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Prime Number Theorem

The zeta function is given by the Euler product formula
1
((s) = H 1_L1°
p prime p°®

Taking logarithmic derivative yields

~ds) _ T —p"logy T 3
¢(s) - 1- ~ 1- L
p prime p p prime p
1 < 1 > 1
-3 e (535 ) - D
p prime p k=0 p n=1 n
where
logp if n=7p" ke&N,e>1,pprime
A(n) =
0  otherwise.
Since

3+4cost+ cos2t =2 (1 +Cos2t)2 >0,

it follows that for o > 1,

LG (o) ((o+it) (' (o+2t)
Re( N CENACET) <<a+2it>)

— Z Z Re (Sp—ko + 4p—ka—ikt +p—ka—i2kt) logp

p prime k=1
_ Z Zp*k" (3 +4cost + costx)logp
p prime k=1
— Z Zp‘k"Q (1 + cos? t)Qlogp > 0.
p prime k=1

Recall the following estimate for the logarithmic derivative of Riemann zeta
function.
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Approximate Formula for Logarithmic Derivative of Riemann Zeta Function.
If p = B+ i7y runs through the zeroes of ((s), then

. ORI N NP

uniformly for —1 < o < 2, where s = o + it. Moreover, for any given C' > 0
the number of roots p of ((s) with 0 < Rep < 1 and |Imp—T| < C is no
more than O (logT).

For 0 > 1 and 0 < Rep < 1, we have

1 o—Rep

= 5 > 0.
s=p  s—p|

() Re

We now fix an arbitrary p; € Z and let ¢ = Im p;. By taking the real part of
(%) and using (), we obtain

Clotit) 1
Re (—m> = —Re It_z’yjKl s—p + O (logt)

1
<_
0 —p1

+ O (log|t|) for o> 1.

Using (%) and (1), we also get

Re (_(’(a + 2it)

1
C@+%@):_&3E:;t;+OU%HD<O®mm.

[t—vI<1
Finally from the simple pole of ((s) at s = 1 we get

o) 1
((o) -

Adding up the three estimates, we get

B ¢ (o) B ¢' (o +it) B (' (o + 2it)
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3 4

- log |t])
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+ constant for o > 1.
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Setting 0 = 1+ (1 — Rep;), we obtain

3 n 4 -1
oc—1 o—Rep, 1—Rep

and consequently

L8 (0)  ((oFat) (o4 2it) —1
Re( 3((0) 4@(0-1—2’15) §(0+2it)><1—Rep1

forc =1+ (1 — Repy). From

LG (o) ((o+it) (' (o+2i)
Re( o) Yo v <<a+2z’t>)20

+ O (log [¢])

it follows that

1—7R1ep1 + O (log|t]) >0
which means that there exists some C' > 0 such that
1—7Rep1 < Clog|t|
or
Rep; <1 — ;
C'log [Im py|

Since p; is just an arbitrary element of Z, we conclude that there exists some
positive number C' such that

1

Rep<l— —7—
°r C'log |Im p|

for every p € Z.

We now use the explicit formula for the logarithmic derivative of the
Riemann zeta function.

Z An)=a— Z il + error term,

n<x PEZ, P
[Tm p|<T

where the error term is

o) o () w0 (*5).
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where () is the distance between x and the closest integer. The error term
becomes
O <£C efé\/logx)

for some positive ¢ > 0, when we choose T" by logT = /logz and (x) = %
What is important is the estimate for the term

>z

PEZ, p
|[Im p|<T

Now 1 1 1 viogz
—_— — - og T
|x/7| < xl Clogltm p] < xl ClogT < $1 CVlogz — e~ C

1
>
PEZ, P

[Im p|<T

To estimate

we divide up the interval [—7', 7] into subintervals of length 1. Inside each
interval [m, m + 1] there at most O (log |m|) elements of Z. Thus

T
R (Z 1Oim> = 0 ({10 T)?) = O (log 1)
pEZ, m=1
|Im p|<T

from comparing sums over integers to approximating integrals. So we get

the estimate
Z A(n)=2+0 <xe’“log’0 log x) ,

n<x
which implies
(#) Z An)=2+0 (:Ee_clv 10“)
n<x

for some ¢ > 0, because the order of e®V!°8% is higher than any positive power

of /logz.

From Error Estimate to Prime Number Distribution. We break up the sum-
mation ) _ A(n) into a part involving just prime numbers and another part
involving higher powers of prime numbers as follows.

ZA(n): Z logp = Z logp + Z log p.

n<x p prime, p prime, p prime, pk<z
pk<z p<z for some k>2



Math 213b (Spring 2005) Yum-Tong Siu 5

We can estimate the second sum as follows.

> logp< Y logp<yalogz

p prime, pk<z 2§p§ﬁ
for some k>2

_1 O
<ze 2 logztloglogz __ O (1‘6 C\/logx>

for any positive number C. From (#) it follows that

Z logp =2+ 0O (we‘évlogx) for some ¢ > 0.

p prime, p<z
Let
Aw)= > logp
p prime, p<z
so that
(##) Alz) =2+ 0O <xe‘évlogm> :

Recall the notation

m(x) = Z 1

p prime, p<z

which is the number of primes not exceeding z. Using summation by parts

and (##), we get

An+1) 1 1
mw) = Z 1= Z logn Z Aln (log -1) B logn)

p prime, p<z n<z 3<n<zx
6 1 1
= 2 <n+o<ne—c¢m>> (1 R >
3<n<z Og(” - ) ogn
1 1 X 1 1
= n - +0 [ ze=®Vlosx < — >
3@29 (bg(n —1) log n) < 3§;§$ log(n —1) logn

1 —¢/logx
- Z (1ogn—1)_logn)+0<x€ W)

3<n<zx
_ Z + O (Iefc\/logm)
logn

3<nlzx
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Finally from

[ L e [
VE=2 a-E O( z )

= (log2)®  (log vz)? B (log z)*
we conclude that
m(x) = < (736 )
log x (logz)*)’

which is the Prime Number Theorem.



