Math 212b Lecture 4

Stone’s theorem.



H W ={rcH|T"r=ir} and H, = {z € H|T 2 = —iz}. (2)
The main theorem of this section is

Theorem 2 Let T be a closed symmetric operator and U = Up
its Clayley transform. Then

H = DU and H, = (im(U))*.
FEvery x € D(1™) is uniquely expressible as
r==Trg+Iry+ ar_
with xg € D(T), v, € H} and v € H.., so
1" ="Try+iv, —iv_.

In particular, 1" is self adjoint if and only if U is unitary.



Equibounded continuous semigroups on a Frechet space.

A Frechet space F is a vector space with a topology defined by
a sequence of semi-norms and which is complete. An important
example is the Schwartz space §. Let F be such a space. We
want to consider a one parameter family of operators 1} on F
defined for all t > 0 and which satisty the following conditions:

« T,0T,=T,,.
e lim, , lyx =1, v %Vtg =2 0and z € F.

e For any defining seminorm p there is a defining seminorm
g and a constant K such that p(Tix) < Kq(z) for all t = 0
and all z € F.

We call such a family an equibounded continuous semi-
group. We will usually drop the adjective “continuous” and
even “equibounded” since we will not be considering any other
kind of semigroup.



The infinitesimal generator.

We are going to begin by showing that every such semigroup has
an “ infinitesimal generator”, i.e. can be written in some sense
as 1) = et Tt is important to observe that we have made a se-
rious change of convention in that we are dropping the i that we
have used until now. With this new notation, for example. the
infinitesimal generator of a group of unitary transformations will
be a skew-adjoint operator rather than a self-adjoint operator.
In quantum mechanics, where an “observable” is a self-adjoint
operator, there is a good reason for emphasizing the self-adjoint
operators, and hence including the 7. There are many good rea-
sons for deviating from the physicists’ notation. not the least
having to do with the theory of Lie algebras. 1 do not want to
oo Into these reasons now. Some will emerge from the ensuing
notation. But the presence or absence of the i is a cultural divide
between physicists and mathematicians.




Enter the resolvent.

So we define the operator A as

Ar = lim i(l, — I)x.
tS0 1
That is A is the operator defined on the domain D(A) consisting
of those & for which the limit exists.
Our first task is to show that D(A) is dense in F. For this
we begin as promised with the putative resolvent

R(z) = [ e Uy dt (3)
Jo

which 1s defined (by the boundedness and continuity properties

of 1) for all = wi.’r]i Re =z > 0.



R(2) = / e UL dt (3)
()

which is defined (by the boundedness and continuity properties
of 1}) for all z with Re 2z > 0. We begin by checking that every
element of im [2(z) belongs to D(A): We have
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If we now let i — 0, the integral inside the bracket tends to zero,
and the expression on the right tends to x since 1y = 1. We thus
see that

R(z)r € D(A)
ancl

AR(2) = 2R(2) — 1,

or. rewriting this in a more familiar form.
(2] —A)R(z) = 1. (4)

This equation says that [2(z) is a right inverse for 2/ — A. It will
require a lot more work to show that it is also a left inverse.



We will first prove that D(A) is dense in F by showing that
im((z)) is dense. In fact, taking s to be real, we will show that

lim sR(s)r=x ¥7YaxekF. (5)
§— 00

e's
/ se tdt =1
J 0

for any s > 0. So we can write

Indeed.

[
sR(s)r—x=s / e Ty — x]dt.
Jo

Applying any seminorm p we obtain

Ie's

plsR(s)r —x) < s / e S'p(Tyx — a)dt.
Jo



1e's

plsR(s)r —x) < s / e 'p(Tix — x)dt.
J0

For any € > 0 we can. by the continuity of 1}, find a 4 > 0 such
that

=

plliz—x)<e ¥V 0t <.

Now let us write

O 0 To's
s/ e Stp(Tyx—x)dt = s/ fa_"”'p[]’isx.'—:rfjfft—he/ e Sp(Tyw—x)dt.
Jo

J1() J

The first integral is bounded by

) f O
€5 / e Stdt < es / e Stdt = e.
o [ S



o O O
::-.:/ e Stp(Tir—x)dt = ::-.:/ fa_'”‘f)[ﬂf}:fr—:x.')dﬁ—l—ss/ ¢ Sp(Tix—x)dt.
Jo

J0) )

The first integral is bounded by

] X
€8 / e Ut < es / e Stdt = e.
J0 Jo

As to the second integral, let M be a bound for p({ix) + p(x)
which exists by the uniform boundedness of 71;. The triangle
imequality says that p(1;x — x) < p(1;x) + p(x) so the second
integral is bounded by

2
ﬂf/ se Stdt = Me *5°.
J&

T'his tends to 0 as s — oo, completing the proof that sR(s)r — x
and hence that D(A) is dense in F.



The differential equation

Theorem 3 [f v € D(A) then for anyt > 0

}1111 THH—»’: —Tyloe = Al =T, Ax.
1—0 N

In colloquial terms, we can formulate the theorem as saying that

if_i; *‘11'_';:1' *‘1

in the sense that the appropriate limits exist when applied to

- D(r‘l)



Proof. Since 1} is continuous in t, we have

T Az =T, 11111 j—[lh—f]r — 11111 j—[l Yy — Ty
) )

;{”QE;‘“W* — Tifr = Al&ia;—“ﬁ — [

for ¥ € D(A). This shows that Ty € D(A) and

1 - -
%1\3% F_[j“rh’ —Tile = ATye =1, Az,

To prove the theorem we must show that we can replace i ™, 0
by h — 0. Our strategy is to show that with the information that
we already have about the existence of right handed derivatives,
we can conclude that

{
Ty —x = / T.Axds.
J0

Since 15 i1s continuous, this is enough to give the desired result.



In order to establish the above equality, it is enough, by the
Hahn-Banach theorem to prove that for any £ € F* we have

£

(T,z) — ((x) = / (T, Az)ds.
o [

In turn, it is enough to prove this equality for the real and imag-
inary parts of 7.

So it all boils down to a lemma in the theory of functions of
a real variable:

Lemma 1 Suppose that [ is a continuous real valued function
of t with the property that the right hand derivative

d* . flt4+h)— f(t)
PR R R

exists for all t and g(t) is continuous. Then [ is differentiable
with ' = g.



. | , T
Proof. We first prove that % f = 0 on an interval |a. b] implies
that f(b) = f(a). Suppose not. Then there exists an € > 0 such
that

f®) = f(a) < ~c(b—a).

Set
F(t):= f(t)— fla) + e(t — a).

Then F(a)=0 and

_I_
iP > (.
(t

At a this implies that there is some ¢ > a near a with F(c) > 0.
On the other hand, since F'(b) < 0, and F is continuous, there will
be some point s < b with F(s) =0 and F(t) < 0 for s <t < Db.

—_— : : i
I'his contradicts the fact that [%F](ﬂ > (.



Thus if ”Jﬁ f = m on an interval [t1,f2] we may apply the
above result to f(t) — mt to conclude that

f(ta) — f(t1) = m(ta —ty1).

and if d“ f(t) < M we can apply the above result to Mt — f(t) to
conclude that f(to) — f(t1) < M(to —t1). Soif m = ming(t) =

o
min Z- f on the interval [t1,t5] and M is the maximum, we have

< J(ta) — flt1) <M.
tg — 14

Since we are assuming that ¢ is continuous. this is enough to
prove that f is indeed differentiable with derivative g. QED



The resolvent.

We have already verified that
L
R(z) = / e AT dt
Jo

maps F into D(A) and satisfies
(z]l — A)R(z) =1

for all z with Re z > 0, cf (4).

We shall now show that for this range of =z
(zl —A)x =0 = =0 Yaoe DA

so that (2] — A)~ ! exists and that it is given by R(z).



Suppose that  Axr =:r € D(A)

and choose { € F* with {(x) = 1. Consider

o(t) .= (1vx).

By the result of the preceding section we know that ¢ is a differ-
entiable function of ¢ and satisfies the differential equation
O (1) = (T Ax) = (T za) = 20(Tyx) = zo(t),  &(0) = 1.
S0
O(t) = e
which is impossible since ¢(t) is a bounded function of ¢t and the
right hand side of the above equation is not bounded for ¢+ = 0
since the real part of z is positive.
We know that (2] — AVR(2) =1.
We have from (4) that

(2] — AYR(z)(z] — A)xr = (2] — A)x

= (
and we know that R(z)(zl — A)xr € D(A). From the injectivity
of zI — A we conclude that R(z)(z] — A)x =



We have already established the following:

T e —_ T *
I'he resolvent R(z) = R(z, A) == [, e *"T}dt is defined as a

strong limit for Re 2z > 0 and, for this range of z:
D(A) = im(R(z, A)) (6)
ARz, A)r = R(z, A)Ax = (zR(z,A)—1D)x xe D(A)(7)
ARz, A)r = (zR(z,A)—1)x YareF (8)
fli;i 2R(z,A)r = x for zreal Yo e F. (9)

We also have

Theorem 4 The operator A is closed.



Theorem 4 The operator A is closed.
Proof. Suppose that =, € D(A), x,, — = and y,, — y where
Yy, = Ar,,. We must show that » € D(A) and Ar = y. Set

vn = (L —A)xr, so z, — x—u.

Since R(1,A) = (I — A)~ ! is a bounded operator, we conclude
that

r=limz, =lim(l —A) 1z, =1 —A) Hz—y).

From (6) we see that 2 € D(A) and from the preceding equation

that (I — A)x = x — y so Az = y. QED



Application to Stone’s theorem.

We now have enough information to complete the proof of Stone’s
theorem:

Suppose that U(t) is a one-parameter group of unitary trans-
formations on a Hilbert space. We have (U(t)x.y) = (z. U(t) 'y)
(. U(—t)y) and so differentiating at the origin shows that the
infinitesimal generator A, which we know to be closed, is skew-
symimetric:

(Ar.y) = (x. Ay) YV ax.ye D(A).

Also the resolvents (2] — A) ! exist for all 2 which are not purely
imaginary, and (z/ —A) maps D(A) onto the whole Hilbert space
H.

Writine A = 71" we see that 1" is symetric and that its
Cayley transform Up has zero kernel and is surjective, i.e. 1is
unitary. Hence 1" is self-adjoint. This proves Stone’s theorem
that every one parameter group of unitary transformations is of
the form ¢! with T self-adjoint.



A useful formula.

(10)



Example: translations on
the real line.

Consider the one parameter group of translations acting on Lo(R):

U(t)z](s) = x(s = 1). (11)

This 1s defined for all x € & and is an isometric isomorphism
there, so extends to a unitary one parameter group acting on
Lo(R). Equally well, we can take the above equation in the
sense of distributions. where it makes sense for all elements of
S’. in particular for all elements of Ly(R). We know that we can

differentiate in the distributional sense to obtain

A=——

(s

as the “infinitesimal generator” in the distributional sense.



Let us see what the general theory gives. Let vy, := .J,x so

Te '@ 5
yr(s) =7 / e Ma(s—t)dt =7 [ e "W (w) du.
J J — o0

The right hand expression 1s a differentiable tunction of s
and

(s) = ra(s) —r’ / e " (w)du = ra(s) — ry.(s).
S —

On the other hand we know from (10) that
44.'!;1' — ‘4’}?"1“ — 'F'{Hr T IRJ

Putting the two equations together gives

d

s

A=

as expected. This 1s a skew-adjoint operator in accordance
with Stone’s theorem.



U(t)xr|(s) = a(s — t). (11)

We can now go back and give an intuitive explanation of what
goes wrong when considering this same operator A but on Lo |0, 1]
instead of on Lo (R). If  is a smooth function of compact support
lying in (0.1). then x can not tell whether it is to be thought of as
lying in Lo(]0.1]) or Lo(R), so the only choice for a unitary one
parameter group acting on x (at least for small t > 0) if the shift
to the right as given by (11). But once t is large enough that the
support of U(t)x hits the right end point. 1. this transformation
can not continue as is. The only hope is to have what “goes
out” the right hand side come in, in some form. on the left. and
unitarity now requires that

1 1
/ (s —t)]%dt = / x(t)|*dt
Jo

J U0

where now the shift in (11) means mod 1.



unitarity now requires that

1

1
/ (s — t)|%dt = / (1) |2 dt
Jo

J 0

where now the shift in (11) means mod 1. This still allows free-
dom in the choice of phase between the exiting value of the x
and its incoming value. Thus we specify a unitary one parame-
ter group when we fix a choice of phase as the effect of “passing
oo, This choice of phase is the origin of the 6 that are needed
to introduce in finding the self adjoint extensions of %% acting
on functions vanishing at the boundary.



Review of the Cayley
transform.

Recall that an operators S with domain £ is called sym-
metric if

(Sf.g)=1(f.Sqg) ¥V f.geL.

Proposition 1 Let S be a symmetric operator with do-
main L. Then S has a closed extension and this closed
extension 1s also symmetric.

Proof. Let D consist of all f € 'H for which there exists
a sequence f,, — f with Sf,, — ¢. This is clearly a linear
subspace which contains £. If h € £ we have

(g.h) =1m(Sf,.h) = Range(f,.Sh) = (f.Sh).



(g.h) =1lm(Sf,.h) = Range(f,.Sh) = (f.Sh).

This determines g uniquely since £ i1s dense. If we then
define S by Sf = g then the eraph of S is the closure
of the graph of S and so S is closed. If h, € L satisfy
h, — h and Sh, — k then since ((? f.hy)=1(f.Sh,) we
can pass to the limit to conclude that (Sf, k) = (f. Sk) so
S is symmetric.



T'he Cayley transform.

Let S be a symmetric operator with domain £. For f € L
we have

(S +iD)fI? = ISTI2 + 1717 = (S = iD) £ )?

so there is an isometric operator U := (S — iI)(S + i)~
called the Cayley transform mapping 1111( ‘a + 11) bijec-
tively onto im(S — 7).

Proposition 2 There is a one to one correspondence be-
tween symmetric extensions of S and isometric extensions

of U.



Proof. If 1" is a symmetric extension of S then clearly
its Cayley transform V' is an isometric extension of U, the
Cayley transform of S.

Suppose that V' is an isometric extension of U. 'This
means that V' maps a subspace M™ D im(S + il) iso-
metrically onto a subspace M~ D im(S — ¢/) which is
an extension of U. We first show that V' — [ is injective:

Suppose f € M™T satisfies Vf = f. Let h € £ and set
g= (S +1i)h. Then

2%(f. h)

(£.(S = Ti)h — (S +il)h)
— (f'. [’T{f o '{,r’)
= (Vf.Vg)—(f.g9)=0.

Since L is dense this shows that [ = 0 so V' is injective.



Set
D -— (Ir — I).,\/[—i_

and define 1" on D by

Tf = (V41D if f =

If fi = 3i(V —1I)gy and f, =

1 1

(§(V + 1)1, ?(V —1)g2)

1
1,
2

i(V — 1)go then

('Tfl_,fﬁ)

1 N
= —5i{=(Var,92) + (91. Vo) }

1 1
= (i = Don. 50 + D2 )
— (fl.ﬂ TfQ)



This shows that 7' is an extension of .S and the definition
of 1" can be written as

. 1
(T +il)~" = Zi(V - 1)

Or

V = (T —il)(T + i)~

which says that V' is the Cayley transform of 1. O



The deficiency indices.

For a syminetric operator S define the spaces
LT = {feD(S")| S f==+if}
= {feH|(Sh.f)=Fi(h.f) Y heD(S)}
— im(S +il)" .

The dimensions of £* (possibly infinite) are called the de-
ficiency indices of S. Notice that the deficiency indices
of an operator are the same as the deficiency indices of its
closure.

An symietric operator H is called essentially self
adjoint if its closure is self-adjoint.



Theorem 1 1he following three conditions on a symimmet-
ric operator H are equivalent:

1. H is essentially self adjoint.
2. The deficiency indices of H are both 0.
3. H has exactly one self-adjoint extension.

Furthermore, a symmetric operator has a self-adjoint eux-
tension if and only if its deficiency indices are equal, and
then the set of self-adjoint extensions of S is in one to one
correspondence with the set of all unitary isomorphisms of

LT with 8.



1. H is essentially self adjoint.

2. The deficiency indices of H are both 0.

Since the deficiency indices do not change when we pass to
the closure, we may assuine that H is closed. So condition
1) says that H is self-adjoint. Then if f € LT we have
Hf = H*f = if which says that «(f.f) = (Hf,f) =
(f,Hf) = —i(f,f) so f =0. This shows that 1) implies
2).



1. H is essentially self adjoint.

2. The deficiency indices of H are both 0.

The operator (H +¢1) maps D(H) onto the subspace
im(H +iI) with a bounded inverse. Since H is closed so is
(H +iI)~! and hence im(H +1I) is a closed subspace of H
whose orthogonal complement is 0. So im(H + ¢I) = 'H.
So for any f € D(H*) there is a ¢ € D(H) such that
(H+1il)g = (H*+il)f. This says that (H*4+iI)(f—qg) =0
so f—ge L~ ={0}. So f =g and hence f € D(H). this
show that H = H* so H is self-adjoint. This proves that
2) implies 1).




If the deficiency indices of [ are both zero then H has
no proper symmetric extension since im(H +il) = 'H =
im(H —il). so H* = H. This shows that 2) implies 3).

We now prove the last statement of the theorem and
use it to prove that 3) implies 1). If K is a self adjoint
extension of H. the deficiency indices of K must be zero
by 2). The Cayley transform of K must map £ unitarily
onto £~ since these are the orthogonal complements of
im H £ ¢1. So the deficiency indices must be equal. The
set of self-adjoint extensions of H are then in one to one
correspondence with the set of unitary isomorphisms of
LT with £~ which is the last assertion of the theorem.
This set is infinite unless the deficiency indices are both
zero which shows that 3) implies 2) and hence 1). O




Consider H f = —if’ defined on the space of smooth func-
tions of compact support on

1. all of R
2. on (0,00) or

3. on (0,1).

In all cases. the condition H f = +i f implies that f' = +f
in the sense of distributions and that f, f' € Lo. So f =
cet® . In case 1) this implies that f = 0 so the operator is
essentially self adjoint. In case 2) we have e™* € Lo while
e & Lo so the deficiency indices are unequal and H has no
self adjoint extension. In case 3) both deficiency indices
are equal to one and the set of self adjoint extensions are

parametrized by the points on the unit circle.



