Math 213a Homework November 5, 2004

Notations. T is a complex number with Im7 > 0 and ¢ = €.

9 (w) = _Z-ez-wﬁmm (w + %WT) _ %nim(_1)n€§(2n+1)2me(2n+1)m
=2 Z "+2 sin(2n + Dw
Ua(w) = th (w > i g (3 t1)%imT o (2n1)i i +1)” cos (2n+1)w,
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I3(w) = vy (w + g) i eI — ZZq cos 2nw.
Uy(w) = i (—1)ne™imTenin — 1 4 22 )q"™ cos 2nw.

Problem 1. Directly verify the following two identities.
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where each n,, (1 < v < 4) runs through all even integers.
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where each n, (1 < v <4) runs through all odd integers.
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(a) Verify, by using the orthogonality and symmetry of the real 4 x4 matrix

A, that
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(b) Verify that when ny,ng,n3, ny are either all even integers or all odd
integers, then also n}, nj, ns, n) are all even integers or all odd integers.

Hint: write n; = 4p; + ry and n; = 4p; + v} with p;, pj, r;, 7" being

integers and 0 <r; <4 and 0 < 7‘3 < 4.

(c) Let
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Use Part (a) and Part (b) of Problem 1 and Part (a) and Part (b) of
this problem to verify that

[T920w.) + I] 9s(ws) = [ 0a(w)) + [ [ 9s(u))-

Problem 3. Denote
U (w1)d (wa)d, (w3)V,(wy)



by (Auvp) and denote
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are related by (). Verify the following identities
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by translating Part (c) of Problem 2 by half-periods
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(4444)' + (1111

(3333) — (2222)

(3333)" — (2222

(4433) + (1122) = (4433)' + (1122

(4444) + (1111)

(4433) — (1122) = (3344)' + (2211

(3241) — (2314)'.

(3241) — (2314)

Problem 4. By using identities of the type given in Problem 3 and choosing

in terms of complex numbers x and y, verify

suitable values for w; and wj
the following addition formulae of Jacobi for theta functions.

Os(x)02(y)? —02(2)*0s(y)* = V1(2)*Va(y)*—04(x)*V1 (y)?,

D1(zty)di(z—y)da(0)*

O(2)*a(y)* —03(2)*01 (y)?,

192(x+y)192(x—y)194(0)2 = 194(@2792@)2—191 (@2193(9)2

O3 (z+y)03(x—y)d4(0)?

194(1’)2793(9)2—191 (@2192@)2 = 193(3”)2794(9)2—192(53)2191 (y)27

Va(wty)Va(a—y)0a(0)* = Vs(2)*V5(y)* —02(2)*D2(y)* = Va(2)*Ia(y)* V1 ()1 (y)*.



