1. Suppose u € WP (U) N WP (U). For 2 < p < oo, is it correct that

/prdx <C (/ |u|”>1/2 (/ |V2u|p>1/2 ?

Prove your answer.

2. Let K be the kernel
K(x,y) = [a| e —y[Hy|!

where z,y € R3. Is K a bounded operator in L?(R®)? Prove your answer. K is a bounded operator in
L2(R®) iff

‘//f(x)f(y)K(:uy)dxdy’ < [I£112

Hint: Try to follow the proof of |||z|~*I,fll, < C| fll, given in the class. Here

Inf(z) = / & — 57"+ f(y)dy

3. 1) Suppose 1 < pg < p < p; and f € LP. Prove that there is a constant C' such that for any M > 0, we
can write f = gy + hy and

lgarllpy < &M=®/P) iRyl < wMI=®/PD

ii) Prove the smallest x and || f||z» are equivalent, i.e, there is a constant C' such that C~'x < || f||r < Ck.
Hint: Suppose f is positive. Then

{z: f(x) > M} C{x:gm(z) > M/2}U{z: hy(x) > M/2}

iii) Prove the Hunt’s interpolation theorem.  Hunt’s theorem is stated in Reed-Simon Vol II, page 31. The
definition of weak L, norm is given by (3) in page 106 of Analysis.

4. Suppose (i is a probability measure and f > 0 with [ fdu = 1. Prove that

S(1) = [ f1og fau= 0 (i)
For any 8 > 0 and g real:
[ to<87 05 [ Pt 5715(5) (i)
Suppose ||g|loc < 1. Then for any 3 > 0:
ﬁ_llog/eﬂgdu < /gdu+ﬁ/2 (iii)
Prove that )
[ [17=1lan]” < [ frog pa (iv)

(iv) is hard, but the proof is not long. The proof of (iv) in this approach uses (ii) and (iii). If you can prove
(iv) directly, you don’t have to do (i)-(iii).



