Math 212b lecture 8

The first 16 slides were downloaded from Davies:
spectral theory - classification of generators.



Theorem 3.56 A closed. densely defined operator Z

acting in the Banach space

B is the generator of a Dﬂe—pﬂ?"{lﬂiﬂtﬁ’.ﬁ;" SEmz’g_mup T; satisfyiﬁg
|| < Me™ (3.17)
for all t = 0 if and only of
Spec(Z) C {z: Re (z) < a}

and

ML= Z)™"]| < M(A—a)™™ (3.18)

for all A > a and all m = 1.



T3] < Me™ (3.17)

Proof It 7} satisfies (3.17) and A > a and m > 1 then

I\ = Z)™| = [ Tyy yo e Mibetm) qrydr,

< / / Me—A-a)ltitettm) g qf

— M\ —a) ™.

The converse 18 much harder since we have to construct the semigroup 1;.
The idea 1s to approximate 4 by bounded operators Z, and show that the
SEMIZToupSs

converge as A — +oo to a semigroup 1y whose generator 1s 2.



It A > a we define the bounded operator 2 by

Zy = MM —-2Z)7!
— M1 =AM —2)7)

We first show that
lim |[Z(M —Z)7 ' f| =0

A—

for all f € B. Because

1ZOM —Z) Y = [[1=MA=2)7Y
MM
1
+ A—a

is bounded as A\ — oc, 1t is sufficient to prove this for f in
a dense subset of B. If f € Dom(Z) then
1ZAL=2)7 fll < I =2)7 Y| |1 ZF]

) M| Zf]
- A—a

and this converges to U as A — oc.

(3.19)



We next show that

lim Z,f = Zf (3.20)

for all f € Dom(Z). For any such f and anv b > a there exists g € B such

that f = (b —

Z) Yg. Hence

thllim_ \Z\f — Zf]|

lim
A

—  Lim
A0

—  Lim
A0

l11m
A—

= 0

by (3.19).

NZ(N — Z) NI — Z)y g — Z(bI — Z) g
AZ{(N — Z}_l — (bl — Z}_l}{ir — )1}_1_u — Z (bl — Z}_l_uH
A | | |
— 1y ZbI —zyv g — Z(N — 7))
()\ 3 ) { ) 9= 40 )" g
W, .
BT 7yl . , - —1
T Ej||Z|E_:u‘r Z) gl + tht11_1‘1q}‘: . Ej||Z|E,J~J Z) g



If 77 is the norm continuous semigroup defined by

then

provided A = 2a.

A
1|

Ta
=S "t"Z}/n!

n=l

n=I(

=Ll

-
e At Z A (N — Z)7| /!

n=

Moreover

limsup || 77| < Me®t.

A—o0

YA+ NN = Z) 7l

o
e MY THINTNL — Z) 7"

(3.21)

(3.22)



lim Z,f = Zf (3.20)

13| < Me?t (3.21)
lim sup || 72| < Me™. (3.22)
A— 00

We next show that it f € B then lf‘ f converges as A — oo uniformly for ¢
in bounded intervals. By (3.21) it is sufficient to prove this when f lies in
the dense set Dom(Z). For such f

1
“—{:ff*_.;f;:*f}H .

ds

T (—Zx+ Z)TE f

T T2y + Z,)f
< i‘llfgﬂintn[:—z,l T Z,u :If .

Integrating with respect to s for 0 < s < ¢ we obtain

T f = TEf| < tMPet (= Zx+ Zu) £,

which converges to zero as A, — oo, uniformly for ¢ in bounded intervals

by (3.20).



limsup || 77| < Met. (3.22)
A—0C
It is an i111111{*-:1i51rcﬁ (-c)mt*fpwn(-o of (3.22) and the semigroup properties of Tf‘
that Tp = 1. < Me® for all t > 0 and 11y = Ty for all s.t > 0. The
uniformity of the convergence for £ in bounded mtervals implies that 1; f 1s
jointly continuous m ¢ and f. and so 1s a one-parameter semigroup.

Our final task 1s to verifv that the generator B of T} coincides with 2. We
start from the equation

f
Jf*f—f:/D T2Z f dx (3.23)

valid for all f € B by Lemma 2.2. It f € Dom(Z) then we let A — oc in
(3.23) and use (3.20) to obtain

{
ii;f-f:/ 1,7 fdr.
(0

Dividing by ¢ and letting £ — 0 we see that f € Dom(B) and Bf = Zf.
Hence 7 is an extension of B. Since both (M — Z) and (Al — B) are one-one
with range equal to B for all A > a it follows that Z = 5. O



Contraction semi-
groups.

A one-parameter contraction semigroup is defined
as a one-parameter semigroup

such that ||Tf|| < 1 forallt = 0.



The Hille Yosida theorem.

Corollary 3.57 (Hille-Yosida Theorem) The closed, densely defined operator Z
acting in the Banach space B is the generator of a one-parameler contraction semi-
group iof and only tf

Spec(Z) C {z: Re (z) < 0}
and

(AN —Z)7 1| < X! (3.24)
for all X = 0.

Proof Put M =1 and a =0 in Theorem 5.56. O



Dissipative operators.

We 111=‘~:[ reformulate Corollary 3.57 directly in terms of the npm"ﬂnl‘ Z. 1t Z acts
m B with [lumml D, we let £ denote lhu set of pairs (f,¢) € B x B* such that
feD. |fll =1.]¢ =1and {f,¢) = 1. Note that for each such f a suitable ¢
exists by the ||:-1]1H—H:-ﬂl:-1(']1 theorem, }]111 it need not be unique. We say that 2 1s
dissipative i[' Re ((f.o)) < 0forall (f.¢) e &£ If Zis an operator with domain D
in a Hilbert space 'H then Z is dissipative if and only if Re ((Zf, f}) < 0 for all
fenb.



The Lumer Phillips
theorem.

Theorem 3.59 (Lumer-Phillips Theorem) An operator Z with dense domain D
in a Banach space B is the generator of a one-parameter contraction semigroup if
and only if it 1s dissipative and the range of (A — Z) equals B for all X > 0.

Proof If 7 satisfies the second =et of conditions and (f, @) € & then

(AT —Z)f|l = (A= Z)f, )
= | A= (Zf.0)|
> )\
— Al

Therefore the operator (A — Z) is one-one with range equal to B, and
(AT —Z)7 | < AL,

We may now apply Corollary 3.57.



Conversely suppose Z is the generator of a one-parameter contraction sermi-
group Ty If (f, o) € & then

Re (Zf.0) = Re .Flzin[l] a’:._l-::’f}]_f — f. o)
= Re .Fl?,EIZIII B T f o) — 1)
= lim AT b — 1
< lim A7H{TR[[ Aol = 1)
< (.



Theorem 3.60 Let Z be a closable operator with

dense domain D in a Banach space B, and suppose

that the range of (N — Z) is dense for some \ satisfying
Re (A) > 0. Suppose also that for all f € D there exists o eb”

such that ||¢|| =1. ([, gﬁ}I: 1 and Re ((Zf, o)) <0.

Then Z 1s dissipative and the closure of Z is the

generator of a one-parameter contraction semigroup. Moreover
[(AT = 2Z)7'| < Re (A)~

for all X satisfying Re (A) > 0.



Let Y be the closure of Z.

Proof As before we see that

(1l = Z)f|| = | £]
for all > 0 and all f € D. Therefore

l(nd = Y) Il = p] f1]
for all 4 > 0 and all f € Dom(Y ).
This implies that (Al — Y ) has range

equal to B and that
[(AL=Y) M <At

Hence



Spec(Y)nidz:|z— Al < A} =10

and that (uf — Y') has range equal to B for all 2 such that 0 < pu < 2A.
Replacing A by 3A/2 in the above argument, it follows by induction that

Spec(Y ) C {2 : Re(2) < 0}.

The proot is now completed by applving Corollary 3.57. O



| now go to my notes and repeat the
Hille - Yosida theorem and the Lumer
- Phillips theorem.

In finite dimensions we have the formula

‘.‘u'il l] 1'{}1]‘-.'1']‘}_';{‘[]('1“_:_',H];l]'él]lli“i'[] a& a ]‘f-hll]l 1}]-1111“ convergence
of the usual exponential series in one variable. (There
are serious problems with this definition from the point
of view of numerical 1mplementation which we will not
discuss here.)

[ infinite dimensional spaces some additional assump-
tions have to be placed on an operator B before we can
conclude that the above series converges. Here 1s a very
stringent condition which nevertheless suffices for our pur-

poses.



Let F be a Frechet space and B a continuous map of
F — F. We will assume that the B* are equibounded
in the sense that for any defining semi-norm p there is a
constant /X and a defining semi-norm ¢ such that

p(B¥2) < Kq(z) Vk=1,2,... VaePF.

Here the K and g are required to be independent of & and

Then

Tl

Tl TLL' f f;L' f ] TL ;tﬁc
p(p 5B izﬂ,p(B‘ < Kq(x) } o5

Tre T



T Tt

l[.fx ‘ : tff.
p(D_ 7B ) Z L,p(B’I‘ < Kq(z) ) 4

Tre Tre T

and so

L

k
th
Bz
k!
0

is a Cauchy sequence for each fixed t and = (and uniformly
in any compact interval of £). It therefore converges to a

limit. We will denote the map =+ >~ t! B F2 by

'I.

exp(tD).
'This map is linear, and the computation above shows that

plexp(tB)x) < Kexp(t)q(z).



The usual proof (using the binomial formula) shows that
t — exp(tB) is a one parameter equibounded semi-group.
More generally, if B and C' are two such operators then if
BC = CB then exp(t(B + (') = (exptB)(exptC).

Also, from the power series it follows that the ifinites-
imal generator of expthb 18 B.



Let us now return to the general case ol an equibounded
semigroup 13 with infinitesimal generator A on a Frechet
space F where we know that the resolvent R(z, A) for Re
z > 0 1s given by

R(z A = / e~ adt.

J 0

This formula shows that R(z, A)x is continuous in z. The
resolvent equation

R(z,A) — R(w,A) =(w — 2)R(z, A)R(w, A)

then shows that R(E,A}r is complex differentiable in =z
with derivative —R(z, A)?x. It then follows that R(z, A)x
has complex derivatives of all orders given by

d"R(z, A)x

L = (< 1)"lR(z, A




.-
R(;:_,A)a::/ e “'T,adt.
N

d"R(z, A)x
dﬁﬂ'

= (=1)"nIR(z, A)" 1.

On the other hand, differentiating the integral formula for
the resolvent n- times gives

d"R(z,A)x =, ,
il I 2

where differentiation under the integral sign is justitied by
the fact that the 1, are equicontinuous in t. Putting the
previous two equations together gives

n+1 oC
(zR(z, A))" e == / e " T adt.

Tl! J0



n+1 O
(2R (2, A)" o = = / et

n! /o

This implies that for any semi-norm p we have

~n+1 >
P((ER(%A))HHE‘) < - / e 2" sup p(1ix)dt
J0

— nl t>0

= sup p(1x)
t>0

since

J 0 <

Since the 1; are equibounded by hypothesis, we conclude

Proposition 1 The family of operators {(zR(z, A))"™} is
equibounded in Re 2 >0 and n=0,1,2,....



The Hille - Yosida
theorem.

Theorem 5 [Hille-Yosida. | Let A be an operator with
dense domain D(A), and such that the resolvents

R(n, A) = (nl — A)_l

erist and are bounded operators for n = 1,2,.... Then
A is the infinitesimal generator of a uniquely determined
equibounded semigroup if and only if the operators

{(I—n"74)7"}

are equibounded inm =0,1,2... andn=1,2,....



Proof. If A is the infinitesimal generator of an equi-
bounded semi-group then we know that the {(I—n~1A)~"}
are equibounded by virtue of the preceding proposition.
So we must prove the converse.
Set
J, =T —n"tA4)""

so J, =n(nl —A)~! and so for € D(A) we have
J.(nl — A)x = nx

or

J,Ar =n(J, — I)x.
Similarly (nl — A).J,, =nl so AJ,, =n(J, —I). Thus we

have

AJ,v=J, A =n(J,—1xr VaxeDA). (14)



AJ,x=J,Av=n(J, — 1)z Y zeDA). (14)

The idea of the proof is now this: By the results of the
preceding section, we can construct the one parameter
semigroup s +— exp(s.,,). Set s = nt. We can then form
e~ " exp(nt.J,) which we can write as exp(tn(J, —I)) =

exp(tA.J,) by virtue of (14). We expect from (5) that
lim J,x=2 VvV xzeclk. (15)

This then suggests that the limit of the exp(tA./,,) be the
desired semi-group.

lim sR(s)r =2 VaxzekF. (5)

S5O



lim J,r=2 VYV x€kF. (15)

n— >

So we begin by proving (15). We first prove it for = €
D(A). For such  we have (J, — I)x =n"1J,Ax by (14)
and this approaches zero since the .J,, are equibounded.
But since D(A) is dense in F and the .J,, are equibounded
we conclude that (15) holds for all x € F.

Now define

T;”} = exp(tAJ,) :=exp(nt(J, —I)) = e "exp(nt.J,).



Ttm} = exp(tAJ,) = exp(nt(J, —I)) = e " exp(nt.],).

We know from the preceding section that

p(exp(nt.J, )z fiz m ( ) < e Kq(x)

which implies that
p(T\" ) < Kq(x). (16)

Thus the family of operators {_Tt"“'”'}} is equibounded for all
t >0and n=1,2,.... We next want to prove that the

i) :
. A w = NER i ' ! / / L , L |
{17, } converge as n — oo uniformly on each compact
interval of t:



The .J,, commute with one another by their definition,

. () :
and hence .J,, commutes with 7,’. By the semi-group
property we have

d

I = ATLT ™ e =T ™ AT, 2

S0

t
T[”*\J" Tr{?ﬂj L / di (T;ET -IEH.,] ):l‘dS —
Jo @5

t
/ TE? (AJ,—AJ, )T xds.

J 0



Applying the semi-norm p and using the equiboundedness
we see that

p(T" e =T x) < Ktq((J, — Jon) Ax).

_ .. . 1) .
From (15) this implies that the 7\ 2z converge uniformly
' 2 L

in every compact interval of t) for x € D(A), and hence
since D(A) is dense and the 'Tt'r“'”'} are equicontinuous for
all z € F. The limiting family of operators 1; are equicon-
tinuous and form a semi-group because the "_}:f”'TJ have this
property.



p(I"z) < Kq(z). (16)

We must show that the infinitesimal generator of this
semi-group 18 A. Let us temporarily denote the mfinites-
immal generator of this semi-group by B, so that we want
to prove that A = B. Let x € D(A). We claim that

lim T\ AJ,x =T, Ax (17)

TL— X

uniformly in in any compact interval of . Indeed, for any
semi-norm p we have  p(7T, Ax — T;”’J AJ,x)
< p(T,Az — T\ Az) + p(TV"Y Az — TV AT, )

‘i_: p(('Tt - .Ttl'\-;ﬂ)iqi,) e I{g(iqi‘ _ Jnfll‘)

where we have used (16) to get from the second line to

the third.



p(T,Ax — T\ AJ,x)

(_-,‘. p((Tt o -Tt(\ﬂ})fil:r) + I,fg(j_ll: _ _Iniﬁlir)

where we have used (16) to get from the second line to
the third. The second term on the right tends to zero as
n — oo and we have already proved that the first term

converges to zero uniformly on every compact interval of
t. This establishes (17).

lim T\ AJ,x = T,Ax (17)

TL— O



lim T\ AJ,x = T,Ax (17)

TL— O

We thus have, for z € D(A),

Tixr —x = lim (Tt(*njar — )

TL— DO

{
= lim / T AT, xds

TL— OO . U

t
/ (.;111_12{. T} A Jnx)ds
J ) T

'
— / 1. Axds
J 0

where the passage of the limit under the integral sign is
justified by the uniform convergence in t on compact sets.



It follows trom 1ix—x = f; 1. Axds that x 1s in the domain
of the infinitesimal operator B of 1; and that Bx = Ax.
So B is an extension of A in the sense that D(B) D D(A)
and Bx = Axr on D(A).

But since B is the infinitesimal generator of an equi-
bounded semi-group, we know that (I — B) maps D(B)
onto F bijectively, and we are assuming that (I — A) maps

D(A) onto F bijectively. Hence D(A) = D(B). QED



In case F is a Banach space, so there is a single norm
p = || ||, the hypotheses of the theorem read: D(A) is
dense in F, the resolvents R(n, A) exist for all integers
n = 1,2,... and there is a constant /X independent of n
and m such that

[(I—n"tA)™| <K Vn=1,2,..., m=12.... (18)



In particular, if A satisfies
(I —n""A)7 <1 (19)

condition (18) is satisfied, and such an A then generates a
semi-group. Under this stronger hypothesis we can draw
a stronger conclusion: In (16) we now have p = ¢ = || - ||
and K = 1. Since lim,,_—. . 1]'x = 1;x we see that under
the hypothesis (19) we can conclude that

1T, <1 Yt>o0.

A semi-group 1; satistying this condition is called a con-
traction semi-group. We will study another useful con-
dition for recognizing a contraction semigroup in the fol-
lowing subsection.



Let F be a Banach space. Recall that a semi-group 1; is

called a contraction semi-group if

|75 <1 Vt=0,

and that (19) is a sufhicient condition on operator with

dense domain to generate a contraction semi-group.

The Lumer-Phillips theorem to be state

d below gives

a necessary and sufficient condition on the infinitesimal
generator of a semi-group for the semi-group to be a con-

traction semi-group. It is generalization of

the fact that
-7 1n 1ts resol-

the resolvent of a self-adjoint operator has 4
vent set.



T'he first step is to introduce a sort of fake scalar prod-
uct in the Banach space F. A semi-scalar product on
F is a rule which assigns a number ((x, z)) to every pair
of elements =, z € F in such a way that

= ((z,2)) +{(y, 2))
)

)
(A, 2)) = Az, 2)
((z,2)) = ||
(e, z))] =zl - 2]

We can always choose a semi-scalar product as follows: by
the Hahn-Banach theorem, for each z € F we can find an
(. € F* such that

1] = []z]] and £.(2) =

Choose one such /. for each z € F and set ((x, z)) := (. (x).

2

L L
ot ot



An operator A with domain D(A) on F is called dis-
sipative relative to a given semi-scalar product ((-, -)) if

Re ((Ax,x)) <0 Y axe D(A).

For example, if A is a symmetric operator on a Hilbert
space such that

(Az,2) <0 Y a € D(A) (20)

then A is dissipative relative to the scalar product.



Theorem 6 [Lumer-Phillips.] Let A be an operator on
a Banach space ¥ with D(A) dense in F. Then A gener-
ates a contraction semi-group if and only if A 1s dissipative
with respect to any semi-scalar product and

Range(l — A) =F.

Proof. Suppose first that D(A) is dense and that
Range(l — A) = F. We wish to show that (19) holds.
which will guarantee that A generates a contraction semi-
ogroup. Let s > 0. Then if z € D(A) and y = sz — Ax
then

slll|? = s((x, 2)) < s((z,x)) — Re ((Ar,z)) = Re ({4, ))

mplying
2
sllz)|* < [lylll[«]]: (21)



sll ] < lyllll=]l (21)

We are assuming that Range(/ — A) = F. This together
with (21) with s = 1 implies that R(1, A) exists and

IR(1L,A)] = 1.

z — 1| < 1 the
resolvent R(z, A) exists and is given by the power series

In turn, this implies that for all z with

R(z,A) =Y (== 1)"R(1, A)" "

==l

by our general power series formula for the resolvent.



R(z,A) = (—1)"R(1, A)"*!

=10

by our general power series formula for the resolvent. In
particular, for s real and |s — 1| < 1 the resolvent exists,
and then (21) implies that [|[R(s, A)|| < s~!. Repeating
the process we keep enlarging the resolvent set p(A) until
it includes the whole positive real axis and conclude from
(21) that ||R(s, A)|| < s~! which implies (19). As we are
assuming that D(A) is dense we conclude that A generates
a contraction semigroup.

(I -n""4)7 =1 (19)



Conversely, suppose that 1} is a contraction semi-group
with infinitesimal generator A. We know that Dom(A) is
dense. Let ((-,-)) be any semi-scalar product. Then

Re ((Tyr—z,2)) = Re (Tyx, 2))—|||> < | Tl ]|~ ]| > < O

| A

Dividing by t and letting ¢t \, 0 we conclude that Re ((Az,x))
) for all z € D(A), i.e. A is dissipative for ({-,-)). QED

Once again, this gives a direct proot of the existence of
the unitary eroup generated generated by a skew adjoint
operator.



A useful way of verifying the condition Range(l —A) =
F is the following: Let A* : F* — F* be the adjoint
operator which is defined if we assume that D(A) is dense.

Proposition 2 Suppose that A is densely defined and closed,
and suppose that both A and A* are dissipative. Then
Range(l — A) = F and hence A generates a contraction
Semigroup.



y = sr — Ax

sllr? = s((, 2)) < s{(x.2)) — Re ((Az, 2)) = Re {(y.))

mplying

VAN

sllzlI* < lyllll=]- (21)

Proof. The fact that A is closed implies that (I —A)~ ! is
closed, and since we know that (I —A)~! is bounded from
the fact that A is dissipative, we conclude that Range(/ —
A) is a closed subspace of F. If it were not the whole
space there would be an ¢ € F™ which vanished on this
subspace, 1.e.

(lox—Ax)=0 YareD(A).

This implies that that £ € D(A*) and A™¢ = ¢ which can
not happen if A" is dissipative by (21) applied to A™ and

s=1. QED



A special case: exp(t(B—1)) with | B|| < 1.

Suppose that B : FF — F is a bounded operator on a
Banach space with ||B]| < 1. Then for any semi-scalar
product we have

so B — I is dissipative and hence exp(t(3 — I)) exists as
a contraction semi-group by the Lumer-Phillips theorem.
We can prove this directly since we can write

exp(t(B —1)) = Z o
k=0 N

The series converges in the uniform norm and we have

k| |k
exp(t(B —1))]] < -_’Z HE.-T H < 1.

Re (((B=1)z.z)) = Re ((Bx. z))—||z||* < |Bx||||z|—|z|* <0



For future use (Chernoff’s theorem and the lrotter
product formula) we record (and prove) the following in-
equality:

[lexp(n(B—1))-B"|z| < vn|(B=D)z| Yo c€F, and Vn

(22)
Proof. [exp(n(B — I)) — B"]z||
> ke
—n n ; mn
= le A—(B‘“ — B")z||
—n - HL; [ n
< e ZHH(B — B")z|
fe=10)
.. [

—n n 2 —1
< ey pllBET = Dyl

€
fe=0



.. L,

—n T o
e Z EH(BU» | _ Dz|

fe=0)
—n = n'k (|[k—n|—1
= € 'Z—“(B—I)(I+B+---+B~ =1z
k!
f:=0
o= nF
< 3 gtk nllB - Dl
=0

So to prove (22) it is enough establish the inequality

-

ke
. Z n ;
€ E‘A — TI-‘ ﬂ \/E (23)

ff-:{}



Consider the space of all sequences a = {ay,ay,...} with
finite norm relative to scalar product

- L

—n T
(a,b) :=e¢ Z ﬁﬂhbﬂ

fe=0)
The Cauchy-Schwarz inequality applied to a with a;, =

|k —n| and b with b, =1 gives
T o Lo . I
. Tl T
e " E —\k —n| < e " 5 H(k —n)2. e " E o
k=0 g \ k=0 \ k=0

The second square root is one, and we recognize the sum
under the first square root as the variance of the Pois-
son distribution with parameter n, and we know that this
variance is n. QED



