1. Suppose u(z,t) is a smooth function with compact support in R™ for each t € I = [0, 1]. Prove that

2/n
// [u2 2/ drdt < Csup (/ |u(x,t)|2> // |Vul|*dxdt
1 JRe tel 1JRe

2. Suppose u, v are two probability measures on R™ and they satisfy the 1.s.i. in the sense that for w = p or
vand f >0 with [ fw =1 the following inequality holds:

/flog fdw < C/|V\/ﬂ2dw. (Ls.i.)

Prove that Ls.i. holds for p ® v, i.e., for f > 0 with [ fdudy = 1:

/ o) o S p)du@ivy) < [ (19 + VIPIV, VIR du(o)iv(y).

Hint: Let f(z) = [ f(z,y)dv(y) and write

/ f(z,y)1og f (2, y)dju(z)dv(y)

= | [ st iox seintelavty) - [ fayto feyiuta)| + [ Foytog flaldnto
Then use Ls.i. for v and p.

3. Suppose p is a probability measure that (l.s.i.) holds. Prove that the Poincare inequality in the following

sense holds as well, i.e., for [ gdu = 0:
/deu < C/|V9|2dﬂ

Hint: Substitute v = (1 +€g) in (l1.s.i.) and let ¢ — 0. Consider first the case ||g]|co < 00.
4. Suppose u is a smooth solution of the equation in R"™:
Oyu = bVu + Au
where b is a smooth vector field satisfying the divergence free condition V - b = 0. Prove that
lu()l|= < Ct"2|lu(t = 0)|1:

Here we assume that sup<,<; Sup;<,< [|u(s)|[z» < A, but C is independent of A.

Hint: Mimic Nash’s proof.



