Math 212b Lecture 5.

Bound states and scattering states.

From W.0O. Amrein and V. Georgescu,
Helvetica Physica Acta 46 (1973) pp. 636 - 658. and
W. Hunziker and I. Sigal
J. Math. Phys.41(2000) pp. 3448-3510



It is a truism in atomic physics or quantum chemistry
courses that the eigenstates of the Schrodinger operator
are the bound states, the ones that remain bound to the
nucleus, and that the “scattering states” which fly off in
large positive or negative times correspond to the contin-
uous spectrum. The purpose of today’s lecture is to give a
mathematical justification for this truism. The key result
is due to Ruelle, (1969), using ergodic theory methods.
The more streamlined version presented in today’s lecture
comes from the two papers mentioned in the title. The
ergodic theory used is limited to the mean ergodic theo-
rem of von-Neumann which has a very slick proot due to
F. Riesz (1939) which I shall give.



The mean ergodic theorem.

We will need the continuous time version: lLet H be a
self-adjoint operator on a Hilbert space 'H and let

Vi = exp(—itH)

be the one parameter group it generates (by Stone’s theo-
rem). von Neumann's mean ergodic theorem asserts that
for any f € ‘H the limit

11111 — / /y fdt
0

exists, and the limit is an eigenvector of H corresponding
to the eigenvalue 0.



Clearly, it Hf = 0, then Vi f = f for all t and the above
limit exists trivially and is equal to f. If f is orthogonal
to the image of H, 1.e. if

Hg=0V%g € Dom(H)

then f € Dom(H*) = Dom(H) and H*f = Hf = 0. So
if we decompose H into the zero eigenspace of H and its
orthogonal complement, we are reduced to the following
version of the theorem which is the one we will actually
use:



Theorem 2 Let H be a self-adjoint operator on a Hilbert
space 'H. and assume that H has no eigenvectors with
ergenvalue 0, so that the tmage of H is dense in 'H. Let
Vi = exp(—itH) be the one parameter group generated by
H. Then
1 T
lim — / Vifdt =0

T—oco 1 Jy

for all f € 'H.



Proof. It h = —iH g then

: d .
If”t h = EI{;Q

S0
T

1 1
— Vihdt = —(Vig — — 0.
T ; 1 T( t{g 9)

By hypothesis, for any f € H we can, for any € > 0, find
an h of the above form such that || f — h|| < %E SO

1 T

Vipat| < Les | L [ vinar
_ / — — o erens
T /4 t 9 T /4 t

By then choosing 1’ sufficiently large we can make the

second term less than %E. ]



Cores and relative bounds.

Recall that a symmetric operator 1 is called essentially
self-adjoint if its closure is selt adjoint.

If A is a self-adjoint operator with domain D(A). a
subspace D C D(A) is called a core for A if the closure
of the restriction of A to D is A. We will give a variant of
this definition when we study quadratic forms.

Let A and B be densely defined operators on a Hilbert

space ‘H. We say that B 1s A-bounded if
e D(B) D D(A) and
e |here exist real numbers a and b such that

|Bo|| < al|Ao|| +bllof| ¥ e D(A). (1)



|Bol| < al|Ao|| +bllof| ¥V e D(A). (1)

Notice that if
|Bo||* < a®||Ad|” + b7 9| (2)

then (1) holds. On the other hand, if (1) holds. then for
any € > 0, then

| Bol” < a®||Agl|* + b%(|0]1* + 2ab[|Ag||o]l.
Writing ab = (ae)(be™ 1) we get
2ab| G0 < a2 Ad|? + 122 o)

So (1) implies (2) with a replaced by a + € and b replaced
by b+ e '. Thus the infimum of a over all (a.b) such
that (1) holds is the same as the infimum of a over all
(a.b) such that (2) holds.



So (1) implies (2) with a replaced by a + € and b replaced
by b+ e~ !, Thus the infimum of @ over all (a,b) such that
(1) holds is the same as the infimum of a over all (a,b)
such that (2) holds.

This common infimum is called the relative bound
of B with respect to A. If this relative bound is 0 we
say that B is infinitesimally small with respect to A.
In verifying (1) or (2) it is sufficient to do so for all ¢
belonging to a core of A.

The following theorem was proved by Rellich in 1939
and was extensively used by Kato in the 1960°s and is
known as the Kato-Rellich theorem.



Theorem 1 Let A be a self-adjoint operator and B a
symmetric operator which is relatively A-bounded with rel-
ative bound a < 1. Then A + B is self-adjoint on D(A)
and s essentially self-adjoint on any core of A. If A is

bounded below by M then A+ B is bounded below by
b

M —mse
m 1}{{ ;

.'-'a'

M|+ b}

for any (a,b) for which (1) holds.



'lo prove that A + B is self-adjoint, it is enough to show
that for some p > 0 we have that Range(A+B=+iul) = H.
For any ;> 0 and any ¢ € D(A) we have

(A+ipd)o||* = ||Asd|]? + 17| o]*.

We may write ¢ = (A + iul)" 11 and rewrite the above
equality (with £ = +) as

2 _

2

A(A + ip) 0|2 + p12)|(A + i)~ M

W

In particular,

(A+ipd) 1 1

<

w|.

and

A(A+ipd)~

<

W




|Bo|| < allAd|| + b6l ¥ éeDA). (1)

1

< and [[(A+ ipl) Ml < =Y.

A(A+ip) ™1

W

Substituting ¢ = (A 4+ ipd) ") into (1) gives

(++7)
< | a4+ —
H

Now a < 1 by assumption. So for p sufficiently large the
operator C' := B(A +ipl)~! has norm < 1. Hence —1 is
not in the spectrum of ' and so I + C' is invertible and
so Range(I +C') = H. Also Range(A + ipul) = H since A
is self-adjoint. Hence Range(I + C)(A 4+ ipul) = H. But

|B(A 4 ipI) ™" U]

(I 4+ CYA+iul)p=(A+ B+ iul)o.



—

The same argument with —pu implies that A + B 18 self-

adjoint.

If D is a core of A then follows from (1) that the do-
main of the closure A + B restricted to D contains the
closure of the domain of A restricted to D. this shows
that A + B is essentially self-adjoint on any core of A.

The lower bound part is proved the same way.



The point spectrum and
the continuous spectrum.

Let H be a self-adjoint operator on a separable Hilbert
space ‘H and let V; be the one parameter group generated
by H so

Vi = exp(—iHt).

Let
:H — Hp + er:

be the decomposition of ‘H into the subspaces correspond-
meg to pure point spectrum and continuous spectrum ot

H.



Increasing projections.

Let {F.}, r = 1,2,... be a sequence of self-adjoint
projections. (In the application we have in mind we will
let H = Lo(R™) and take F,. to be the projection onto the
completion of the space of continuous functions supported
in the ball of radius r centered at the origin, but in this
section our considerations will be quite general.) We let
F’ be the projection onto the subspace orthogonal to the
immage of F. so

F :=1-F,.

T



The spaces m,and M. .

Let

Moy :={f € H| lim a11]>|| (I —F)V.f||* =0}, (1)

Fgﬁ'ﬁi\.f

and

I - |
My = {_f € 'H | lim T 1 F.V, f||?dt =0, for all r=1,2,

1'— Jo
(2)




Proposition 1 The following hold:
1. My and M, are linear subspaces of 'H.
2. The subspaces My and M. are closed.
3. My is orthogonal to M .
/;.. IH.J;_, - .:'Miy
5. Mo C H..

The following inequality will be used repeatedly: For
any f.g € 'H

|+l < F+ gl + 1 =gl =20 FI1° +2llgl*  (5)

where the last equality is the theorem of Appolonius.



1. My and M, are linear subspaces of 'H.

Proof of 1. Let f1. f5 € M. Then for any scalars a and
b and anv fixed r and ¢ we have

|(I=F)Vilafi+bf2)lI* < 2al*|(I=F)Vifa|*+2(b]*| (I = F) Vi f2*

by (3). Taking separate sups over t on the right side and
then over ¢ on the left shows that

sup [|(1 — E.)Vilafi +bf2)|”
f

E2|ﬂ-|2*“‘“}h||({f—F:-)L‘?.J‘l||2+2lbl supl|((1 = )" Tk

for fixed r. Letting r — oc then shows that afy + bfs €
JV{{}«



Let fi.f» € M. For fixed r we use (3) to conclude
that

I o .
? / ||FF~I"}_(H.-_}LL -+ g}fg)”‘zfﬁ
J 0

2|b|?
T

2|al?
q-:: Fr

) )
< [ NEvinpae+ 20 [ IEVis Pt
J () S ()

Each term on the right converges to 0 as 1" — o0 proving
that afy + bfs € M. This proves 1).



2. The subspaces My and M. are closed.
Proof of 2. Let f, € My and suppose that f,1 — .

Given € > 0 choose N so that ||f, — f||* < Te for all
n > N. This implies that

||(I _FT)I;(JC _fn)HQ

for all £ and n since V; is unitary and I—F,. is a contraction.

Then

1
:;,upH(I FOVif]? < —E+2bﬂpH(I EO)Vifall?

for all n > N and any fixed . We may choose r sufliciently
large so that the second term on the right is also less that
%E. T'his proves that f € M.



Let f, € M., and suppose that f,, — f. Given € > 0
choose N so that || f, — f||* < g€ for all n > N. Then

I o (T

1" Jo 1"/,
2 1
1 J 0

1 2 [t
< —e+ — E.V, f.|?dt.
<5t [ IRV

Fix n. For any given r we can choose 1 large enough so

that the second term on the right is < %& T'his shows

that for anv fixed r we can find a 1, so that

[
— [ |E Vo f|)dt < e
1" Jq

for all 7" > 1. provine that f € M .. This proves 2).



3. Mg 1s orthogonal to M .
Proof of 3. Let f € My and g € M., both # 0. Then

. |
Fol = = [ I(fg)fdt
J 0
1/t
= 7 [ (Vif.Vigldt
J 0
I
= & | |(FVif.g) + (Vif. Fig)|dt
J 0
9 T o o
< 7| IV 1f“?:f})|2df+1—, (V. f. Fg)|?dt
J 0 Jo
2 2 | 't o 2 2 . 2 *?1 . 2
< THHH FLVLf]|PdE + T”f” | F, Vg *dt
| J )

where we used the Cauchy-Schwarz inequality in the last
step.



‘ ) o 9 | T r
(F9P < ol [IEVefIPar+ ZISE [ IF Vi
" ()

For any € > 0 we may choose r so that

A €

for all £. We can choose a 1" such that

1

T
— | |IFVig|Pdt <
T / ‘e ||sz

Plugging back ito the last inequality shows that

(£, 9)|?

2 dt

Since this is true for any € > 0 we conclude that f L g.

'This proves 3.



4. /Hp C My.

Proof of 4. Suppose Hf = E. Then
|EVfI12 = [EU e ELf) |2 = (e B FLF|2 = | FLFI12

But we are assuming that F! — 0 in the strong topology.
So this last expression tends to 0 proving that f € My
which is the assertion of 4).



3. My is orthogonal to M .

Proof of 5. By 3) we have M, C Mg. By 4) we have
My CHy =He. O



Goal.

Proposition 1 is valid without any assumptions what-
soever relating H to the F,.. The only place where we used
H was in the proof of 4) where we used the fact that if f
18 an eigenvector of H then it is also an eigenvector of of
Vi and so we could pull out a scalar.

The goal is to impose sufficient relations between H
and the F). so that

HC C -*"I\/[’I:' (4:)



3. My is orthogonal to M .
4. 'H, C My.
5. Mas C He.
If we prove this then part 5) of Proposition 1 implies that
He = M
and then part 3) says that
Mo C M- =H: =H,.

Then part 4) gives

M 0 = H.p.



Using the mean ergodic theorem.

The mean ergodic theorem implies that if U; is a unitary
one parameter group acting without (non-zero) fixed vec-
tors on a Hilbert space ¢ then

1 T

lim — U.bdt =0
T, £

for all ©» € G. Let
g — Hc'%:'Hc-



We know from our discussion of the spectral theorem
that H @ [ — I @ H does not have zero as an eigenvalue
acting on . We may apply the mean ergodic theorem to
conclude that

: T
1

lim — et o et™edt =0
1% T g

for any e. f € 'H,.. We have

|('ﬁr (f_ii’”f”z _ ((ﬁ R f_-ff_ﬂ”f Q) (g“'”(g)+



e .
lim — / E_tHf 2 e'™edt = 0
I J ()

T —nc
for any e, f € H.. We have
(e,e M 1?2 = (e® f,e H fette).
We conclude that

T
lim l/ \(E_,ﬁf)\zdt:[) YveeH, feH. (5

T—oco 1 Jg

[ndeed, it e € H. this follows from the above, while if
e € 'H, the integrand is identically zero.



The Amrein-(eorgescu theorem.

We continue with the previous notation, and let E. : H —
'H. denote orthogonal projection.

We let S,, and S be a collection of bounded operators
on H such that

® [)Sr-n._-,H] — 0_,,

e S5, — S in the strong topology,

e T'he range of S is dense in ‘H, and
e [.S,FE. is compact for all » and n.

Theorem 1 [Armein-Georgescu.| Under the above hy-
potheses (4) holds.



H.C M. (4)

Proof. Since M is a closed subspace of ‘H, to prove
that (4) holds. it is enough to prove that

D c H.

for some set D which i1s dense in ‘H,.. Since S leaves the
spaces H, and H,. invariant, the fact that the range of S
is dense in ‘H by hypothesis, says that S'H,. 1s dense in H,..
So we have to show that

|
g=5Sf. feH. = lm

Jim 7 [ IEVig| %t =0

for any fixed r. We may assume f # 0.



Let € > 0 be fixed. Choose n so large that

.
. + 2

H(’S o ’SH)fH < ~t

6

Any compact operator in a separable Hilbert space is the
norm limit of finite rank operators. So we can find a finite

rank operator I such that

€

||FTS.”_EC —I'n H2 < :
121 f1]°

Writing g = (S — S,,)f + 5, f we conclude that

! T
i ||Fr1:’ g || Q(H
I Jy

2l , 9 T ,
< 7 | V(S — S,) fll“dt + T/ | E. VS, fl=dt
J ) J ()



|/

|/

—/ |F,Vi(S
i)

4
30T

2 i il
_f_' R
3 1

o ()

J 0

||FM n

Sk

J 0

, 2
“_)f”Q(H + 1_

|F,g|?dt <

Sk
J 0

al
~ T IPIVf Pt +

15 Vi ||2dt.

Sk

o ()

|E.V,S,, f|2dt

1T V||t



To say that 1 is of finite rank means that there are
gi,h;, e H, 1=1,... N < oo such that

N
T\*f — Z(fﬂ h‘-zl)g*é.-
1=1

L . 4 T.T;,FQ P
Substituting this into = [, ||TnVi||*dt. gives

4 (7 g (T]& 2
o | TNV “dt = — (Vif,hi)gi|| dt
1" 1" /o ;

N~ 1t r
<24 Y gl [ I V)P

J 0



- 2
. - N
4 r 4 r

m | TNV “dt = — (Vef,hi)g:|| dt
1 J 0 t I ) ; t

T
|
J 0

\7 1
O P AN A I

By (5) we can choose Ty so large that this expression is
< g foralll >1y. O

1 T
lim _—/ \(e_,ﬁf)\zdt:[) YeeH, feH.. (5

T—-"fﬁ: ) U



Remark.

Of course a special case of the theorem will be where
all the S,, = 5 as will be the case for Ruelle’s theorem for
Kato potentials.



Kato potentials.

Let X = R" for some n. A locally Lo real valued function
on X is called a Kato potential if for any a > 0O there is
a 3 = 3(«) such that

|
for all v € C5°(X).

Clearly the set of all Kato potentials on X form a real

Vi < ol Avl| + 1| (6)

vector space.

We give some examples of Kato potentials.



V e LQ(Rg)

For example, suppose that X = R? and V € Ly(X). We
claim that V is a Kato potential. Indeed,

So we will be done if we show that for any a > 0 there is
a b > 0 such that

__J"
i

.-r |I
Vab

'[ __]'_ |
Ky i 4
W

o < |

o ||

-

”{;':3 2 + b W|l2.

« < al|A




By the Fourier inversion formula we have

where 1 denotes the Fourier transform of 7). Now the
Fourier transform of A is the function

& I€Po(E)

where ||£|| denotes the Euclidean norm of £&. Since ¢ be-
longs to the Schwartz space &, the function

& (L+ [I€lP)(8)

belongs to Lo as does the function

¢ (L+ 1)

Lt
(e
I

L’ C ﬂ 1

in three dimensions.



Let A denote the function

& |IEl]:
By the Cauchy-Schwarz imequality we have

L= (L4227 (14 A%)e))

Lt
w
I

< ||\ + D)0 < ¢| A% 2

9 + C

2

where
@ = [[(14+ )7



For any r > 0 and any function ¢ € § let ¢, be defined
by

iy,

O, (&) = r2o(r).

Then
1ot = 1ol [[orlle = 2]l and Ao, [l = 1~ [A2¢]2.
Applied to ¢ this gives
|]l1 < er™2 | A2]|2 + er? || ¢
By Plancherel
A2 = |AY[ls and  [[&]|s = ¢

This shows that any V' € Ls(R?) is a Kato potential.



V € Lo (X).
Indeed

__J"
r

If we put these two examples together we see that if
V =V, + V5 where V] € LQ(RB') and Vo € L (1[43"j ) then
V' is a Kato potential.

'{ __J'_ |
'y i %
W

0 < |

-0

4.1.3 The Coulomb potential.

The function

If’r(aj) —_—

|

on R? can be written as a sum V = Vi + V5 where V; €
Lo(R?) and V5 € Lo (R?) and so is Kato potential.




Kato potentials from subspaces.
Suppose that X = X & X5 and V depends only on the
X, component where it is a Kato potential. Then Fubini
mplies that V' is a Kato potential if and only if V is a
Kato potential on X;.
Soif X =R and we writez € X asx = (x1,...,2xN)
where z; € R? then

. 1

Vii =

|z — |
are Kato potentials as are any linear combination of them.
So the total Coulomb potential of any system of charged
particles is a Kato potential.

By example 4.1.4, the restriction of this potential to
the subspace {z|> m;z; = 0} is a Kato potential. This
18 the “atomic potential” about the center of mass.



Applying the Kato-Rellich theorem.

Theorem 2 Let V' be a Kato potential. Then
H=A+YV

s self-adjoint with domain D = Dom(A) and s bounded
from below. Furthermore, we have an operator bound

A <aH +b (7)

where

G (a
a = an.db:"(ﬂ), 0 < a < 1.
1l —a ]l —a




< a|| A

(8)

+ 3

W

|
for all v € C7°(X).

.-r II
Vb

Proof. As a multiplication operator, V' is closed on its
domain of definition consisting of all 1» € Lo such that
Vi € Ly. Since C7°(X) is a core for A, we can apply the
Kato condition (8) to all v» € Dom(A). Thus H is defined
as a symimetric operator on Dom(A). For Re z < 0 the
L'is bounded. So for Re z < 0 we can

operator (z — A)
write

I —H=1[T-V(zI —A) (=] -A).
By the Kato condition (8) we have

If(,g[ _ 5)_1“ < o + ;’3‘3&;:: -1




IV (zI = A)7 || < o+ B[Rez| .

If we choose a < 1 and then Re z sufhiciently negative,
we can make the right hand side of this inequality < 1.
For this range of z we see that R(z, H) = (2] — H)™! is
bounded so the range of 21 — H is all of L,. This proves

that H is self-adjoint and that its resolvent set contains
a half plane Re z << 0 and so is bounded from below.
Also, for v € Dom(A) we have

Ay = Hvy — Vb
SO

| A

F f
Vb

< ||H

+

< |[Hv

+ a|| Ay

-+ 3|

W

which proves (9). O



Using the inequality (9).

A< aH+b (9)

Proposition 2 Let H be a self-adjoint operator on La(X)
satisfying (9) for some constants a and b. Let f € L..(X)
be such that f(x) — 0 as x — oo. Then for any z in the
resolvent set of H the operator

fR(z H)

ts compact, where, as usual, f denotes the operator of
multiplication by f.



Proof. Let p; = %;_ as usual, and let g € Lo (X™) so
J

the operator g(p) is defined as the operator which send

mto the function whose Fourier transform is & +— g(g)t(g)
The operator f(z)g(p) is the norm limit of the operators
Jfngn where f, 1s obtained from f by setting f, = 1p f
where B,, i1s the ball of radius 1 about the origin, and
similarly for g. The operator f,(z)g,(p) is given by the
square integrable kernel

I{ﬂ-(ﬁ: y) fﬂ( )Jﬂ(l — )

and so is compact. Hence f(x)g(p) is compact. We will
take

1

g(p) = T (14+A)7"




A< aH+b (9)

The operator (1 + ﬁ)ﬁ.(ﬁ,_ﬂ ) 1s bounded. Indeed. by (9)
(1+A)(2I—H) || < (1+a)||H(zI—H) || +b|[(R(z, H))|

< (1 4+ a)|| + (a+ b)|[|R(z. H)|.
So
fmm@jn:ﬂmliﬁ+u+am@jn

1s compact, being the product of a compact operator and
a bounded operator.




Ruelle’s theorem.

A< aH+b (9)

Let us take H = A+ V where V is a Kato potential. Let
F,. be the operator of multiplication by 15 so F;. is pro-
jection onto the space of functions supported in the ball
B, of radius r centered at the origin. Take S = R(z, H),
where z has sufficiently negative real part. Then F,.SE.
is compact, being the product of the operator F,R(z, H)
(which is compact by Proposition 2) and the bounded op-
erator £.. Also the image of S is all of 'H. So we may
apply the Amrein Georgescu theorem to conclude that

Moy ="H, and M =H..



Facts used about
compact operators.

Proposition 3 1he norm limit of a sequence of compact
operators 18 compact.

Suppose that |1, — T'|| — 0 with 7,, compact. Let f,
be a sequence of elements with || f;||. By Cantor diago-
nalization we can pass to a subsequence (which we will
rename as f; such that 71, f; is Cauchy for all n. Then
HTfj —'Tf;fH < 2 'T—'THH -+ H.Tn(fj —f;{_)H SO Tfj 18 (:Ij.‘{l.l_lﬂh}r

and so converges to some limit g.




Proposition 4 Fvery compact operator on a separable
Hilbert space is the norm limit of a sequence of operators
of finite rank.

Let {¢;} b an orthonormal basis. Let

a, = Sup |14 |].
Wl dr.. L dnll]|=1

'The a, are monotone decreasing and so tend to a limit
> (0. This limit must be zero. Indeed. choose 1), with
v L Adr.... .0, U] = 1 and |19, = %m”, The 1,
converge weakly to 0. hence the 177, converge weakly to
0. This implies that the 1,, converge strongly to 0. For
if not. we can choose a subsequence which converges to
some 10 # 0 which is impossible. so a,, — 0.
But a,, is the norm of Z;":l(g. o)), —T1. O



