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PROOF OF THE BIEBERBACK CONJECTURE

(3.1) Statement of the Bieberbach Congecture. Let S be the class of all univa-
lent holomorphic functions f(z) on the open unit 1-disk D normalized with
f(0) =0and f'(0) = 1. The power series expansion of f(z) centered at z =0
is of the form

f(z)=z+ Zanz”‘
n=2
The Bieberback conjecture states that |a,| < n for all n > 2.

Before the proof let us say something about its rough idea first. The main
idea is more or less like the continuity method using an evolution equation,
which in our case is the Lowner differential equation. We approximate the
given function by a special class of function, namely those which maps the
open unit disk biholomorphically to C minus a curved ray (which starts at
some point of C and goes to oo along a simple smooth curve.

For any member of the special class of functions we automatically get a
1-parameter family of them by using the Riemann mapping theorem to map
the open unit disk to C minus a shortened ray which starts not from the
beginning but from some point in the ray. This family satisfies a differential
equation derived from the Poisson kernel (or more precisely the Schwarz
kernel which includes the value of the imaginary part of the holomorphic
function at the origin), called the Lowner differential equation. The moduli
for members of the special class of functions are given by certain unit-circle-
valued functions of a real variable. We want to use the continuity method
and the integration of the differential equation to show that certain inequality
called the Lebedev-Milin inequaltiy, which implies the Bieberbach conjecture,
persists in the family when the family approaches our original given function.

The way to get this is to compare the situation with the standard family
which is the deformation of the Koebe extremal function
z

(1—2)?

Z =

(which maps the open unit disk to C — [%, oo) and is the composite of a
Mobius transformation and the map

1 +1
2 = z4+ -
2 z
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used in defining the cosine function from the rotated exponential function.)
A member of the standard family is the Riemann mapping which maps the
open unit disk biholomorphically onto C — [s, 00) for some } < s < co. The
standard family after the parameter is appropriately renormalized is given
by z +— w(z,t) satisfying the equation

2 elw

(1-2)? (1-w)p?

The role played by this standard family is more or less like that of the barrier
function or what is used in a comparison theorem.

The idea is to push as far as possible the technique of roots of the func-
tion to make the image of the new function avoid certain subsets of C. It
means using the logarithm of the function. The Legendre functions and their
addition theorems turn out to provide crucial inequalities of numbers from
generating functions needed for the comparison.

We now start with the proof the Bieberbach conjecture. First of all we
observe that without loss of generality we can assume that f(z) is defined in
some open neighborhood of the topological closure D of . To see this, we
need only replace f(z) by Lf (rz) for r < 1 and then let r — 17. Let Q be
the image of D under f so that f can be extended continuously to a map
from D to Q.

(3.2) Reduction to Biholomorphisms Between the Unit Disk and the Comple-
ment of a Simple Curve Segment. Join a point Py on the boundary of ) to
infinity by a smooth simple curve I'" in C — 2. We now start from F, and
parametrize the boundary 92 of Q by ¢ +— 1(t) for 0 <t < ¢ in the counter-
clockwise sense so that ¢ (¢) = 1(0) = Fy. We now parametrize the curve I’
from the point Py to infinity by t — () for £ <t < co. For 0 < s < 00, let
Cs be the curve given by t — () for s <t < 0.

Note that for ¢ > 0 the domain C — C} is simply connected, but the
domain C—Cy = QU ((C — Q) consists of the two disjoint components 2 and
C-Q.

For 0 <t < o0, let g(z,t) be the univalent holomorphic map from I onto
C — C so that ¢g(0,t) = 0 and
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For fixed 0 < t < ty the image of g(z,t) as a function of z is contained in
C - C},. Since C — C},, is simply connected and is a proper domain in C,
it follows from Riemann mapping theorem that C — (', is biholomorphic to
the open unit 1-disk D under some ® : C — C;, — D mapping the origin to
the origin. The composite ® (g(z,t)) of g(z,t) with ® as a function of z is
a normal family with the parameter 0 < ¢ < ¢y for the family. For every
sequence t, in (0, t) there exists a subsequence which either tends uniformly
to a constant function with value at the boundary of D or to a holomorphic
function from D to D. (This is because of the maximum modulus principle
applied to |z| o (®(g(z,t)).) Since the family maps the origin to the origin,
the former case cannot occur. Then ¢(z,t) converges uniformaly on compact
subsets of I to some univalent holomorphic function f(z) from D to Q as
t — 0. We still have to show that the image of f(z) covers all of Q. We
will use the i theorem of Koebe and the univalent Kobayashi metric d; for
C — C} defined by univalent maps to make sure that the following holds
(see the appendix on the i theorem of Koebe and the univalent Kobayashi
metric). When we join the origin to any prescribed point @) in by a path
7, the path 7 has univalent Kobayashi metric d;(y) uniformly bounded in t,
because the path v stays a fixed Euclidean distance away from the boundary
of C — C; for all t > 0. We can now take the inverse 7; of « with respect
to g(z,t) and it is contained in a fixed compact subset of D independent of
t > 0. This implies that @ is in the image of f(z). Because of normalization

that 3
t
9z 1) >0,
0z |,_
it follows that both the derivatives of f’(z) and f(z) with respect to z is
positive at z = 0 and, having the same image, both functions f(z) and f(z)

are the same. So ¢(z,t) approaches f(z) as t — 0+. Thus, it suffices to
prove the Bieberback conjecture for g(z,t) for t > 0.

(3.3) Reparametrization of Simple Curve Segment. By Schwarz’s lemma, we
know that () is a strictly increasing function of ¢. (3(t) can be interpreted
as the Kobayashi metric defined by univalent maps and monotonicity for
domains holds for it.) We are going to reparametrize the curve Cy (i.e., by
composing the function t — (t) with a diffeomorphism 7 +— #(7) of the
interval [0,7") to [0,00)) so that G(t(7)) = e and, after replacing g(z,t) by

g(z,t(7)) and t by 7, ther derivative (t) = %(O,t) at the origin is equal to
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e!. In other words, the curve C is parametrized by

0
log 2 (0, 1)

when z — ¢(z,t) is the Riemann mapping from D to C minus that part of
C from the point labelled by t.

After this reparametrization the range of ¢ is [0,7] and it may happen
that T' < co. If indeed T' < 0o, then for any fixed positive number M, there
exists €y > 0 such that C; is outside {|w| < M} for T'— ey < t < T. This
means that the image of g(z,t) contains {|w| < M} for T —ey <t < T. The
inverse of g(z,t) maps {|w| < M} toD. This means that for r > 0 sufficiently
close to 1 the image of {|z| = r} under g(z,t) must be outside {|w| < M}.
We now apply the maximum modulus principle to the holomorphic function

g(j n On {|z| = r} and let » — 1— to conclude that

el =3

g(z, 1) M

for zeDand T —€); <t <T. In particular, at z = 0 we get

M <

dg _ ot
a(@,t)‘ =€

for T — ey <t < T. This means that e?’ > M for any fixed positive number
M, which is a contradiction. After this reparametrization we have

(3.3.1) g(zt)=¢ (Z + Zan(t)z"> :

(3.4) Léwner’s Differential Equation. We are going to derive the Lowner
differential equation which is a first-order differential equation involving the
partial derivatives of g(z,t) with respect to z and ¢t and some unspecified
function k(t) of absolute value identically 1. Before we start the derivation
of the Lowner differential equation, we introduce a change of notations to
have a new setting for it.

Now that we have defined ¢(z,t) whose image is C — C; and know the
normailization of its power series (3.3.1), we forget our original function f(z)
on D and Q, after the arbitrary choice of some ¢, > 0 (which eventually
will be allowed to approach zero), use the notation f(z) for e g(z,ty) and
change g(z,t) to e g (z,t + tg).
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Our setup now is as follows. We have a simple smooth curve C'in C — 0
going from a point Py to oo parametrized by ¢ : [0,00) — C and for every
<t < oo there is a function

g(z,t)=¢ (2 + Zan(t)z">

which maps D biholomorphically onto C—C}. Let A(t) be the boundary point
of D which is mapped by (the extension of) g(z,t) to the point ¢ (t) € C; C C.

Let f(z) = g(z,0).
We now start the derivation of the Lowner differential equation. Let
G(z,t) be the inverse function of g(z,t). Let

Flzt) =G (f(2),t) = e (z +) bn(t)z”) .

Then f(z,t) maps D to D minus a slit from a boundary point to its interior.
For 0 < s <t let h(z,s,t) = G (g(z,s),t) which maps D to D — J,, for some
curve Js; which starts at the point A(¢) in the boundary of D and goes into
D.

Note that A(t) = G (¢(t),t) and the curve J; is equal to the (closure
of the) image of Cs — Cy under G(z, s), but this piece of information is not
important to us at this point. We denote by B, the part of the boundary of
D which corresponds to J;; under h(z, s, t). Then By, is equal to the (closure
of the) image of C; — C; under (the extension of) G(z, s).

Let e and e be the end-points of By, so that ¢ = G(¢(s), s) = A(s)
and e = G((t), s). Let
h t
O(2) = (2, 5,t) = log (M) .
z
(This step, as well as the later step of differentiatiln, imitates the process of
taking logarithmic derivative of

z etw

(1-2)2 (1-w)?
to derive its Lowner equation

8_w_ 1—w
ot wl—l—w'
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Then
Re® = log

h(z,s,t)
z

and ®(0,s,t) = s — t, because

g(z,8) =¢€° (z + Z bn(t)z">

and
Gz, t)=¢""' (z + Z Bn(t)z”>
n=2
so that
h(z,s,t) =" (z + ch(t)z”)
n=2
We have

Re®(z) = 0 on 0D — By,
Re®(z) < 0 on By; — 0B;,.

Since the imaginary part of & vanishes at 0, the Schwarz integral formula
(which is the Poisson formula including the value of the imaginary part of
the holomorphic function at the origin) gives

(3.4.1) B(z) = — / ’ Red () &% g

T or I—or el — 2
At z = 0 the above formula yields

(3.4.2) s —t=®(0) i/ﬁ Re ® (") db.

27 0=«

From the Mean Value Theorem of Calculus applied separately to the real
part and imaginary part we obtain a < o <  and o < 7 < 3 such that

(3.4.3)
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— o (Re (G52 ) 4 veTm ZTjj))/faReCD(ew) @
217T(ReCw“)+\/_1m(€”+i>)(s—t),

where for the last identity (3.4.2) is used.

Now divide (3.4.3) by s — ¢t and pass to limit as s approaches t. (This
step is just using the limit of the difference quotient to differentiate.) Then
the arc B, approaches the point A(t), forcing both ¢ and €™ to approach
A(t), and we get

0 h(z,s,t)|  A(s)+=
(3.4.4) 95 log ~ I YA
Now we use the chain rule to compute
0 h(z,s,t) B 1 0
%10g z wy  h(z81) 8sh(z’8’t) ot
1 0 1 0G dg
_ -~ t - - =2
1 % (2t
_ ! ag(z s)| = 7659(2 )
h(z,s t) S2h(z,s,t) Os - 252(z, t)’
because h(z,t,t) = z. Let k(t) = /\(t) Now (3.4.4) reads
Jg Jg 1+ k(t)z

(3.4.5) at( ) =2 &(z, ) T r(t)z

with |k(t)| = 1, which is the Lowner differential equation.

We could interpret the Lowner differential equation as the equation of
motion of a system which is biholomorphically parametrized by D with nor-
malization at the 0 € D so that at time t the system precisely fills out
completely C — Cy. The function g(z,t) gives the position of the point z € D
at time ¢.

Proof of the Bieberbach conjecture to be continued ...

Please Note: Given below are
Appendices on the alternative Lowner equation
and Koebe’s 1/4 -theorem
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Appendix on Alternative Form of Lowner’s Equation

The Lowner differential equation given above is for the family

g(z,t) = ¢ (z + Z an(t)z”>

which univalently maps the unit 1-disk D onto C minus a Jordan curve-
segment, Cy from some finite point to infinity. That is the Lowner differential
equation which we need for the proof of the Bieberbach conjecture. There is
another form of the Lowner differential equation for the family

flz,t) =€ (z +) bn(t)z”>

which univalently maps D onto D minus a slit from a boundary point to its
interior. The Lowner differntial equation for the family f(z,t) is not needed
for the proof of the Bieberbach conjecture. However, it provides the context
for the differential equation

ow 1 —w
_— = - —
ot 1+w
with kK = —1 of the deformation w(z,t) = w(z) of the Koebe extremal
function. The Lowner differential equation for f(z,t) is
0 14+ k(t)f(z,t

ot 1 —k(t)f(z,1)

with |k(t)] = 1. Its derivation is completely analogous to that for g(z,t).
The difference being one substitution of the variable z by f(z,t).

From the definition of h(z,s,t) =

flzt) 1 7 w0y €7+ f(2,5)
log ——/oaRefl)(e )md&
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From the Mean Value Theorem of Calculus applied separately to the real
part and imaginary part we obtain o < o <  and o < 7 < 3 such that

f(z1)
() % 5 8

:ﬁ%(Re(dg+§zii)+ ~1Im (g;%%%%g))/zaRe¢@W)de
= (v (@) - (res) oo

where for the last identity (3.4.2) is used. Now divide () and pass to limit
as t approaches s. Then the arc By approaches the point A(s) and we get

A(s)+ f(z,9)
A(s) = f(z,8)

ﬁ. We have the Lowner differential equation

0
5508 f(z,8) = -

Let x(t) =

1+ k() f(2,1)

(0) = ) TS Ry

ot

where |k(t)| = 1.

If we continue with the interpretation of the Léwner differential equation
as an equation of motion, this alternative form of the Lowner differential
equation describes the label f(z,t) of the particle at time ¢ which occupies
the same position as the particle labelled by z at time 0.

The deformation w(z,t) of the Koebe extremal function defined by
2w
(1-2?2  (1-w)?

is a special case of f(z,t) and the function k(¢) for this special case is the
function which is identically —1. The alternative form of the Lowner differ-
ential equation provides the context to put the differential equation

ow 1—w

ot wl—i—w‘
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Appendix on Koebe’s Distortion Theorem,
1/4-Theorem of Koebe, and Univalent Kobayashi Metric

Koebe’s Distortion Theorem. Suppose f is a univalent holomorphic function
defined on the open unit disk A = {z € C||z| < 1} which is normalized with
f(0) =0 and f’(0) = 1. Then for |z| < 1 one has the following inequalities

Aty = EI= goap
2] )
(RN EIEAR N T e

This distortion theorem tells us that for a univalent function normalized at
the center of the open unit disk, as one goes to the boundary from the center,
the change or the distortion of the value of the function and its derivative can
be estimated. The idea of the proof is the following. To get an estimate of
f(2) and f'(2), it suffices to get a good estimate of f”(z) and then integrate
from the origin. When the image of f(z) misses an open subset, we can get
some estimate of f(z). The larger the open set is, the better the estimate.
One way to make the image of the function f(z) miss an open subset is to
take the square root 4/ f(2) of f(z). When we take a branch the image of the
other branch will be missed when f is univalent. So the technique of taking
the square root makes the function miss an open set as large as the image
itself. At the origin we have trouble getting a branch of /f(z). To avoid
this difficulty we consider instead a branch of 1/ f(22). We want to apply the
surface area theorem. So we have to use a univalent holomorphic function
which maps a neighborhood of infinity to a neighborhood of infinity. Let

f(z) =z+a2®+---

be the power series expansion. We consider the function

By the surface area theorem (that the inequality

oo

ZV|CV|2 <1

v=1
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holds for any map of the form

o0
Cv
zn—>z~|—Z—
ZV
v=0

which maps {|z| > 1} biholomorphically onto an open neighborhood of the
infinity point), we conclude that |as| < 2. This is the first inequality of
the conjecture of Bieberbach. It means that |f”(0)] < 4 for any univalent
holomorphic function f(z) on the open unit disk which is normalized at the
origin. To get an estimate of | f”(z)| for z # 0, we need only to use a M&bius
transformation. The Md6bius transformation mapping the origin to zj is

z+ 2
— .
1+ 27z

z

We have to normalize the function after the Mobius transformation. So we
consider the funciton

f () - 1)
(1= [20P)F (z0)

whose second derivative at the origin is

f"(20) _
F'(z0) (1— |z0|2) — 27z.
So we have ,
=

We want to convert this inequality to an inequality involving real quantities.
To make 2z, real, we need only multiply it by zy. So we have

1"
zof/(zo)(l —r?) =273 <4,
f'(20)
where r = |2g|. Divide both sides by 1 — r? to get rid of the factor 1 — r? in
/(=) 5
Z 1—7r
0 f/(ZO) ( )

to facilitate integration with respect to zy, we get

Zf”(zo)_ 2 72 - 4y
Of’(zo) 1—r2| = 1 =12
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We have no way of knowing when
fl/(ZO)
20 ;
f'(20)
is real. So we use its real part and get

4r 2 72 (Zof”(zo)) - 4r 2 72

— < R .
1—72 1—972— ¢ f'(z0) _1—7“2—'—1—7"2

We observe that

['(z0) d iy _ dlog f'(2)
f(z0) Z@bgf (2) = dlogz

When we differentiate a holomorphic function with respect to a holomorphic
variable, the result is the same as differentiating the function with respect to
the real part of the variable. Now the real part of the variable log z is log |z].

Hence
ZO fl/(zo)
f'(20)

dlog f'(20)
dlogr

z

is the same as

which is equal to
191og f'(z0)
r or

Its real part is

Lolog|f'(:0)|

r or
So we get
_ !/
i 2—r < dlog | f'(z0)| §22+r.
1—r? ar 1—1r2
Integrating from the origin we get
1—r 147
<If <
(1 +7,)3 = ‘f (20)| = (1 —7”)3
and , ,
< < .
(1 +7,)2 = ‘f(20)| = (1 —T>2
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As a consequence of the distortion theorem we conclude that the set of all
univalent holomorphic functions on a Riemann surface M which are nor-
malized at some point Fy of M up to order one is a normal family. Here
normalized means that for some local coordinate system z centered at P, the
value of the function at F, is zero and its derivative with respect to z is 1.

Corollary (%-Theorem of Koebe). Let f(z) be a univalent holomorphic func-
tion on the unit 1-disk D, normalized by f(0) = 0 and f'(0) = 1. Then
the image f(D) of f contains the open disk of radius % centered at the ori-

gin. The number ! is sharp, because the example f = m maps D

4
biholomorphically onto C minus {z =re™|{ <r < co}.

Remark. 1If one does not need the sharp bound i, one can more easily get a
lower bound py > 0 with a simple normal family argument as follows. First
the set F of all univalent holomorophic function f(z) on D with f(0) = 0
and f/'(0) =1 form a normal family. The reason is as follows. Let a = ay be
the point with the smallest absolute value in the complement of the image
of f. By Schwarz lemma applied to the inverse of f on |z| < a, we conclude
from f(0) = 0 and f'(0) = 1 that |a] < 1. Let g = g5 = 5 so that the
point with the smallest absolute value in the complement of the image of ¢
is always 1. Let h = hy be the branch of y/g(z) — 1 so that its value at 0
is 7. Then its image omits the domain {2 which is the image of D under the
branch z +— /z — 1 with value —i at 0. Thus the set {h|f € F} whose
elements are holomorphic functions from D to C — €2 is a normal family. It
follows from ay < 1 and f = ay (h5 + 1) that F is a normal family. To
prove the existence of py > 0 so that the image of f contains |z| < po for
f € F, we assume the contrary that ay, — 0 as v — oo for some sequence
f, € F. Since {hs|f € F} is normal, by replacing {v} by a subsequence
we can assume without loss of generality that hy, converges to a univalent
holomorphic function on I uniformly on compacdt subsets of I (the case
of convergence to a constant function being ruled out by hy, (0) = 0). From
fv=ay, (hffy + 1) and ay, — 0 as v — oo we conclude that f, — 0 uniformly
on compact subsets of D, which contradicts the normalization f,(0) = 1.

Kobayashi Metric Defined by Univalent Functions. Let €2 be an open subset of
C. For P € Q define the Univalent Kobayashi metric |-|, of the tangent space
at P as follows. For a tangent vector £ of Q at P, define |¢] be the smallest £
such that there exists a holomorphic univalent map f from {z € C||z| < a}
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to 2 so that f(0) = P and df maps % at the origin of C to £&. This “univalent
Kobayashi metric” is clearly invariant under biholomorphic maps. For a point
P of Q let do(P) be the Euclidean distance to the boundary of Q. By the

i—theorem of Koebe,
1 0
< I
4dQ(P) - 0z P

After we integrate the infinitesimal univalent Kobayashi metric with respect
to a path, we have the the following two conclusions.

o = da(P)

1
4do(P)

(a) € is complete with respect to its univalent Kobayashi metric, because
>

of
9
9z ) plq
/"Odt
— = 00.
=1t

(b) Let P, and P, be any two points of ) which can be joined by a path
C of Euclidean length /- > 0 so that the Euclidean distance from any
point of C' to the boundary of € is at least dc > 0. Then the univalent
Kobayashi distance between P; and P, with respect to € is no more

than g—c, because
C
‘ ( ; )
0z ) p

and

o = da(P)




