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Proof of Functional Equation of Riemann Zeta Function
by Mellin Transform, Poisson Summation,
and Gaufl Error Function

Mellin Transform. The Mellin transform M (f, s) of f is defined by

M(f,s) = / f() 2" da,

which is defined for @ < Res < B if z +— f(z)|z|7"! is integrable for o <
o <.

The Mellin transform is related to the Laplace transform and the Fourier
transform. For example, when the support of f(z) is in (0, oo], with y = log x

we can write
— [ t@lal o= [ penyeay
R yeR

Relation Between Mellin Transform and Riemann Zeta Function. Because
of the factor |z|*~! in the integrand in the definition of the Mellin transform,
the Mellin transform is very much linked to the Riemann zeta function by
rescaling x by a factor of n and summing over n € N. More precisely,

2¢(s)M(f, 5) = ||/f ) ol do

neZ—0

Z /fnac 2"t da

neZ—0

_ QZ/ Fna) 2 da

= 42 f nx) x¥ 'dx

3 (/ f(nz) sldx+/ f(nx) Sldx)
fj ( / ) (_) Syt [ fo dx) ,

where for the last equality we have used the change of variable x = %
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Transformation by Use of Poisson Summation Formula. We now use the
Poisson summation formula to transform the first term of the last line in the
above string of identities. We use f to denote the Fourier transform of f

with the definition
— [ swemay
R

We temporarily use the notation f,(x) = f(ux). Then

:/ fuly)e ™ Vdy = / fluy)e™ "V dy
omiz dy Rl A (T
= [set =0 (D).

The Poisson summation formula gives

> fn) =" fyn)

nez nez
which means
> =317 (1),
ne”Z nGZ

When f = f and f(0) and f(—n) = f(n), we have

flyn) =) ~f (—>
and we can summarize the result of the transformation in the following state-

ment.

Statement. If f = f and f(0) and f(—n) = f(n), then

o o0 1
oz =23 [ s (4 L a
or, to write it in a more symmetric way,

(*) C(s)M(f,s —22 f nx < S‘%+x%‘s> z 2 dx.
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Example of Fven Function Vanishing at the Origin and Equal to Own Fourier
Transform. We now apply this Mellin-transform representation of the Rie-
mann zeta function to the special case where the function is a modification
of the GauB error function e~™". Since e ™ is equal to its own Fourier
transform (because

/67ry2€27rizydy:/e7r(y+i:p)2€7r12dy
R R

/ efw(erix)QefTerdy _ / efwady -1
R R

by contour integration and Cauchy’s theorem) and since

1 d\’ 1 d\" 2 2
[ -9 - —TTe _ 2 9 4\ —nx
(3 (2m' dx) " (27ri dx) )e (8 mat) e

it follows that the function
f(z) = (32% — 2ma*) e

7T$2

and

satisfies the conditions that f(0) = 0, (—z) = f(z), and f = f.

In order to apply to this particular function f(x), the relation which we
derived between Mellin transform and the Riemann zeta function, we have
to first compute the Mellin transform M (f, s) of this particular function

f(z) = (32* — 2mz?) e ™
From the definition of the Mellin transform we have

M(f,s) =3M <e_”2, s—|—2> o M (e-“‘?, 5+4> .

The Mellin transform M (e‘”Q, s) of the function e~™ can be computed

directly from definition as follows.

M (e’”Q, 3) = / e~ |:c|5_1 dx
R

which, with the change of variables y = 722, becomes

/ e Y ygfl T2 dy = 72T <E> .
y=0 2
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From I'(z + 1) = z'(z) we conclude that
s+2 2 s+4 4
M (f,s) :377'_%1—‘(8—; ) —27‘('77'_%1—‘(5;— )
: EING
(355 e (S 1) w1 (2) =1 - ),
We now rewrite (x), for our particular choice of f(x) = (3z% — 2rat) e ™",
as

) s(1—s)TLB) e 2§_°; [ 0w () b

2T

Since the right-hand side is unchanged with the transformation s — 1—s, we
have the functional equation of the Riemann zeta function which is simply
the invariance of the left-hand side under the transformation s — 1 —s (after
the removal of the factor 27 from the denominator).

s(1— s)n 3T (g) C(s) = s(1 — s)r =T (1 ~ 5) C(1—s).

Estimation of Functional Value on Vertical Line From That on Intersec-
tion Point with Real Axis. One important property of the function f(x) =
(322 — 2mz) e ™ is that f(x) < 0 for > 1, because 3 < 27. Let 0 = Ress.
Then

o0 [e%S)
2 (nx) (:1:8 2 —|—x5*s) xr”2dx
< —QZ (nz) (x" 2 +:L‘2_"> x " 2dz
n=17=1

Thus
6 |s0-9)73T(5) )| = ol -a)mET () o).

This is important for growth estimates of the Riemann zeta function on
vertical lines which intersect the real axis at points of (—oo, 1], because of
the symmetry of

s(l—s)m 2T (g) C(s)
from the functional equation. It reduces the problem of such estimates to

the growth behavior of the Gamma function which can be computed from
the Stirling formula.
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Definition of Xi Function. We now define the xi function by

(19T () e

2 73

s
£(s) = —
The functional equation of the Riemann zeta function is simply

§(1 =) =¢&(s).



