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Fractional powers of a non-negative
self~-adjoint operator.

Let H be a seltf-adjoint operator on a separable Hilbert
space H with spectrum S. The spectral theorem tells us
that there is a finite measure ¢ on S X N and a unitary
iIsomorphism

U:H — Ly = Lo(S x N, )

such that UHU ! is multiplication by the function h(s,n) =
s and such that & € H lies in Dom(H) if and only if
h-(UE&) € L.



Non-negative self- adjoint operators.

Clearly

(HE, ) 20

for all £ € 'H if and only if ;¢ assigns measure zero to the
set {(s,n),s < 0} in which case the spectrum of multipli-
cation by h, which is the same as saying that the spectrum
of H is contained in |0,00). When this happens, we say
that H is non-negative.

We say that H > ¢ it H — ¢l is non-negative.



If H is non-negative, and A > 0, we would like to define
H?* as being unitarily equivalent to multiplication by h?.
As the spectral theorem does not say that the pu., Lo, and
U are unique. so we have to check that this is well defined.

For this consider the function f on R defined by

|

f(;-ji) — |:I:|}‘ _|_ J_

f is a symbol and so by our functional calculus, f(H)
1s well defined, and in any spectral representation goes
over into multiplication by f(h) which is injective. So
K = f(H)=' = I is a well defined (in general unbounded)
self-adjoint operator whose spectral representation is mul-
tiplication by h*. But the expression for K is independent
of the spectral representation. This shows that H* = K
1s well defined.



Proposition 1 Let H be a self-adjoint operator on a Hilbert
space 'H and let Dom(H ) be the domain of H. Let 0 <
A < 1. Then f € Dom(H) if and only if f € Dom(H")
and H* f € Dom(H'=") in which case

Hf=H'""H"T.

In particular, if A = % and we define By (f.q) for f.g €
Dom(H?Z) by

then f € Dom(H) if and only if f € Dom(H %) and also
there exists a k € 'H such that

(]

Bu(f.9) = (k.g) ¥ g€ Dom(H?)

in which case

Hf =k



Proof. For the first part of the Proposition we may use
the spectral representation: I'he Proposition then asserts
that f € Lo satisfies [ |h]?|f]?dp < o if and only if

/(1—|-|f?.-|2}‘)|f|2(fﬂ. < oo and /(1+|h|2f~1_’}“})|h.’1‘f|2n'.,u. < O

which is obvious, as is the assertion that then hf = h1=*(h* f).

The assertion that there exists a k such that By (f.qg) =
(k.g) YV ge Dom(H 7) is the same as saying that H? f €
Dom((Hz)*) and (H2)*H=f = k. But Hz = (Hz2)*
so the second part of the proposition follows from the
first. O



Quadratic forms.

The second half of Proposition 1 suggests that we study
non-negative sesquilinear forms defined on some dense
subspace D of a Hilbert space 'H. So we want to study

B: DxD—C
such that
e 3(f.q) is linear in f for fixed g.

¢ B((f f) — B(f H)r and
e B(f.f)>0.

Of course, by the usual polarization trick such a B is de-
termined by the corresponding quadratic form

Q(f) = B(f. f).



e (f.qg) is linear in f for fixed g¢.

® B(‘U f) — B(f H)r and
e B(f.f)>0.

Of course. by the usual polarization trick such a B is de-
termined by the corresponding quadratic form

Q(f) == B([. ).

We would like to find conditions on B (or Q) which guar-
antee that B = By for some non-negative selt adjoint
operator H as given by Proposition 1.

T'hat some condition is necessary is exhibited by the
following



Counterexample.

Let H = Lo(R) and let D consist of all continuous func-
tions of compact support. Let

B(f.g9) = f(0)g(0).

The only candidate for an operator H which satisfies B(f.g) =
(H f.g) is the “operator” which consists of multiplication

by the delta function at the origin. But there is no such
operator.




Counterexample,
continued.

Consider a sequence of uniformly bounded continuous
functions f,, of compact support which are all identically
one in some neighborhood of the origin and whose support
shrinks to the origin. Then f,, — 01in the norm of H. Also.
Q(fﬂ- o fm_- f-n. — f-m-) = U S0 Q(fn o fm.- fn- o f-m-) — 0.
But Q(f,..f.) =1 0= Q(0.0). So D is not complete

for the norm || -

1

flls == (QUf) + | fII3,)=.

Consider a function g € D which equals one on the
interval [—1.1] so that (g,g) = 1. Let g,, :== g — f,, with
f,, as above. Then ¢, — g in 'H vet Q(g,,) = 0. So Q is
not lower semi-continuous as a function on D.




Lower semi-continuity.

Let X be a topological space, and let @ : X — R be
a real valued function. Let rg € X. We say that @) is
lower semi-continuous at x if, for every € > 0 there is
a neighborhood U = U(xg.€) of xy such that

Q) < Qrg)+€e Vel

We say that @) is lower semi-continuous if it is lower
semi-continuous at all points of X.



Proposition 2 Let {Q,}acr be a family of lower semi-
continuous functions. Then

() := sup O,

‘¥

18 lower semi-continuous. In particular, the pointwise limat
of an increasing sequence of lower-semicontinuous func-
tions is lower semi-continuous.

Proof. Let g € X and € > 0. There exists an index
a such that Q. (xg) > Q(xg) — %E Then there exists a
neighborhood U of x¢ such that Q. (x) > Q. (xq) — %E for
all ¥ € U and hence

Qlr) = Qu(x) > Qrg) — eV el O

It is easy to check that the sum and the inf of two lower
semi-continuous functions is lower semi-continuous.



The main theorem about quadratic
forms.

et ‘H be a separable Hilbert space a a non-negative
Let 'H be a separable Hilbert space and () a non-negative
quadratic form defined on a dense domain D C 'H. We

may extend the domain of definition of () by setting it
equal to +0oc at all points of H\ D. Then we can say that
the domain of ) consists of those f such that Q(f) < oc.
This will be a little convenient in the formulation of the
next theorem.



Theorem 1 The following conditions on () are equiva-
lent:

1. There is a non-neqative self-adjoint operator H on

H such that D = Dom(H %) and
N r L op2
QUf) = [H=fl".
2. Q) is lower semi-continuous as a function on H.

3. D = Dom(Q) s complete relative to the norm

I£ll= (112 + Q).



1. implies 2. As H is non-negative, the operators nf+ H
are invertible with bounded inverse, and (nf +H)~! maps
‘H onto the domain of H. Consider the quadratic forms

Qu(f):=mHWmI+H)" ' f,f)=(HI+n""H)" [, f)

which are bounded and continuous on all of ‘H. In the
spectral representation of H., the space H is unitarily
equivalent to Lo(S,pu) where S = Spec(H) x N and H
coes over into multiplication by the function /» where

his.k)=s.

The quadratic forms (),, thus go over into the quadratic
forms (Q,, where

-~ " nh
T — — _f '
Qn(9) / 7,99l



1 he quadratic rorms (/,, thus go over 1mto the quadratic
forms (Q,, where

- nh
Qn(9) = / Y gdy

for any g € Lo(S. pt). The functions
nh
n+h

form an increasing sequence of functions on S. and hence
the functions (), form an increasing sequence of contin-
uous functions on ‘H. Hence their limit is lower semi-
continuous. In the spectral representation. this limit is
the quadratic form

g / hg - gdp

which is the spectral representation of the quadratic form

o



2. implies 3. Let {f,,} be a Cauchy sequence of elements
of D relative to || - ||1. Since || - || < || ||l1. {f} is Cauchy
with respect to the norm || -|| of H and so converges in this
norm to an element f € H. We must show that f € D
and that f,, — f in the || - ||; norm. Let € > 0. Choose N
such that

o — [l = Q(Frn— F)+ 1 fn = fnll* < €& ¥ m.n > N,

Let m — oc. By the lower semi-continuity of () we con-
clude that

QU = fo) + If = full® < €

and hence f € D and ||f — f,.|[1 <e O



3. implies 1. Let ‘H; denote the Hilbert space D equipped
with the || - ||1 norm. Notice that the scalar product on
this Hilbert space is

(f.9)1=DB(f,9)+ ([ 9)
where B(f. f) = Q(f). The original scalar product (-.-)

1s a bounded quadratic form on Hy. so there is a bounded
self-adjoint operator A on Hy such that 0 < A < 1 and

(f.9)=(Af.g9)1 ¥V f.g9€ Hi.




(f.g)=(Af.g)1 ¥ f.g< H.

Now apply the spectral theorem to A. So there is a unitary
isomorphism U of Hy with Lo(S, ) where S = [0, 1] x
N such that UAU~! is multiplication by the function a
where a(s. k) = s. Since (Af.f)1 =0 = f =0 we see
that the set {0. k£)} has measure zero relative to p so a > 0
except on a set of 1 measure zero. So the function

h=at—1

is well defined and non-negative almost everywhere rela-
tive to pr. We have a = (1 4+ h)~" and

1 —
(f.9) = K mff}dﬂ

while
fadju.

oSS

Q(f.g9)+(f.9)=(f.9)1= /



(f.9) = /H 7 i ; fodu

while |
Q(f,9)+ (f.q) = (f.9)1 = / fadn.
Define the new measure v on S by .
1
T + h.’””

[/

Then the two previous equations imply that A is unitarily
equivalent to Lo(S5.v). 1.e.

(f.9)= [ fadv

and

Q(f.g9) = / hfqgduy.

S5



(f.g9) = K fgdy

and

Q(f.g) = / T fgdv.

J S

This last equation says that Q) is the quadratic form asso-
ciated to the operator H corresponding to multiplication
by h. O



Extensions and cores.

A form @ satisfying the condition(s) of Theorem 1 is said
to be closed. A form ()5 is said to be an extension of a
form () if it has a larger domain but coincides with )4
on the domain of 1. A form (@ is said to be closable if
it has a closed extension. and its smallest closed extension
is called its closure and is denoted by Q. If Q) is closable.
then the domain of @Q is the completion of Dom(Q) relative
to the metric || - || in Theorem 1. In general., we can
consider this completion; but only for closable forms can
we 1dentify the completion as a subset of H. A subset D
of Dom(@Q) where @ is closed is called a core of Q if @) is

the completion of the restriction of ) to D.




Proposition 3 Let Q1 and Q9 be quadratic forms with
the same dense domain D and suppose that there is a con-
stant ¢ > 1 such that

Q) < Qa(f) £eQi(f) VY feD.

If Q1 1s the form associated to a non-negative self-adjoint
operator Hy as in Theorem 1 then Q9 is associated with a
self-adjoint operator Ho and

Dmu(Hﬁ) = Dmu(Hf) =D.

Proof. The assumption on the relation between the
forms implies that their associated metrics on D are equiv-
alent. So if D i1s complete with respect to one metric it
i1s complete with respect to the other, and the domains
of the associated self-adjoint operators both coincide with

D.



The Friedrichs extension of a symmetric operator.

Recall that an operator A defined on a dense domain D
1s called symmetric if

(Af.g)=(f.Ag) ¥V f.geD.

A symmetric operator is called non-negative it

(Af.J) =0

Theorem 2 [Friedrichs.| Let QQ be the form defined on
the domain D of a symmetric operator A by

Q(f) = (Af. f).

Then () is closable and its closure is associated with a
self-adjoint extension H of A.



Proof. Let H; be the completion of D relative to the
metric ||-||1 as given in Theorem 1. The first step is to show
that we can realize 'H; as a subspace of H. Since ||f]| <
| fll1, the identity map f — f extends to a contraction
C':Hi — H. We want to show that this map is injective.
Suppose not, so that C'f = 0 for some f # 0 € 'H;. Thus
there exists a sequence f,, € D such that

\f— fallt — 0 and |[f.|| — O.
S0
HfH% — lim :EEC(]C?H;fn)l

T—00 N—

= lim  lim {(Afm, fo) + (fom, o)}

T — 00 TL— D '

lim [(Af,..0)+ (f,.,0)] = 0.

TrL— X




So (' is injective and hence ) 18 closable. Let H be the
self-adjoint operator associated with the closure of (). We
must show that H is an extension of A. For f.g € D C

Dom(H) we have

(HZf.HZg) =Q(f.g) = (Hf.qg).

Since D is dense in ‘H;. this holds for f € D and g € 'H;.
By Proposition 1 this implies that f € Dom(H ). In other
words. H 1s an extension of A. O



Dirichlet boundary conditions.

In this section ©Q will denote a bounded open set in RY,
with pilecewise smooth boundary, ¢ > 1 is a constant. b
is a continuous function defined on the closure Q of Q
satisfying

e ()

=~
[
]
'
A,
=
e —
=
<1
I.'--"'"'-|

and
a=(a;;) = (a;j(r))

18 a real symmetric matrix valued function of x defined
and continuously differentiable on 2 and satistying

I <a(x)<el YVaell

Let '
th .= Lg(ﬂl E;'(f.m :I‘)+



An operator in
divergence form.

Let '
ng}, = LQ(EE EJ{}TA‘ :I‘)+

We let C'>(£2) denote the space of all functions f which
are (°° on {2 and all of whose partial derivatives can be
extended to be continuous functions on (2. We let

() c O(Q)

denote those f satistying f(x) = 0 for x € 0f).
For f € C5°(Q2) we define Af by

| ) ) f
Af(x) = —=b(x)? Z ﬁ ((I.j:j(:r:);—j) :
T T,



1The associated
quadratlc form.

c)f
Af(x) = )1 @) 2l
f(x) Z - ( U_:_j)

i, 1=1

Of course this operator is defined on C'">°(€2) but for f.g &
C'57(€2) we have, by Gauss’s theorem (integration by parts)




So if we define the quadratic form

af Jdg N |
1 ' f’l g0 1
/Zm‘}ﬁ;%ﬁr; " (1)

then @ is symmetric and so defines a quadratic form as-
soclated to the non-negative symmetric operator H. We
may apply the Friedrichs theorem to conclude the exis-
tence of a self adjoint extension H of A which is associated
to the closure of ().




The closure of () is complete relative to the metric
determined by Theorem 1. But our assumptions about
b and a guarantee the metrics of quadratic forms coming
from different choices of b and a are equivalent and all
equivalent to the metric coming from the choice b = 1
and a = (0,;) which is

1112 = / (1P + V%) dV . (2)

where

Vi=0f@&bfe - ®oNf

and

VI () = (01 f ()" + - + (Ouf (1))

'To compare this with Proposition 3. notice that now the
Hilbert spaces 'H; will also vary (but are equivalent in
norm) as well as the metrics on the domain of the closure

of Q.



The Sobolev spaces W'2(Q) and W, *(Q).

Let us be more explicit about the completion of C'>°(2)
and C5°(Q) relative to this metric. If f € Lo(Q.d™ )
then f defines a linear function on the space of smooth
functions of compact support contained in {2 by the usual
rule

N / fod Nz ¥ e ().
JO

We can then define the partial derivatives of f in the sense
of the theory of distributions. for example

Lo, (@) / f(0;0) dV x.

These partial derivatives may or may not come from el-
ements of Lo(Q,dV x).



These partial derivatives may or may not come from el-
ements of Lo(Q,d" x). We define the space W2(2) to
consist of those f € Lo(9. d"x) whose first partial deriva-
tives (in the distributional sense) 0; f = df/0x; all come
form elements of Lo(€2, d™ x). We define a scalar product
(, )y on WL2(Q) by

(f.9)1:= | /5 | {f (x)g(x) + Vf(x) +W(:rr)}d"”"’r:r+ (3)



= / '_E ()9 + Vi) Vo) }d¥e. (3

[t is easy to check that W12(Q) is a Hilbert space. i.e. is
complete. Indeed, if f,, is a Cauchy sequence for the cor-
responding metric ||||1. then f,, and the 0, f,, are Cauchy
relative to the metric of Lo(Q.d" ), and hence converge
in this metric to limits. i.e.

f-n. — f -'rllld f_"}z‘f.”_ — (; E — l o i.-\.-’

for some elements f and g¢q....gy of Lo(2.dVz). We
must show that ¢g; = 0;f. But for any ¢ € C*({2) we
have

() = (07) = Jm (0.0

n— 2

= — lim (f,.0,0)

n— 2

- —(f.0;0
which says that g; = 0, f. (f,9i¢)



Lemma 1 C2°(Q)) is dense in C3(L2) relative to the met-

ric || - |1 given by (2).

Proof. By taking real and imaginary parts. it is enough
to prove this theorem for real valued functions. For any
e > 0 let F. be a smooth real valued function on R such
that

felz) = F.(f(x)),



F@)| < @) and i f(x) = f(x) Y x €
e— ()
So the dominated convergence theorem implies that || f —
fell2 — 0. We have to establish convergence in Lo of the
derivatives.



Consider the set B C () where f = 0 and V(f) #

0. By the implicit function theorem, this is a union of
hypersurtaces, and so has measure zero. We have

V() - V(g Pa¥e = |

J O J oy

On all of Q we have |0;(f¢)| < 3|0;f] and on Q\ B we have
O; fo(x) — 0;f(x). So the dominated convergence theorem
proves the Lo convergence of the partial derivatives. O

As a consequence, we see that the domain of () is pre-
. 1. 71,2
cisely W57 (£2).

) V(f) = V(f)lPd"a.




Generalizing the domain and the co-
efficients.

Let €2 be any open subset of R"™, let b be any measurable
function defined on ) and satistying

ch<blz)<e YVaeQ

for some ¢ > 1 and a a measurable matrix valued function
defined on (2 and satistfying

cHI<(z)<el Yazel
We can still define the Hilbert space
Hp, = Lo(Q, bd™ x)

as before, but can not define the operator A as above.



Nevertheless we can define the closed form

:/Z{IL (-)f d_d X
JO ¥ jd’l ()’L ?

on 11(}2(0) which we know to be closed because the metric
it determines by Theorem 1 is equivalent as a metric to
the norm on W, *(Q2). Therefore, by Theorem 1, there is
a non-negative self-adjoint operator H such that

(H2f,HZg), = Q(f.g) Y f.g € W?(Q).



A Sobolev version of Rademacher’s
theorem.
Recall that Rademacher’s theorem says that a Lipschitz
function on RY is differentiable almost everywhere with
a bound on its derivative given by the Lipschitz constant.
The following is a variant of this theorem which is useful
for our purposes.

Theorem 3 Let f be a continuous real valued function
on RN which vanishes outside a bounded open set ) and
which satisfies

f@) = fW)] <clle -yl ¥ay eRY (4)
T 1.2
for some ¢ < oo. Then f € W, ().

We break the proof up into several steps:



Proposition 4 Suppose that f satisfies () and the sup-
port of f is contained in a compact set K. Then

-
| |
) L]

f c W 1.2 (R N )

and

c*(N + diam(K))

= [ s+ 977 Ve < |

K

where denotes the Lebesque measure of IK.



Mollification.

Proof. Let k be a C°° function on RY such that
e k(z)=0if ||z| = 1.
e k(xz)>0if ||z|| <1, and

® f[[:)x‘- v d\ J_

Define kg by
N L
Ff,_q(;it?) = 8 A ke (—) :
S

1
S50 o ky(x)=01if |z| = s.

o ky(x)>0if ||| < s, and

° f[P‘% ks(a d\ — 1.



o ky(z)=0if |z| = s,
o ky(x)>0if ||z|| < s, and

° f[pgw ko(x)dN z = 1.

Define ps by



S0 ps 18 smooth,
supp ps C Ky ={z| d(z, K) < s}

and

ps(x) —ps(y) = | (f(z—2) = fly — 2)) ke(2)d" =

. R N

S0

ps(x) —ps(y)] < cllz —y|.

This implies that ||Vps(x)|| < ¢so the mean value theorem
implies that sup_ p~ |ps(2)| < ¢-diam K and so

K, |c*(diam K? + N).

Ipsllf <



By Plancherel

Ioal = | (L4 e (O

and since convolution goes over into multipication

e

Ps(§) = fF(E)h(sE)

where

h.(g):/ k(z)e = CdN ¢
JRN

The function h is smooth with A(0) = 1 and |A(&)| < 1 for
all &, o



ps(&) = F(E)h(s€)

where

h(€) = / k(z)e = ¢dN z.
JRN

The function A is smooth with A(0) = 1 and |A(&)| < 1 for
all £. By Fatou’s lemma

17l = / (1 + €)1 )PV
*R.'"‘-.-
< lim inf / (L4 [1€12) () 1A (€)2dN ¢
]R"-.

s—10

— lim inf HpﬁHl

5—=()

< |K|c*(N + diam(K)). O



The dominated convergence theorem implies that

Hf_p-q

as s — 0. But the support of ps is slightly larger than
the support of f, so we are not able to conclude directly
that f & 11[}12(0) So we first must cut f down to zero
where it is small. We do this by defining the real valued

1—0

functions ¢, on R by

(0 if 5| <€
bu(s) = ¢ S if 5| > 2¢
oY 2(s —€) if e < s < 2e

20s+€) if —2e<s< —¢



(0 1 s| <€
L) s if s| > 2€
Pels) = < 2(s —e€) if e < 5 < 2¢
L 2(s+¢€) if 26 <5< —e

Then set fo = o.(f). If O is the open set where f(x) # 0

then f. has its support contained in the set S. consisting
of all points whose distance from the complement of O is
> €/c. Also

fe(x) = fe(y)| < 2/f(x) = f(y)| < 2|z —yl|.

So we may apply the preceding result to f. to conclude

that f. € WH2(RY) and

| FlIT <

S.|c*(N + diam (O)?)




So we may apply the preceding result to f. to conclude

that f. € WH2(RY) and

IF1IT <«

and then by Fatou applied to the Fourier transforms as
before that

S.|c*(N + diam (0)?)

1115 < 4|0|c*(N + diam (O)).

Also, for € suthciently small f. € I’[Tl 2( ). So we will be

done if we show that ||f. — f|| — 0 as € — 0. The set L.
on which this difference is # 0 is contained in the set of all

v for which 0 < |f(z)| < 2¢ which decreases to the empty
bet as € — 0. The above argument shows that

\f — fell1 < 4|Lcc ( " + diam (LE)Q) 0. O



