) = (A @ A)(1,)
or. put another way.

Var(X)(£) = 1a(A™¢)
and hence

@-*')X({') — @5_.%-'(44*5)(%?3&” = ra_%fd(‘;ﬁ“*;'rai‘:'”

oI
| . — Var( X / oF-F0 X

(17)



It is a bit of a nuisance to carry along the E'(X ) in all the computations, so we
shall restrict ourselves to centered (Gaussian random variables meaning that
E(X) = 0. Thus for a centered Gaussian random variable we have

by (€) = o= VKN, (18)



Conversely, suppose that X is a V' valued random variable whose characteristic

function is of the form
o e s
DX [&J = € QLE), "‘}.

where () is a quadratic form. Since |ox (&) < 1 we see that ¢) must be non-
negative definite. Suppose that we have chosen a basis of V' so that V' is identified
with RY where ¢ = dim V. By the principal axis theorem we can always find
an orthogonal transformation (e¢;;) which brings () to diagonal form. In other

words. 1f we set
1= Z Cij&i

2

Q) = Z’:\j”}%-

J

then

The A; are all non-negative since () is non-negative definite. So it we set

1
e \T .. 1 (.
aij == Ajcy, and A = (a;4)

)

we find that Q(&) = [,(A*¢). Hence X has the same characteristic function as
a Gaussian random variable hence must be Gaussian.



As a corollary to this argument we see that

A random variable X is centered Gaussian if and only if £-X is a real valued
Gaussian random variable with mean zero for each & € V'™,



The variance of a Gaussian with density.

o(w) = p(A~ w)| det A|~ (14)

In our definition of a centered Gaussian random variable we were careful not
to demand that the map A be an isomorphism. For example, if A were the
zero map then we would end up with the 6 function (at the origin for centered
Gaussians) which (for reasons of passing to the limit) we want to consider as a
Gaussian random variable.

But suppose that A s an isomorphism. Then by (14), X will have a density
which is proportional to

. T 1'. f_.}
e Siw) /2

where S is the quadratic form on V' given by
" i o —] k!
S(v)=Ji(A v)
and .J; is the unit quadratic form on R%:
= 2 2
.fd[..r.] =x]- T ay

or, in terms of the basis {47} of the dual space to RY,

Jg=> 07 @06



Jg=> df @6}

Here J; € (RY)* @ (RY)* = Hom(R?, (R?)*). It is the inverse of the map I.
We can regard S as belonging to Hom(V, V™) while we also regard Var(X) =
(A @ A)oly as an element of Hom(V*, V). I claim that Var(X) and S are
inverses to one another. Indeed. {11‘{1]}pi11ﬁ' the subscript d which is fixed in this
computation, Var(X )(&.n) = [(AE. A™y) =n- (Aol o A") when thought of as
a bilinear form on V* @ V*, and hence

Var(X)= Aol oA

when thought of as an element of Hom(V™*, V). Similarly thinking of S as a
bilinear form on V' we have S(v.w) = J(A o, A~ bw) = J(A ) - A~ w so

when S is thought of as an element of Hom (V. V*). Since I and J are inverses
of one another, the two above displayed expressions for S and Var(X ) show that
these are inverses on one another.



A computational tool.

This has the following very important computational consequence:

Suppose we are given a random variable X with (whose law has) a density
a - 'i..|" I.-'.'_} _ —y a . || _ . 5 e Cé . am
proportional to e~/ < where S is a quadratic form which is given as a “matrix

S = (S;;) in terms of a basis of V*. Then Var(X) is given by S—! in terms of

the dual basis of V.



The variance of Brownian motion.

"|

For example, consider the two dimensional vector space with coordinates (x, 22
and probability density proportional to

1 [ a2 F;I.‘g — I ]2
exp —— S \ '
2\ s t— s

where (0 < s < ¢. This corresponds to the matrix

{ i _
(-*-'ff-—]h'fiu _r.l—.a-) _ L ( i —1)
I —s T t—s \—1 1

whose inverse is

which thus gives the variance.

So, if we let
B(s,t) := min(s,?) (19)

we can write the above variance as



Now suppose that we have picked some finite set of times
0 < sy < -+ < s, and we consider the corresponding
Gaussian measure given by our formula for Brownian mo-
tion on a one-dimensional space for a path starting at the
origin and passing successively through the points =, at
time s1. x9 at time so ete. We can compute the variance
of this Gaussian to be

(B(si.sj))

since the projection onto any coordinate plane (i.e. re-
stricting to two values s; and s;) must have the variance
oiven above.



Let ¢ € &. We can think of ¢ as a (continuous) lin-
car function on S&’. For convenience let us consider the
real spaces & and &', so ¢ is a real valued linear function
on S’ Applied to Stroock’s version of Brownian motion
which is a probability measure living on & we see that ¢
oives a real valued random variable. Recall that this was
oiven by integrating ¢ -w where w is a continuous path ot
slow growth. and then integrating over Wiener measure
on paths.

This is the limit of the Gaussian random variables
oiven by the Riemann approximating sums

1 y
;{U{ '{""1):5:1 + -+ P(sp2 j:"-"'n.ﬁj
where s, = k/n. k= 1.....n% and (x{.....7,2) is an

) . . . .
n- dimensional centered Gaussian random variable whose
variance is (min(s;. s;)).



1his 1s the it of the Gaussian random variables

oiven by the Riemann approximating sums

| y

—(O(s1)x1+ -+ (8,2 )1 ,2)

n
where s, = k/n. k= 1,....n% and (z,.....: r,2) 1s an

9 . . . . . 1.

n? dimensional centered Gaussian random variable whose
variance is (min(s;, s;)). Hence this Riemann approximadt-
ing sum is a one (11111£‘11H1U11.:11 centered Gaussian random

variable whose variance is | | | -
— E min(s;, s;)o(s;)o(s;).
n ‘ ‘
i

Passing to the limit we see that integrating ¢ - w defines
a real valued centered Gaussian random variable whose
variance 1s

/ / min(s.t)o(s)o(t)dsdt = 2/ / so(s)o(t)dsdt.
0

(97 )



Let us say that a probability measure p on & is a centered Gaussian
process if every ¢ € &, thought of as a function on the probability space
(S8', pt) is a real valued centered Gaussian random variable: in other words o, ()
is a centered Gaussian probability measure on the real line. If we denote this
process by Z. then we may write Z(¢) for the random variable given by ¢. We
clearly have Z(a¢ + b)) = aZ(¢) + bZ (1) in the sense of addition of random
variables, and so we may think of 7 as a rule which assigns. in a linear fashion.
random variables to elements of &, With some slight modification {we, following
Stroock, are using § instead of D as our space of test functions) this notion
was introduced by Gelfand some fifty vears ago. (See Gelfand and Vilenkin.
Generalized Functions volume 1V,

If we have generalized random process £ as above, we can consider its deriva-
tive in the sense of generalized functions, 1.e.

Z(0) = Z(—o).



The derivative of Brownian motion is white
noise.

To see how this derivative works. let us consider what happens for Brownian
motion. Let w be a continuous path of slow growth, and set

wi(t) = f (w(t+h)—wl(t)).

1
The paths w are not differentiable (with probability one) so this limit does not
exist as a function. But the limit does exist as a generalized function, assiening

the value
H:';'\- a
/ —o(t)w(t)dt
J0

to ¢. Now if s < t the random variables w(t + h) — w(f) and w(s + h) —
w(s) are independent of one another when h < ¢t — s since Brownian motion
has independent increments. Hence we expect that this limiting process be
independent at all points in some generalized sense. (No actual, as opposed to
generalized, process can have this property. We will see more of this point in a
moment when we compute the variance ot Z£.)



/. f min(s, t)o(s)o(t)dsdt = 2/] so(s)o(t)dsdt. (20)
o Jo 0<s<t

Z(0) == Z(—=o).

In any event, Z(¢) is a centered Gaussian random variable whose variance
is given (according to (20)) by

oC L
2] (/ .wé[s}ds) f:-:.':l(f]df.
0 1

We can integrate the inner integral by parts to obtain

t t
] so(s)ds = to(t) — / O(s)ds.
0 0



In any event, Z(¢) is a centered Gaussian random vari-
able whose variance is given (according to (20)) by

2 [ ) ( [ (s )rfa) b(t)dt.

/ | so(s)ds = to(t) — / | p(s)ds.

() J A

L l.'_‘--"‘. .,." l.':"'hl N _'r+. ul
Integration by parts now yields

TR B _i i II 2(
/n to(t)d ( Jdt = > /D o(t)“dt

—/{f ([ (s )da) M(t)dt = /: o(1)2dt.

and



We conclude that the variance of Z(¢) is given by

/ o(1)2dt

/()

which we can write as

JO JO

Notice that now the “covariance function” is the general-
ized function d(s — t). The generalized process (extended
to the whole line) with this covariance is called white noise
because it is a Gaussian process which is stationary un-
der translations in time and its covariance “function” is
0(s —t). signifying independent variation at all times. and
the Fourier transform of the delta function is a constant.
L.e. assigns equal weight to all frequencies.




