Math 212b Lecture 2

Lorch’s proof of the spectral theorem.



The Riesz-Dunford calculus.

Suppose that we have a continuous map z — 5. defined on some
open set of complex numbers, where 5. is a bounded operator on
some fixed Banach space and by continuity, we mean continuity
relative to the uniform metric on operators. If C' is a continuous
piecewise differentiable (or more generally any rectifiable) curve
lying in this open set. and if £ — 2z(f) is a piecewise smooth (or
rectifiable) parametrization of this curve, then the map ¢ — S.
Is continuous.



For any partition 0 = tg < t; < ... < t,, = 1 of the unit
interval we can form the Cauchy approximating sum

L

Y S (2(t) = 2(tiy).

=1

and the usual proof of the existence of the Riemann integral
shows that this tends to a limit as the mesh becomes more and
more refined and the mesh distance tends to zero. The limit is

denoted by
/ S.dz
Jc

and this notation is justifies because the change of variables for-
mula for an ordinary integral shows that this value does not
depend on the parametrization, but only on the orientation of
the curve C'



We are going to apply this to S. = R.. the resolvent of an
operator, and the main equations we shall use are the resolvent
equation (5) and the power series for the resolvent (6) which we
repeat here:

Rz — R-u! — (“-‘1 — E)R;; R-w

and

Ry=R.(I+(z—w)R. 4+ (z —w)*R* +--.).

We proved that the resolvent of a self-adjoint operator exists for
all non-real values of z.



But a lot of the theory goes over for the resolvent
R.=R(zT)= (21 -1)"

where 1" is an arbitrary operator on a Banach space, so long
as we restrict ourselves to the resolvent set. i.e. the set where
the resolvent exists as a bounded operator. So. following Lorch
Spectral Theory we first develop some facts about integrating the
resolvent in the more general Banach space setting (where our
principal application will be to the case where 71" is a bounded
operator).



For example., suppose that C' is a simple closed curve con-
tained in the disk of convergence about z of (6) i.e. of the above
power series for /,,. Then we can integrate the series term by
term. But

/ (z —w)"dw =10
Jc

/ R,,dw = 0.
Jo

By the usual method of breaking any any deformation up into
a succession of small deformations and then breaking any small
deformation up into a sequence of small “rectangles” we conclude

for all n # —1 so

Theorem 6 If two curves Cy and C lie in the resolvent set
and are homotopic by a family Cy of curves lying entirely in the

resolvent set then
/ R.dz = / R.dz.
Jo Jo,



Here are some immediate consequences of this elementary result.
Suppose that 1" i1s a bounded operator and |z| > ||1'||. Then

(31_11)—1 _ 2—1(1_3—111)—1 _ E—l(f_i_z—111_|_z—2112 —|_J

exists because the series in parentheses converges in the uniform
metric. In other words. all points in the complex plane outside
the disk of radius ||1'|| lie in the resolvent set of 1T'. From this it
follows that the spectrum of any bounded operator can not be
empty (if the Banach space is not {0}). (Recall the the spectrum
is the complement of the resolvent set.) Indeed. if the resolvent
set were the whole plane, then the circle of radius zero about
the origin would be homotopic to a circle of radius > ||1'| via
a homotopy lving entirely in the resolvent set. Integrating F.
around the circle of radius zero gives 0. We can integrate around
a large circle using the above power series. In performing this in-
teeration. all terms vanish except the first which give 27il by the
usual Cauchy integral (or by direct computation). Thus 271 = 0
which is impossible in a non-zero vector space.



Here is another very important (and easy) consequence of the
preceding theorem:

Theorem 7 Let C' be a simple closed rectifiable curve lying en-

tirely in the resolvent set of 1'. Then

! R.dz (15)

P:=—
270 J e

is a projection which commutes with 1', i.e.

P?=P and PT =1TP.



R.— Ry, =(w-—2)R.R,. (5)

Proof. Choose a simple closed curve €7 disjoint from C'
but sufficiently close to €' so as to be homotopic to ' via
a homotopy lying in the resolvent set. 'T'hus

L

P =—
271 J o

R, dw

and so

(Q?T-i.)gpgz / R;:t‘fﬁ/ R, dw = / / (RH,—R;:)(3—-'41,-')_1.1%“;(3;
Jo Jo JorJo

where we have used the resolvent equation (5). We write
this last expression as a sum of two terms.

1 |
R, —dzdw — R. —dwdz.
Jor J O ~ — W J o J O <~ — W



(27i)? P? =

| |
R, —dzdw — R. ——dwdz.
J Jo ~ — w Jo Jer T — W

Suppose that we choose C' to lie entirely inside €. Then
the first expression above is just (27i) [, [2,,dw while the
second expression vanishes. all by the elementary Cauchy

integral of 1/(z —w). Thus we get
(27i)? P? = (27i)* P

or P? = P. This proves that P is a projection. It com-
mutes with 1" because it is an integral whose integrand R.
commutes with 7 for all z. QED



The same argument proves

Theorem 8 Let C' and C" be simple closed curves each lying in
the resolvent set, and let P and P be the corresponding projec-
tions given by (15). Then PP" = 0 if the curves lie exterior to
one another while PP" = P" if C" is interior to C.

Let us write

B :=PB, B"=(I—-P)B

for the images of the projections P and I — P where P is
oiven by (15). Each of these spaces is invariant under 1’
and hence under R. because P1 = 1T'P and hence PR. =

R.P.



For any transformation S commuting with P let us
write

§'=PS =8P =PSP and

S" = (I-P)S = S(I-P) = (I-P)S(I—P)

so that S’ and S’ are the restrictions of S to B’ and B”
respectively.



For example, we may consider . = PR, = R.P. For a2’ € B’

we have R.(z[—1")2" = R.P(2I—-TP)x' = R.(2]-T)Px" =2’

In other words R’ is the resolvent of 17 (on B’) and similarly for
R”. So if z is in the resolvent set for 1" it is in the resolvent set
for 17" and 1.

Conversely, suppose that 2z is in the resolvent set for both 7"
and 7", Then there exists an inverse Ay for 21" — 1" on B and
an inverse Ao for 21" — 1" on B” and so Ay & As is the inverse
of zI —1"on B=B"& B".

So a point belongs to the resolvent set of 1" if and only if it
belongs to the resolvent set of 77 and of 1". Since the spectrum
is the complement of the resolvent set. we can say that a point
belongs to the spectrum of 1" it and only if it belongs either to
the spectrum of 1" or of 1":

Spec('l") = Spec(1") U Spec(1").



Decomposing the
spectrum.

We have thus proved

Theorem 9 Let I be a bounded linear transformation on a Ba-
nach space and C' a simple closed curve lying in its resolvent set.
Let P be the projection given by (15) and

B B}' BH .I1 _ -Ihf T]_TJ .Ihff

the corresponding fff:'m'mpuf-;-'r‘-m-n of B and of T". Then Spec(1")
consists of those points of Spec('l") which lie inside C'" and Spec(1")
consists of those points of Spec(1") which lie exterior to C'.



We now show that this decomposition is in fact the de-
composition of Spec(1’) into those points which lie inside
C' and outside C',

g ® fw * + ] — ® *

So we must show that if z lies exterior to €' then it lies
in the resolvent set of 17. 'T'his will certainly be true if we
can find a transformation A on B which commutes with
1" and such that

Azl =T)=P (16)
for then A’ will be the resolvent at z of 17. Now

(zI—-1TYR,=(wl-TYR,+ (z—w)R, =1+ (z—w)R,

S0

(zf IR 1) ' l / R-w ' #Hjﬂ! —
(-’

271 Z—w
| | |
- — —dw-I +— | Ry,dw=0+P=0P.

27 Joo 2z —w 2T J ¢



Relation to Stone’s
formula.

We now begin to have a better understanding of Stone’s formula:
Suppose A is a self-adjoint operator. We know that its spectrum
lies on the real axis. If we draw a rectangle whose upper and
lower sides are parallel to the axis. and if its vertical sides do not
intersect Spec(A). we would get a projection onto a subspace M
of our Hilbert space which is invariant under A, and such that the
spectrum of A when restricted to M lies in the interval cut out
on the real axis by our rectangle. I'he problem is how to make
sense of this procedure when the vertical edges of the rectangle
might cut through the spectrum. in which case the integral (15)
micht not even be defined. 'This is resolved by the method of
Lorch (the exposition is taken from his book) which we explain
in the next section.




We have thus proved

Theorem 9 Letl be a bounded linear transformation on
a Banach space and C' a simple closed curve lying in its
resolvent set. Let P be the projection given by (15) and

B — B! TP BH_. :‘f — »I'f ':T]_T »I'H

the corresponding decomposition of B and of 1. Then
Spec(1"”) consists of those points of Spec(1') which lie in-
side C' and Spec(I") consists of those points of Spec(I’)
which lie exterior to C'.



Positive operators

Recall that if A is a bounded self-adjoint operator on a Hilbert
space H then we write A > 0if (Ax.x) > 0 for all x € H and (by
a slight abuse of language) call such an operator positive. Clearly
the sum of two positive operators is positive as is the multiple
of a positive operator by a non-negative number. Also we write
Ay > Ao for two self adjoint operators if 47 — Ay 18 positive.

Proposition 6 If A is a bounded self-adjoint operator and A >
I then A= exists and

AT <1

Proof. We have
Az|| |z = (Az.2) > (z.2) = ||z||?

S0
Ax|| = ||lz|| ¥V axe H.




Ax vV oare H.

So A is injective, and hence A™' is defined on im A and is
bounded by 1 there. We must show that this image is all of

H.

> |

.

If v 18 orthogonal to im A we have

(. Ay)

(Ar,y)=0 Yre H

so Ay =0s0 (y.y) < (Ay.y) = 0 and hence y = 0. Thus im A is
dense in H.

Suppose that Ax,, — z. Then the x, form a Cauchy se-
quence by the estimate above on ||[A~1]| and so x,, — 2 and the
continuity of A implies that Ar = 2. QED




Suppose that A > 0. Then for anv A > 0 we have A+AI > AI.
and by the proposition (A + )~ exists. i.e. —\ belongs to the
resolvent set of A. So we have proved.

Proposition 7 If A > 0 then Spec(A) C [0, ).
Theorem 10 [f A is a self-adjoint transformation then

A

<1 & —-I<A<I. (17)



Proof. Suppose ||A|| < 1. Then using Cauchy-Schwarz and
then the definition of ||A| we get

(-Alzx,z) = (v, 2)—(Ax,2) =

2 A. - 12 ; ]2 :
|l f|== N[ Az | |l = flf|== [ Alll ]~ = 0

Conversely. suppose that —/ < A < J. Since [ — A > 0
we know that Spec(A) C (—oc, 1] and since I + A > 0 we have
Spec(A) C (—1,|. So

Spec(A) C [—1.1]

so that the spectral radius of A is < 1. DBut for selt adjoint
operators we have ||A?]| = ||A]|* and hence the formula for the
spectral radius gives ||A|| < 1. QED




An important
corollary:

An immediate corollary of the theorem is the following:
Suppose that o is a real number. Then [[A — pl|| < € is
equivalent to (p —e)l < A < (u+€)l.




So one way of interpreting the spectral theorem
A= / AN E
W — O

Is to say that for any doubly infinite sequence

e <A <AL < Ap <AL < Ag < -

with A_,, — —oc and \,, — oo there is a corresponding
Hilbert space direct sum decomposition

H-@H

invariant under A and such that the restriction of A to H;
satisfies

Ail < A, < Aigad.



H- @

invariant under A and such that the restriction of A to H;
satisfies

ANil < A, < Al
If p; = %()\i + A;+1) then another way of writing the
preceding inequality is

1
2

44|H,; — H--JH < (}\-.zl—l—l — /\-i)-



The point spectrum

We now let A denote an arbitrary (not necessarily bounded) self
adjoint transformation. We say that A belongs to the point
spectrum of A if there exists an x € D(A) such that x # 0 and
Ax = Ax. In other words if A is an eigenvalue of A. Notice that
eigenvectors corresponding to distinct eigenvalues are orthogonal:
it Ar = Ar and Ay = py then

Mr,y)=(Ar.y) = (Ax.y) = (. Ay) = (x. py) = p(x, y)

implying that (x,y) =0 if A = L.

Also. the fact that a self-adjoint operator is closed implies
that the space of eigenvectors corresponding to a fixed eigen-
value 18 a closed subspace of H. We let N, denote the space of
eigenvectors corresponding to an eigenvalue A.



Recall the statement of the spectral theorem:

In the older literature one often sees the notation
E},l = P(—'}i;, /\)i

A translation of the properties of P into properties of £ 1s

EX = E\
Ey = E)\
AN<pu = E\E,=E),
An— —0o0 = E, — 0strongly
An — +0 = k), — [ strongly
A /A = E, — FE,strongly.

Onmne then writes the spectral theorem as

A= / AdEy,.

~



Operators with pure point spectrum.
We say that A has pure point spectrum if its eigenvectors
span H. in other words if

H=EPN,,

where the A; range over the set of eigenvalues of A. Suppose that
this is the case. Then let

M,y = @ N,

[T

where this denotes the Hilbert space direct sum. i.e. the closure
of the algebraic direct sum. Let £\ denote projection onto M.
Then it is immediate that the F satisfy (8)-(13) and that (14)
holds with the interpretation given in the preceding section. We
thus have a proof of the spectral theorem for operators with pure
polnt spectrumn.



Partition into pure types.

Now consider a general self-adjoint operator A. and let

H1 = @;‘\T}k

(Hilbert space direct sum) and set
. 1
HQ . — HJ_ .

The space H; and hence the space Ho are invariant under A in
the sense that A maps D(A) N Hy to Hy and similarly for Ho.

We let PP denote orthogonal projection onto H; so I — P 18
orthogonal projection onto Hs. We claim that

P|D(A)] = D(A)NH; and (I—P)|D(A)]=D(A)NHsy. (18)

Suppose that @ € D(A). We must show that Pr € D(A) for
then # = Pax + (I — P)x 18 a decomposition of every element of

D(A) into a sum of elements of D(A) N Hy and D(A) N Hs.



By definition. we can find an orthonormal basis of H; con-
sisting of eigenvectors u; of A, and then

Pr = Zmiui a; = (x.u;).

The sum on the right is (in general) infinite. Let y denote any
finite partial sum. Since eigenvectors belong to D(A) we know

that y € D(A). We have
(Alzr —y]. Ay) — (Jx — vy, A%y) =0

since x — y 1s orthogonal to all the eigenvectors occurring in the
expression for y. We thus have

| Al =y +

From this we see (as we let the number of terms in y increase) that
both y converges to Px and the Ay converge. Hence Pxr € D(A)
proving (18).

Azx|]? = | Ay|?




Let Ay denote the operator A restricted to P[D(A)] = D(A)N
Hy with similar notation for A,. We claim that A4, is self adjoint
(as is Ag). Clearly D(Ay) == P(D(A)) is dense in H. for if there
were a vector y € Hy orthogonal to D(Ay) it would be orthogonal
to D(A) in H which is impossible. Similarly D(As) := D(A)NH>
is dense in Hs.

Now suppose that y; and z; are elements of H{ such that

(Aix1.y1) = (2. 21) ¥V € D(AY).

Since Ayxy = Axy and 11 = x — 2o for some x € D(A). and since
11 and zy are orthogonal to x9. we can write the above equation
as

(Ax.y1) = (r.21) Ve DA

which implies that vy € D(A)NHy = D(Ay) and Ay = Ay =
Z1 -

In other words. A, is self-adjoint. Similarly, so is As. We
have thus proved



Theorem 11 Let A be a self-adjoint transformation on a Hilbert

space H. Then
H=H % Hs

with self-adjoint transformations Ay on Hy having pure point
spectrum and Ao on Ho having no point spectrum such that

D(A) = D(Ay) & D(As)

and

A=A & As.

We have proved the spectral theorem for a self adjoint operator
with pure point spectrum. Our proof of the full spectral theorem
will be complete once we prove it for operators with no point
spectruin.



I”

The “physical” meaning
of the decomposition.

In a later lecture we will show that for the types of self-
adjoint operators that arise in atomic physics or quantum
chemistry, the vectors belonging to the space H in
Theorem |1 are the “bound states” - those electronic
states that remain within a finite distance of the nuclei for
all time, while the elements of H are the “scattering
states”’ those electronic states corresponding to electrons
which remain in a bounded region for only a finite amount
of time.



Completion of the
proof.

In this subsection we will assume that A is a self-adjoint operator
with no point spectrum. i.e. no eigenvalues.

Let A < o be real numbers and let €' be a closed piecewise
smooth curve in the complex plane which is symmetrical about
the real axis and cuts the real axis at non-zero angle at the two
points A and g (only). Let m > 0 and n > 0 be positive integers.
and let

I f .
(z—=AN)"(z—p)"R.dz. (19)

Ky, (m.n) = or
e



1

Ky,(m,n) = e
il Jeo

(z—=AN)"(z—p)"R.dz. (19)
In fact. we would like to be able to consider the above integral
when m = n = 0. in which case it should give us a projection
onto a subspace where A\I < A < pul. But unfortunately if A or
11 belong to Spec(A) the above integral need not converge with
m =n = 0. However we do know that || /2. ] < (Jim z|)~! so that
the blow up in the integrand at A and p is killed by (z —A)"™ and
(1 — z)" since the curve makes non-zero angle with the real axis.
Since the curve is symmetric about the real axis. the (bounded)
operator Ky, (m.n) is selt-adjomnt. Furthermore, modifying the
curve C' to a curve C” lying inside C'. again intersecting the real
axis only at the points A and ;. and having these intersections at
non-zero angles does not change the value: K, (m,n).
We will now prove a succession of facts about Ky, (m.n):



Ky, (m.n) *Iﬁ“[-f;ra.";n.") = Ky, (m+ m',n+n'). (20)

Proof. Calculate the product using a curve €' for K, (m’. n')
as indicated above. Then use the functional equation for the
resolvent and Cauchy's integral formula exactly as in the proof
of Theorem T: (27i)? Ky, (m,n) - Ky, (m',n") =

. ! ! ]_
/ / (z=AN)"(p—2z2)"(w—=N)"(p—w)" ——|R,, — R.|dzdw
Jo Jeor

Z —

. N " " . . ey 40 -
which we write as a sum of two integrals, the first giving (27i)< K 5, (m+
m'.n +n') and the second giving zero. QED



A similar argument (similar to the proot of Theorem &) shows
that

Ky(m,n) - Ky (m',n")y =0 if (A, ) (N, 0y =0, (21)

Proposition 8 There ervists a bounded self-adjoint operator Ly, (m, n)
such that
2 -
Ly, (m,n)” =Ky, (m.n).

Proof. The function 2z — (2 — )u)”"-*’g( [ — ;:j'”-*’g is defined
and holomorphic on the complex plane with the closed intervals

(—o0. A] and [p. o0) removed. The integral

| .
Ly, (m.n) = 5 / (z — )" E(g,.a— f)”“”l? dz
e

is well defined since, it m = 1 or n = 1 the singularity is of the
— 1 . . . T

2|72 at worst which is integrable. Then the proof of

(20) applies to prove the proposition. QED




For each complex z we know that R.x € D(A). Hence
(A—AR.x=(A—z[)R. 2+ (z— ANR.x =2+ (z — \)R.x.

By writing the integral defining K, (m,n) as a limit of approxi-
mating sums, we see that (A— M) K, (m,n) is defined and that
it is given by the sum of two integrals. the first of which vanishes
and the second gives Ky, (m + 1. n).

We have thus shown that /K, (m,n) maps H into D(A) and

(A —=AKy,(m,n) =Ky, (m+1.n). (22)

Similarly

(pd = A) Iy (myn) = Koy, (mon+ 1), (23)



We also have

Mr.x) < (Av.x) < pla.x) for x € 1m Ky, (m,n).

Proof. We have
([A = MKy, (m,n)y. Ky, (m.n)y)

= (K (m+1,n)y Ky, (m,n)y)

= (K (m,n)Ky,(m+1.n)y.y)
(Kx,(2m+1.2n)y,y)

(L (2m + 1. 2n)%y, )

(Lap(2m +1.2n)y, Ly, (2m+ 1, 2n)y) =
= A=Al onim Ky, (m,n).

A similar aregument shows that A < ufl there. QED

0.

(24)



Thus if we define My, (m, n) to be the closure of im K, (m. n)
we see that A is bounded when restricted to My, (m,n) and

M < A<ul

there.

We let Ny,(m.n) denote the kernel of K,,(m.,n) so that
My, (m.n) and Ny, (m.,n) are the orthogonal complements of
one another.

So far we have not made use of the assumption that A has
no point spectrum. Here is where we will use this assumption:
Since

(A= A)Ky, (m,n) =Ky, (m+1,n)

we see that if Ay, (m+1,n)r = 0we must have (A—\) Ky, (m,n)xr =
0 which, by our assumption implies that K,,(m.n)x = 0. In
other words,

Proposition 9 71he space Ny, (m.n), and hence its orthogonal
complement M, (m,n) is independent of m and n.



We will denote the common space My, (m,n) by M,,. We have
proved that A is a bounded operator when restricted to M), and
satisfies

A < A< pul on My,

there.
We now claim that

PI‘OP: HtA<v<p then M,,=M,, ©M,,. (25)



Proof. Let (), denote the rectangle of height one parallel to
the real axis and cutting the real axis at the points A and . Use
similar notation to define the rectangles C'y, and C,,. Consider
the integrand

S, =(z—=AN(z—p)(z—v)R.
and let

|

— S.dz
271

r {-,TA”

T,l;r. =
with similar notation for the integrals over the other two rectan-
oles of the same integrand. Then clearly

I,=1\,+1,, and1),-1,, =0. (26)
Also, writing 2/ — A = (z —v)[ 4+ (vl — A) we see that

Since A has no point spectrum, the closure of the image of 1'y,, 1s
the same as the closure of the image of Ky, (1.1), namely M),.
The proposition now follows from (26).



IfA<v<p then M,,=M,, ©M,,. (25)

If we now have a doubly infinite sequence as in our reformula-
tion of the spectral theorem, and we set M; .= M, , we have
proved the spectral theorem (in the no point spectrum case - and
hence in the general case) if we show that

(—B M, = H.

In view of (25) it is enough to prove that the closure of the limit
of M_,, 1s all of H as r — oo, or., what amounts to the same
thing, it y i1s perpendicular to all K ,..(1,1)x then y must be
zero. Now

(KN (L, Da,y) = (z, K (1, 1)y)

so we must show that it K_,,y =0 for all » then y = 0. Now

- L/ 1 [, .
K_,, = - (z+7r)r—2z)R.dz = 5 (22 —r?)R.
ik Jio LN

where we may take C' to be the circle of radius r centered at the

Or1gin.



K_ rry) =0

K_,, =- : , / (z+7r)(r—2z)R.dz = —- 1 _ /(2 — )R,
211 [ 2T

where we may take C' to be the circle of radius r centered at the
origin. We also have

So

1 _
Y [ (.'f'z — ?—“2)[3_11 - RE]{E: Y-
C

- 2mir?
Now (zf — A)R. =1 so —AR. =
E_II - R‘:j — _-':.-.'_1.5_1._3?*

|
—

|
ny

so (pulling the A out from under the integral sign) we can write
the above equation as

1 - 2\ —
Y = d»ilr,[}r;,. where (Jr = (_'!'2 — F,“:IF_ IR;;(EE = 1.
O

{ r )
2mir=



1 - 9. _
¢

{ . )
2ir=
- 3 ‘ L ) { N * {
Now on C' we have 2 = re'? so 22 = r2e?"” = r?(cos 26 + isin 26)

and hence

! '.) ":' - F & 3 p e ! s ":' : a
22— 2 =12 (cos20 — 1+ isin26) = 2r%(—sin? @ +isinf cosh).

Now ||R.|| < |rsinf| ! so we see that
| (;'3 o IFQ)R.:; < 4.
Since |zt =71 on C, we can bound | g,| by

o, < 2rr) Lot dr - 2mrly) = 4y — 0

as 1 — oo. Since y = Ag, and A is closed (being self-adjoint) we
conclude that y = 0. This concludes Lorch’s proof of the spectral
theorem.



In about two weeks I am going to need the follow-
ing techmical fact about operators with purely continuous
spectrum. Here is as good a place as any to prove it:

Suppose that A is a self-adjoint operator with only
continuous spectrum. Let

E, = P((~oc, 1)
be its spectral resolution. For any v € 'H the function
po— (Ep, 1)

18 continuous. It is also a monotone increasing function of
1. For any € > 0 we can find a sufficiently negative a such
that |(E,v,1)] < €/2 and a sufficiently large b such that
|0]|* — (E,,20, 1) < €/2. On the compact interval [a, b] any
continuous function is uniformly continuous. Therefore
the function p +— (E,4, 1) is uniformly continuous on R.




Now let @ and ) be elements of 'H and consider the
product measure

on the R?, the A, 1 plane.

Lemma 1 The diagonal line A = p has measure zero rel-
ative to the above product measure.



Lemma 1 The diagonal line A = p has measure zero rel-
ative to the above product measure.

Proof. We may assume that ¢ # 0. For any € > 0 we
can find a 0 > 0 such that

(Eutsv,0) — B —sth, 1) < T

for all © € R. So
A0
/ d( Exo, cj.-:*i:r/ (E ), 0) < e.
J R JA—0

This says that the measure of the band of width 0 about
the diagonal has measure less that €. Letting 0 shrink
to O shows that the diagonal line has measure zero. O



We can restate this lemma more abstractly as follows:
Consider the Hilbert space H®H (the completion of the
tensor product). The E) and E, determine a projection
valued measure Q on the plane with values in H&@H. The
spectral measure associated with the operator AWl —1® A
is then F, := Q({\, u|A\ — p < p}). So an abstract way of
formulating the lemma is

Proposition 1 0 is not an eigenvalue of AR I — 1 ® A
on HH,



