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Theta Divisors

Meromorphic Functions on Elliptic Curves as Quotients of Products of Trans-
lates of Theta Functions. We continue our theme of evaluating integrals of
rational functions of two variables which are related by a polynomial. In the
case of genus > 1 there are g simple integrals [dw; (1 < j < g) coming
from the holomorphic 1-forms on the Riemann surface. So the problem is to
explicitly express the map

fPP; dw1
P — w(P) =

P
J, Po dwy

This map maps the Riemann surface M to C9/L, where L is the g x 2g period
matrix. In the case of genus 1, one produces the Weierstrass PB-function on
C/L so that PB(w(z)) agrees with the projection map from M to P; defined
by (x,y) — z when the finite part of M is given by

y2 = 4a® — g2 — gs.

Since the Weierstrass JB-function is known, the projection map (z,y) — =
are both explicitly known and the integral w(z) is explicitly known. We are
going to follow the same path in the case of genus > 1. We take an arbitrary
known meromorphic function f on M and then try to construct explicitly a
meromorphic function g on C9/L so that f(z) = g(w(z)). This way we make
w(z) explicitly known.

So the question is how to construct meromorphic functions on CY¢/L. For
the case of g = 1 we have both the additive way and the multiplicative way
of constructing meromorphic functions on C/L. For the additive way we
use a finite number of poles and principal parts at those poles. The only
requirement is that the sum of the residues of the principal parts should be
zero. Once this condition is satisfied we use the Weierstrass 8 function and
its derivative B’ and their powers and translates to construct the meromor-
phic function. For the multiplicative approach we assign a finite number of
poles and an equal number of zeros. The only requirement is that the sum
of the coordinates of the poles equal the sum of the coordinates of the ze-
ros modulo the periods. Then one uses the Weierstrass sigma functions to
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construct the meromorphic function with prescribed poles and zeros. The
Weierstrass sigma function has only a single zero and no poles, but it is
not doubly periodic. Its logarithmic derivative is a Weierstrass zeta func-
tion whose derivative is doubly periodic. So the Weierstrass sigma function
satisfies ((w + w) = ((w) + ¢, and the Weierstrass sigma function satisfies
o(w+w) = o(w) exp(c,w+d,). One way to construct the Weierstrass sigma
function is to start with a function with a simple zero and then form an infi-
nite product of its translates by periods after modification by the Weierstrass
factor to insure convergence. Another way to use infinite series as we have
done in the construction of the Jacobian theta functions. Let us recall the
construction of the Jacobian theta function by an infinite series. We use the
method of undetermined coefficients to come up with the infinite series

Z (_1)nqn2€2niw’

n=—oo

TTE

where ¢ = ™" and 7 is the quotient i—f of the two periods w; and w,. In this
method of undetermined coefficients we simply look for a function with the
simplest periodicity factors and we have no control over its zeros. Once we
get two such functions with the same periodicity factors or up to a sign, we
can construct meromorphic functions from them.

Definition of Theta Functions of Several Variables. Now in the higher di-
mensional case C?/L a pole set or a zero set is given by a hypersurface and it
is difficult to find such hypersurfaces and even more difficult to find principal
parts. So it is not possible to try to directly construct the analog of a Weier-
strass ‘P function by infinite series or the analog of the Weierstrass sigma
function by infinite product. The only way left is to imitate the construction
of the Jacobian theta function by infinite series, because in that construction
no pole-set or zero-set is prescribed. Let us now look closer at the infinite

series
o0

> (g
n=—00
We rewrite it as -
Z exp (n27rTi + 2niw + nm') )
n=-—oo

Let us now imitate it in this form in the higher dimensional case. Instead of
the integer n we use the g-tuple of integers ¢ with components t;,--- ,t, € Z
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written as a column g-vector. Instead of w € C we use the g-tuple of complex
numbers s with components sq,---,s, € C written as a column g-vector.
Instead of 7 in the upper half plane we use the matrix Z in the Siegel upper
half space. So Z = X +14Y is a symmetric g X ¢ matrix with complex entries
such that Y =Im Z > 0. Instead of

o0

Z exp(n’r7i + 2niw + nmi)

n=—oo

we define
O(s, Z) = Y exp (mi(t'Zt + 2t's)) .
tez9
We also use the simpler notation O(s) to denote O(s, Z). The function O(s)
is not identically zero. The reason is as follows. When

5 — (eialj,__ 7€i9n)’

the function ©(s) becomes a Fourier series in the real variables (61, - ,0,).
If the function O(s) is identically zero in s and in particular identically zero in
the real variables (01, -- ,6,), then all its Fourier coefficients as a function of
(01, ,0,) must be identically zero. However, for a positive definite matrix
Im Z there exists a real vector v such that v'(Im Z)v is positive. The vector
v is the limit of a sequence of vectors of the form %t where p is a positive
integer and t € Z". Thus t'(Im Z)t is nonzero for some ¢ € Z", contradicting
the vanishing of all Fourier coefficients of

O(s) = Z exp (mi (t' Zt + 2t's))

teZ9

as a function of (0y,---,6,). So we know that the function ©(s) is not
identically zero as a function of s. The function ©(s) is even, because when
s is replaced by —s, we can replace t by —t and the sum remains unchanged.

It is reduced to
oo

Z exp (n27rm' + 2niw + nm)

n=—oo

when one sets t = n and s = % +

N[ —=
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Periodicity Factors. Let Z be a symmetric g X g matrix with complex co-
efficients whose imaginary part Im Z is positive-definite. The period matrix

is given by <§) and the 2¢g periods are the column vectors of the identity

matrix F and the matrix Z. We now compute the 2¢g periodicity factors for
the theta function ©(s) defined by Z. The periodicity factors are given by
the following proposition.

Proposition (Periodicity of Theta Functions). The periodicity factor for v €
79 is 1 and the periodicity factor for Zv with v € Z9 is exp (wi (—v'Zv — 20's)),
where s is the variable of CY.

Proof. Let Z = (z,,) For v € Z9 we have

1<p,v<g*
O(s+v) = Y exp (mi (' Zt +2t'(s +v))))
tezZ9
= Z exp (mi (' Zt + 2t's)) exp (2mi t)
tez9

= exp (mi (' Zt +2t's)) = O(s)

teZ9

and

O(s+ Zv) = Z exp (mi (' Zt + 2t' (s + Zv)))

tez9

= exp(mi ((t —v)'Z(t —v) +2(t — v) (s + Zv)))
tez9
(after replacing the dummy index ¢ by ¢ — v)

= Z exp (mi (' Zt — 2t'Zv + ' Zv + 2t's — 20's + 2t' Zv — 20" Zv))
tezs
= Z exp (mi (' Zt —v'Zv + 2t's — 20's))
tezs
= exp (i (—v' Zv — 20's)) Z exp (mi (t' Zt + 2t's))
tezs

= exp (mi (—v'Zv — 20's)) O(s).
Q.ED.

In the case of genus 1, we construct the Jacobian theta function 9, by
infinite series and then by translation by half-periods get the other three
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Jacobian theta functions v, 95, 3. The Jacobian elliptic functions sn, cn,
dn are then obtained by taking the squares of the quotients of two appropriate
Jacobian theta functions. So we can think of the Jacobian elliptic functions
as product of quotients of translates of the Jacobian theta functions. Elliptic
functions correspond in a one-one manner to meromorphic functions on the
Riemann surface of genus 1 via the function w = w(z) which is the indefinite
integral of a holomorphic 1-form. Now in the case of genus > 1, analogously
we want to express a given meromorphic function f on the Riemann surface
M as the composite of w(z) and a product of quotients of translates of the
theta function O(s, Z). To conclude that f(z) agrees with the composite of
w(z) and a product of quotients of translates of the theta function ©(s, Z),
we use the usual argument that both have the same set of zeros and poles
on M and therefore differ by a multiplicative constant only. So we should
first know the zero set of O(w(z) — u). We first count the number of zeroes
of ©(w(z) — u) and then determine their locations in the Riemann surface.

Number of Zeroes of Pullback of Theta Function by Jacobian Map. We
want to count by using the argument principle how many zeros the func-
tion ©(w(z) — u) has. It has precisely g zeros if it is not identically zero.

To prove it, we let p(z) = ©(w(z) — u). The function ¢ is multi-valued.
To make it single-valued, we use a fundamental polygon 2. We choose the
initial point F, of integration to be a vertex of €2 so that w vanishes at the
vertices of {2 modulo the values of dw on a loop. To apply the argument
principle to find the number of zeros of ¢ on 2, we want to find the total
change in zim log ¢ along the boundary 92 of 2. To calculate the change
along the sides Ay, By, —Ag, —By, we group together Ap and —A; and
group together By and — B;.

Let z be a point on Ay and 2’ be the corresponding point on —A,. Then
w(z') —w(z) = w(Bg) = Z e, where ey is the column vector with 1 in the
k-th place and 0 elsewhere. So

(2 =0 (w(Z) —u) =0 (w(z) —u+ Zey,)
= exp (i (—e Zey, — 2¢(w(z) — u))) O(w(z) — u)
= exp (i (—e, Zey, — 2ei,(w(z) — u))) o(2)

and

1
(—elZep — 2e(w(z) —u)) + 5 log p(z) modulo Z.
i
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Let us use Ay, and A_j4, to denote the changes along A, and —Aj respec-
tively, In other words, A 49 means the integral of diy along A which is also the
difference of the values of ¢ at the final end-point and the initial end-point
of A. We have

1 1 1 1
Ay, —1 Ay, —1 =Ay, —1 — Ay, —1 !
1
= AAk§ (epZex + 2e)(w —u)) = Ay, epw =1,

because in the expression i (e}, Zey, + 2¢)(w — u)) only the function w is not
a single-valued function on the Riemann surface M. Now let ( be a point on
By, and (' be the corresponding point on — By. Then

w(¢) —w(¢) = —w(Ax) = —ex

and

p(¢) =0 (w({") —u) =0 (w(¢) —u—er) = O (w(C) —u) = p(w(()).

Hence the change of ﬁ log ¢ along By cancels the change of % log ¢ along

—By. The total change of ﬁ log ¢ along 0f) is g. This concludles the proof
that ¢ has precisely g zeros.

Location of Zeroes of Pullback of Theta Function by Jacobian Map. Next we
want to locate the g zeros of ¢. These g zeros of ¢ will turn out to be the
solution of the inversion problem. The g zeros of course will depend on the
choice of the g-vector u. In order to put our answer concerning the g zeros of
@ in a simple form, we write u = s — ¢, where ¢ is a column g-vector whose
k-th component ¢ is given by

1 g
Cp, = —=Zkk + Z/ wkdwg
2 =17 A

and the integration is along the side A, of the fundamental polygon €2. In
other words,

C1 211 wq

) L g .
| .1 === . N dw,.
S N 1 R D S A RN

g
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In this formula we assume that one of the vertices of €2 is the initial point
of integration P, so that w is zero at the vertices modulo periods. Since
wy(Ag) = 1, when a different vertex is chosen as the initial point of inte-
gration, a curve v in 2 becomes a loop in M and the new g-vector ¢ with
components ¢y, - - , ¢, differs from the old one only by ¢ times w(v). The
answer concerning the location of the zeros of ¢ is as follows.

Theorem (Jacobi Inversion). Let ¢(z) = O (w(z) — s+ ¢) be the pullback,
by the Jacobian map z +— w(z), of the Theta function © translated by s — c.
Let Py,--- , P, be the g zeros of ¢. Then

g

Z w(Pg) = s,

k=1

where the congruence means modulo the period lattice. In particular, the g
points precisely solve the Jacobi inversion problem

g Py
Z/ dwg:s@ (1§€§g)
k=1 %0

Remark. Before we give a proof for this, let us look at the meaning of ¢ in the
case of genus one. We assume that the torus is C/(Z + Z7) with Im 7 > 0.
There

2

Since z1; = 7 and A; is the loop corresponding to the image of the interval
0,1] in C/(Z + 7Z), it follows that

1
Cl = —=Z11 —|-/ ’LU1d’LU1.
Ay

1 1
cl = 2’7' + 5 .
So in the case of g = 1 the zero of O(w +c¢) is at w = 0 (when we use s = 0).
In other words, the zero of ©(w) is at w = ¢. This agrees with our earlier
discussion of the fourth Jacobi theta function which has a zero at 7. The
reason for adding % is the transformation s = 2 + % at the time when we
define the function ©.

Proof of Theorem on Jacobi Inversion. By the residue theorem we have

1 g
— wdlogyp = w(Py).
211 a0 ; )
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Again in the computation of the integral over 02 we group together A, and
— A and group together B, and —Bj. We keep the notations which were
introduced in the earlier argument of determining the number of zeros of .
Let z be a point on A, and 2’ be the corresponding point on —Ay. Since

1
(—epZer — 2ei(w(z) —u)) + 57 log ¢(2) mod Z,
m

DN | —

1
1 "N —
5 og ¢(2')

it follows that
dlog p(2') = —2mi dwy(z) + dlog ¢(2)

and
%2. N w(z)dlog p(z) — ZLm /Ak w(2)dlog p(2)
_ zim /Ak w(z)dlog p(z) — QLm /Ak (w(2) +w(By))(=2mi dwi(2) + dlog p(2))

—

w(z)dwy(z) + w(By) /

Ag

()~ w(B,) 5 /A dlog 4(2)

k

— /A w<z)dwk(z)+w(3k)wk<Ak)—w(Bk)iAAk log p(2).

271

Since w(Ag) = 1 and
1
— Ay, |
5 Dalog o(z)

is an integer (due to the fact that ¢(¢) assumes the same value at ( € B
and at the corresponding point (' in — By and as a consequence log ¢(¢’) and
log () differ by an integer times 27), it follows that

w(z)dlog p(w(z)) — ~— / w(=')dlog p(w(£)) = / w(z)dwy(2)

27 J 4, 2mi

modulo the period lattice. Now let ¢ be a point on By and (' be the corre-
sponding point on —By,. Then

w(Q)dlogp(€) = 5 [ wl¢)dlog(¢)

= L (w(¢) - w(¢))dlog p(C)

2mi Jpg,

27 Jpg,
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= i.w(Ak)/B dlogp(C) = w(AwiABk log ¢(¢).

21 21

Here we cannot say that

1
%AB,C log ‘P(O

is an integer, because the value of ¢(z) at a the intersection point z of Ay
and By, is not the same as the value at the intersection point 2z’ of —A; and
By. Since Ap, log¢(() is the difference of the values of logy at the two
end-points of By, it follows that

Ap, logp(¢) =logp(z') — log (2).

From

1
(—elZer — 2e;(w(z) —u)) + 5 log ¢(z) mod Z
i

| —

1
_ ]_ / —
57108 2(2)
and the vanishing of w at the vertices of ) modulo the values of dw along

some loop (so that
1
2 (~26u(2) = wi(2)

with the value of wy at the vertex z being a period), it follows that

1
—Ap 1
oi By 0og SO(C)

is equal to

1 1
5(—622@ +2e,u) = — g Ak Uk we(7)

(where 7y is some loop) and

1 w(g)dloggp(o—i /B w(¢")dlog p(¢')

21 Jp, 2mi
1

Note that here we replace the congruence modulo Z by incorporating into
the loop v some integral combination of Ay, because the integral of dw; over
Ay is the Kronecker delta dg,. Finally

1

— wdlog
211 o0
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= Z </ dwk( ) - w(Ak) Zkk + ukw(Ak) + wk( )w(Ak))
=ct+u+t+w(y) =s.
This finishes the proof of the theorem on Jacobi inversion. Q.E.D.

Theta Divisor as Image of Symmetric Product of g — 1 Riemann Surface.
Recall that

C1 211 wq
C = . = ——= . . Wy.
. 2 . /=1 Aé .

V4 w

g

Let us reformulate our result of the Jacobi inversion problem in the following
theorem. The relation will be clear from the proof of the “if” part.

Theorem. ©(t —c¢) = 0 if and only if ¢ = > 7_, w(ys). In other words, after
we modify by the offset ¢ the zeroes of the theta function are precisely in the
image of g — 1 copies of M.

Proof. The “if” part. Assume first that ys,--- ,y, are generic. Generically
pick another y;. Let s = > 7, w(ys). Consider ©(w(z) — s + ¢). Let its
zeroes be zy,- -+, z,. We know that > 7_, w(z,) = s. We want to conclude

from . .
Z w(ye) = Z w
=1 =1

that
{yla"' 7yg}:{217"' 729}‘

Suppose we can do that. In particular, y; is in the set {z1,---,z,} and
O(w(y1) — s+ ¢) = 0. That means

C <w(y1) — > wly) + 0) =0

and
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Since the theta function © is even, we have

) <Z w(ye) — c) = 0.

(=2

When s, - - -, y, are not generic, we approximate the set by a generic one and
pass to limit. Now we want to discuss how one can conclude that generically

{yla'" 7yg}:{217"' 7Zg}

follows from .

g
Z w(ye) = Z w(z).
=1 =1
In other words, we want to show that generically the map from symmetric
product of g copies of M to C9/L is injective. Its proof makes use of the
theorem of Riemann-Roch and Abel’s theorem and the introduction of the
concept of general divisors. These are divisors of degree g or ¢ — 1 at whose
support the map from the product of g or g — 1 copies of M to C9/L is
injective. Let us interrupt our proof to discuss the general divisors.

General and Complementary Divisors.

Definition. A divisor D = > 7_, P, is general if there exists no nonconstant
meromorphic function f with div f > —D.

Another way to formulate is as follows. By the theorem of Riemann-
Roch, since dim¢ Ap = 1 and dimc Ap — dime Bp = degD +1 — g = 0,
we have a unique holomorphic form w (up to a multiplicative constant) with
divw > D. (Recall the notation that Ap is the set of all meromorphic
functions on the Riemann surface whose divisors are > —D and Bp is the set
of all meromorphic forms on the Riemann surface whose divisors are > D.)
So a divisor D of degree g — 1 is general if and only if there exists a unique
holomorphic form w (up to a multiplicative constant) with divw > D.

Since every holomorphic form has precisely 2g — 2 zeroes, we have the
other zeroes @2, -+ , Q4. The divisor

g
D'=3% Q
(=2
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is called the complementary divisor of D. The complementary divisor D’
is also general. Otherwise there exists a nonconstant meromorphic function
f with div f > =D’ and div(fw) > —D’ + divw = D, contradicting the
fact that there exists a unique holomorphic form w (up to a multiplicative
constant) with divw > D.

Another characterization of a general divisor of degree g — 1 is as follows.
A divisor D = »"7_, Py of degree g — 1 is general if and only if for any divisor
D' =%, P, with
g g

> w(P) =) w(P)

=2 =2
we have D = D’. In other words the map from the product of ¢ — 1 copies
of M to C9/L is injective at the points of a general divisor. The reason is as
follows. By Abel’s theorem, we know that

g g

Y w(P) =) w(F)

/=2 (=2

is equivalent to the existence of a meromorphic function F' with zeroes at
Py Pg’ and poles at P, -+, P, and the existence of such a meromorphic
function F' is the same as the existence of a nonconstant meromorphic func-
tion f with div f > —D, because we can make the pole set of f equal to
{P,,---, P,} by enlarging the pole set and the zero set at the same time.

Most divisors D = Y 7_, P, of degree g — 1 are general. To see this we
use the characterization of a general divisor D by dim¢ Bp = 1. An element

w of Bp is a linear combination Y 7_, aydwy of dwy,- -, dw,. The vanishing
of wat Py, -, P, means

dwy (P) -+ dwy (Ps) a
. SR I N B

dwr (P - dw,(P)) \ay

By induction on the number of points and expansion of the determinant
according to the last row, we know that generically we can choose P, --- , F,
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such that the rank of the matrix
dw1 (PQ) cee dwg (PQ)

dwn .(Pg) dwg.(Pg>

is g — 1 and so the solution space of the equation (*) has precisely complex
dimension one.

Let D = %"7_, Py be a divisor of degree g. We say that D is general if and
only if Y 7_, P, is general and P is not in the support of the complementary
divisor D’ of >~J_, P;. Another characterization is that D is general if and
only if there exists no holomorphic form w with divw > D. The reason is
that if there exists uniquely w (up to a multiplicative constant) with divw >
- 2522 Py, then whether w vanishes also at P, depends on whether P, belongs
to the complementary divisor of D. By the theorem of Riemann-Roch

dimc Ap —dime Bp =degD +1—g=1.

Hence the vanishing of dim¢ Bp means that dime Ap = 1. Only the constants
functions f would satisty div f > —D. In other words, again the map from
the products of g copies of M to C9/L is precisely injective at the points of
a general divisor of degree g. By the same argument about the rank of

dwy (P1) -+ dw, (P)

dwy (Fy) -+ dwg (Fy)
we know that a generic divisor of degree g is general.

We now get back to the proof of the theorem. By the use of generic
divisors we conclude that generically

{yh... 799}:{217"‘ 729}

follows from
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Thus the proof of the “if” part is complete.
For the “only if” part, we suppose that ©(t —¢) = 0 for some ¢. Consider

o(P) =0 (w(Pl) + Zw(Pk) — Zw(Qk) —t+ c) :

Let m be the smallest integer such that there exist

Pl)"' avale"' 7Qm

with ¢(P;) # 0. Note that when m = 0, ¢(P;) becomes O(—t + ¢) =
O©(t — ¢) = 0. The function ¢(P;) has precisely g zeros. By the minimality
of m,

k=2 k=1
=) (Zw(Pk) = > w(@) —t+c>
k=2 k=1,k#0
m—1 m
= (w(Pm) + Z w(Py) — Z w(Qr) —t+ c) =
k=2 k=1,k=¢
for 1 < ¢ < m. Since the nonvanishing of ¢(P;) is an open condition, we can
assume without loss of generality that @)y, - - , Q),, are distinct. The the first
m zeros of p(P;) as a function of P, are )y, -, Q. Let the other zeros be
ma1 > @y Then

5= Zw(Qk) + Z w(Qp),

k=1 k=m+1
where . .
s=1— Zw(Pk:) +Zw(Qk)
k=2 k=1
Hence
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This concludes the proof of the “only if” part.

Constructing Theta Functions Whose Pullbacks Have Prescribed Zeroes.

Theorem. Let zo + --- 4+ 2, be a general divisor and ys + --- + y, be its
complementary divisor. Let Q) # z3,--- ,z,4. Then

o(P,Q) =0 (w(P) —w(@Q) —c+ > w(:ck)>

as a function of P has precisely g zeroes Q, vz, -+ , Y-

Proof. Let P be a zero of ¢(P, Q). We would like to prove that P is one of
Q, Y2, -+ ,Yy. Suppose P is not one of y,,---,y,. We have to show that P
is equal to ). Since P is a zero of p(P, (), there exist Ry, --- , R, such that

g

w(P) = w(@Q)+ Y w(xy) = > w(Ry).
h—2

k=2

We are going to denote this congruence by

g g
P+ a,~Q+) R
k=2 k=2
Since Y 7_, x) is a general divisor and since P is not one of ya,- -+ ,y,, we
know that P + > 7_, zy is a general divisor and it follows from
g g
P+ Z T ~ Q + Z Ry
k=2 k=2
that
g g
S S
k=2 k=2
Since @ is not equal to any of s, - - - , x4, from this equality we conclude that
Q=P

Now we verify that @, s, - ,y, are roots of the function ¢(P, Q) of P.
Clearly @ is a root of the function ¢(P, Q) of P, because

2(Q,Q) = © <w<@> —w(Q) —c+ Y w(xw)
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=0 (—c + iw(m@) = 0.

To verify that y, (2 < k < g) is a root of the function ¢(P, Q) of P, we can
assume without loss of generality that k = 2. Then y, + Y 7_, 2, is a special
divisor. So we can find a non-identically-zero meromorphic function f with

divf > —ys — > 7_, x and f(Q) = 0. So

g g
y2+2xk%Q+ZRk
k=2 k=2

for some Ry,---, R,. Thus

P(y2, Q) = © (w(?n) —w(@) —ct )y w(%))

=0 (—c + iw(R;Q) = 0.

The only thing left to be checked is the question of multiplicity when
some of the points ys,--- ,y, are equal. Let z;,---, 2, be the g zeroes of
the function ¢(P, Q) of P with multiplicity counted. We can assume that
z1 = Q. Then

g9 g
(*) > wlz) = w(Q) +2¢— ) w(ay),
k=1 k=2
because
g9
w(z) = s
=1
for the roots z1,- - - , 2, of the function ©(w(z) — s+ ¢) and in our case
g
—w(Q) —c+ Zw(a:k) =—s+c
k=2
and so

g

s =w(Q) + 2c— Zw(:ck)

k=2
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By definition of a complementary divisor we know that

is the divisor of a differential of the first kind. Let ¢ be the element of C9
modulo the periods so that ¢ = 327 w(ug) when Y77 uy is the divisor of a
differential of the first kind and the element ¢ is indepedent of the choice of
the differential of the first kind by Abel’s theorem. So we can rewrite (*) as

g g
—w(Q) + Z w(zg) — Z w(yy) =2c—q.
k=1 k=2
Consider the case when all s, - - - , yx are distinct. Then we have seen above

that
{Zla"' 7Zg} = {627y27"' 7yk}'

Hence we can conclude that 2¢c — g = 0. Now we go back to the general case.
We have from 2¢ — ¢ = 0 the conclusion that

g 9
—w(Q) + Y w(z) — Y wly) =0.
k=1 k=2
Since we have assumed that z; = (), we conclude that

g g

Z w(zk) = Z w(yr)-

k=2 k=2

Since > _7_, yx, is general, it follows that

g g
Z 2k Z Yk
k=2

k=2
This concludes the proof of the theorem.

Remark on the Geometric Meaning of the Point ¢ in the Abelian Variety. A
by-product of the above proof is a geometric meaning of the “offset” point
¢ in the abelian variety C9 /(Z9 + Z7Z9). For Py,--- ,P, € M, the point
Zﬁ:l w (Py) in C9 /(Z9 + Z7Z9) can be interpreted as the line bundle of zero
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Chern class on M (i.e., divisor of degree 0 in M) represented by P, + --- +
P, — (PFy. In this interpretation the point ¢ satisfies ¢ = 2¢, which means
that the line bundle of zero Chern class on M (i.e., divisor of degree 0 in M)
represented by ¢ — (29 — 2) Py is equal to the line bundle of zero Chern class
on M (i.e., divisor of degree 0 in M) represented by ¢ — (g — 1)Fy. We can
thus interpreted ¢ as the point representing a “square root” of the canonical
line bundle of M.

Representation of Meromorphic Functions on General Riemann Surfaces as
Pullbacks by Jacobian Maps of Quotients of Products of Translates of Theta
Functions. We are now ready to use the preceding results to represent any
meromorphic function on a compact Riemann surface as the pullback by
the Jacobian map of the quotient of two products of translates of the theta
function.

Theorem. Let f(P) be a nonconstant meromorphic function on a compact
Riemann surface M of genus g > 2. Let a; +---+ a,, — by — -+ — b, be the
divisor of f. Let x5, -+, x, be a general divisor of degree g — 1 disjoint from
the union of {ay,--- ,a,} and {b1,--- ,b,}. Then

) = s [ L) — wlaw) — e+ Sy wiz)
o O (w(P) —w(by) — e+ 324 s w(zk))
for some constant 6 when we choose the paths of integration so that

g g

Z w(ay) = Z w(by,).

k=1 k=1

Proof. Let ys + - - - +y, be the complementary divisor of 3 + - - - + 4. From
the above theorem we know that the divisor of

0 (w(P) —w(a,) —c+ Y w(m))

as a function of P is a, + Y 7_, yx. The condition

g g

> wlay) =) w(by)

k=1 k=1
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guarantees that every point in the period lattice of the Riemann surface is is
a period of the function

0 (s —w(a,) —c+ >0 _,w(w))
0 (s —w(b,) —c+ > 7 _yw(zy))

as a function of the variable s in C™ so that

0 (w(P) —wla,) —c+ 3o w(z))
0 (w(P) —w(by) = c+ 35y w(wk))

is a meromorphic function on the Riemann surface. The divisor of

ﬁ&(w(P)—w( y) — e+ Yl w(zy))
Q(UJ(P) - (by) - C+Zk:2w< k))

v=1

is precisely
(11+"'+am—bl—"'—bm

and we can conclude that the quotient of f(P) and

1 0 (w(P) —w(a,) —c+ 30 w(zg))
HQU’P_ w(b,) — e+ _pw(wk))

v=1

1S a constant.



