Math 21a:Multivariable Calculus Fall 2000

MathematicaAssignmentl

Welcometo this Mathematicazomputerassignmentln caseof technicalproblemswith this assignmentpleaseconsultfirst the FAQ
pageat http://www.courses.fas.harvard.edu/~math2l1a/labs/faq.html

If theproblemis notlistedandyou arestill stuck,sende—maito knill@math.harvard.ediVe will
comebackto you assoonaspossible Pleasébe awarethatMathematica is a pretty complexprogram
demandinga lot of resource$rom computerswhetherit is a Unix workstationa Mac or PS.Save

thereforethe notebookfrequentlyduringyour work. This paragrapthadalsoto be written twice becausehe notebooksuddenly
disappearedis everybodyof you knows,we unfortunatlystill haveto live with segmentatioffaults,errorsof type 1 etc.

In orderto getcreditfor this notebookyou haveto readthroughthe notebookandanswetthe questionsn magnetacoleredboxes
The completechotebookandprintedhasto beturnedin to your CA until Friday Octoberl3,2000.

For printinginformationat the computerdabsin the Sciencecenter seehttp://www.fas.harvard.edu/computing/guides/printing.htn

You arewelcometo collaborateHowever everystudenthasfinally to fill outandprint outhis or herown notebook At onepoint,
your creativitywill bechallengedn finding (discoveringgcreating)newthreedimensionaturves.Printingoutanoriginal curve
(onewhich doesnotappeaiin this notebook)givesalreadyfull creditfor this assignment. Thbestcurveswill be postedwith your
nameonthe math2lavebsite.Thisis achanceao havenamedaspacecurveafteryou! By theway, closedspacecurvesarecalled
knots andplay animportantrole in biology (DNA of Bacteria) Physicgquantumnfield theory)or mathematicgthreedimensional
manifolds).

Introduction to Mathematica
o Manemacacels

Mathematica notebooksaresubdividednto cells,eachof whichis markedby a blue bracketat theright of thewindow. Thesecells
comein severalifferenttypes. Forinstancethetextyou arecurrentlyreadingis in a"text" cell, while theexpressiorbelowis in an
"input” cell.

nEr= 76 - 23

You cantell thedifferenttypesof cellsapartby thefont theyuse:text cellsusea normalweightproportionalwidth font (Times),
while input cellsusea boldfacetypewriter—styléont (Cour i er). Textcellsarejustfor show,containinginstructionsdescriptions,
or explanations.If youwantMathematica to evaluatea mathematicagéxpressionyou mustputit in aninputcell. To createanew
cell, positionthe cursorbetweertwo existingcellsor afterthelastcell. Thecursorwill thenchangegrom averticall-beanto a
horizontall-beam.If you click there Mathematica will drawa horizontalline acrosghewindow. If youthenstarttyping, Mathemat-
ica will createanewinputcell for you. Any newcell you createwill automaticallypeaninputcell. (Creatingatextcell takesan
additionalstep,but youwon’t be needingto createanytext cellsin theseabs.)
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Try creatingafew input cellsandenteringa few expressioni the spacebelow.

All commandsreenterednto Mathematica astext. To evaluteanexpressionglick anywherdn theexpressiorandpressthe
<Enter>key onthekeypad(notthe oneon the mainkeyboard)or hold downthe <Shift> key andpress<Enter>. Mathematica will
thenthink for amomentandwrite theanswerbelowthe expression.Your inputandMathematica’s outputarelabeled'In[#]:" and
"Out[#]:" respectivelyandMathematica drawstheinputin bol df ace to distinguishit from the plain text output. Forexampleto
addthefollowing two numbersglick the sumbelowandpress<Enter>.

Info}:= | 3 +8

ThroughoutheseMathematica assignmentsye will give you lots of expressionso evaluatealongwith descriptivetext. Justgo
throughit onecell atatime, readingthetextandevaluatingeachof the expressionsneby one. In thesenotebookscellswhich
requireyou to try outwhatyou havelearnedwill beboxedin blue

The basicoperationsare+ (addition),— (subtraction)* (multiplication),/ (division),and” (exponentiation).Mathematica obeys
the usualoperatoiprecedencdirst performingexponentiationthenmultiplicationanddivision, andfinally additionandsubtraction.
If youwantto groupyour operationglifferently, useparentheseg) . Try evaluatinghefollowing expressions:

nf11:= | 12 -3 %5

In[12]:= (12 -3) x5

3= | 6/2%3

In[14]:= | 6/ (2 % 3)

In[15]:= | =572

In[16]:= (-5)"2

If you puttwo expressionsextto eachotherseparatednly by a spaceMathematica multipliesthem,justlike in normalmathemati
cal notation. This canbe confusingif you just puttwo numbersextto eachother,butit comesn handywith morecomplicated
expressionsHerearesomeexamples:

7= | 52

In[18]:= 3 (8-4)
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Mathematica comespreprogrammedith lots of functionsandconstants.Someof thefunctionswe will beusingareSi n[ x] ,

Cos|[ x] , Exp[ x] (theexponentiak*), Log[ x] (thenaturallogarithmin x), Sqr t [ X] (squarerootx/?), andAbs[ x] (the
absolutevaluelx]). Notethatthefirst letterof all built-infunctionsarecapitalized andyou usesquarebrackety | to applythem,as
opposedo regularparenthese§) . SomeusefulconstantshatMathematic&knowsarePi (or x) andE (or e = 2.71828 thebase
for naturallogarithms). Again, be sureto capitalizethefirst letter. Alternatively,you canusethe paletteof templatesandsymbols
ontheright of your screerto typein someof theseoperatorsandconstants.(If you do not seethe palette selectfrom the menuFile
—Palettes-Basiclnpuf) Herearesomeexamples.

inf191:= | Sin [0.123 ]

Justlike in standardnathnotation,if you write two thingsnextto eachotherwith only a spaceébetweerthem,Mathematica multi-
pliesthem.

ino):= | Cos[2 Pi ]

Whenyou evaluatedhis nextexpressionnotethatMathematicas cleverenoughto give you the exactanswerratherthana decimal
approximation.

InR1):= | Sin [x/ 4]

If you preferanumericapproximationadd/ / N to theendof your expression.

In[1]:= Sin [x/4] // N

Mathematica is morethanjustafancy calculator. It letsyou do bothsymbolicandnumericalcalculationsusingvariablesand
functions. You canuseanystring of lettersfor a variablename. In additionto theusualvariablenames«, y, t , you canalsouse
moredescriptivenamedike t het a orr adi us. You canassigrvariablesavalueandthenusethatvaluein furthercomputations.
Herearesomeexamples:

mR2l=| a=>5

me3l= | a2 - 3a + 4
n(4l= | b =-3

nesy= | ab

Noticethatif youwrite two variablenamesextto eachotherseparate@nly by a spaceMathematica multipliesthem,justlike in
normalmathematicahotation. However,you musttakecareto putin the spacebetweeryour variablenames.Otherwise Mathemat-
ica will think thatyou aretalking abouta singlevariablewith along name! Forinstancejn thefollowing cell, insteadof multiply-
ing a by b, Mathematica assumegou areusinga newvariableab:

inf26]:= | ab

To defineafunctionfor Mathematica, wewritef[x ] := value , wheref isthenameof thefunction,x isthevariable,and
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To defineafunctionfor Mathematica, wewritef[x_] := value , wheref isthenameof thefunction,x isthevariable,and
valueis theexpressiorior thefunction. Notethatwhendefininga function,you againusesquarebracketq ] insteadof parenthe
ses.In Mathematica, this distinctionis very important;parenthese§) areusedto groupexpressionsyhile squarebrackety ] are
usedwhenapplyingafunction. Whendefininga function,you usecolon—-equal = insteadof a normalequalsign,andyou putan
underscore immediatelyafterthevariablename. This tells Mathematica to evaluateheright sideonly afterpluggingin thevalue
of thevariable. NotethatMathematica doesnot give you anoutputwhenyou definea function,but oncea functionis defined,you
canapplyit to anynumberyou want,or evento a variableor expression. Whenyou arefinishedtyping out

your functiondefinitionin theinput cell, you musttype’enter’ on thekeypador hold down
'shift’ andpressenter’ ontheregularkey boardto tell Mathematica thatyour definitionis ready.

(This tells Matheamticdo readtheinputcell). Give thefollowing functionsatry:

7= | f[X ]1:=x"2-3x + 4

inel= | f [5]

ino= | f [t +1]

Herewe definea functionof two variables. Notethatyour variableandfunctionnamescanbe aslong or asdescriptiveasyou like.

in@o)= | DistanceFromOrigin [X , Y] :=Sart [x*"2+y”"2]

in@R1):= | DistanceFromOrigin [3, 5]
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Graphing Functions

To graphafunctionin Mathematica, you needto tell Mathematica the functionitself, the nameof thedependentariable andthe
domainof thefunctionin thefollowing format:

Pl ot [ functionto beplotted { dependentariable lowerrange upperrange ]

Notethatweuse[ ] for thePl ot function. To describehe domainof thefunction,we enclosehe dependenvariableandthe

boundsin curly braceq } . Forinstanceto plot thefunctionf(x) = e‘é (calleda Gaussiamistributionfunction)in thedomain-3 <
X < 3youwouldtype:

nE2r= | f[X 1 :i= EXp[-x"2/2]

in@3:= | Plot [f [x], {X, -3, 3}]

In the Plotcommandpe sureto write f [ x] includingthevariablename If youjustwrite f , Mathematica will think thatf isa
variablename notafunction.As ashorthandyou canskip the stepwhereyou definethefunctionseparatelyandincludethatin the
Plot commandtself:
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inR4:= Plot [Exp[-x"2/2], {X, -3, 3}]

Try definingandplotting the following functionsusingthePl ot command:

y=Inx -5=<x=<5
g(t) = sint 2n<t=<2n
F(X) = foxg(t)dt 2r=x<2n

(Usethe definiteintegraltemplate(f; o d o) from thetoolboxontheright.)

Parametric Curves
= dVedorvaued Funcions

Parameterizing a Circle

As we haveseenMathematica’'s Pl ot [] commandetsusplot thegraphof afunction. However,notall curvesin theplanecanbe
describedasthegraphof afunction. In particular,a functioncanhaveonly onevalueofy for eachvalueof x. Supposeve wantto
drawtheunit circle, givenby theequationx’ + y? = 1. To drawit asa graphof afunction,we first solvethis equatiorfor y to

obtainy = + V1 - x2 . Butsincetherearetwo possiblevaluesfor thesquareroot, we cannotdrawit asa graphof a singlefunction.

Insteadwe canplot thecircle by treatingthetwo coordinatex = cogt) andy = sin(t) asfunctionsof athird variablet calleda
parameter. However,beforegettingto thecircle, it is instructiveto first plot thegraphsof x andy asfunctionsof t separately:

in@Bsl= | X[t_]:=Cos[t]

inEel= | Plot [x[t], {t, 0, 2Pi}]

n@B7:= | Y[t 1:=Sin [t]

in@e= | Plot [y[t], {t, 0, 2Pi}]

Now, to plot the circle, combinethembothinto a single vector-valuedfunctionr(t) = x(t)i + y(t)j. In generalMathematica
representsectors(bothvector-valuedfunctionsandvectorvalues)by separatinghe vectorcomponentsvith comma(, ) and
enclosingthemin curly braceq } . Thus,we canrepresenthevector-valuedfunctionin Mathematica asfollows:

nBel= | r[t ]:={x[t], y[t]}

UseMathematica to computethe vectorr (t) correspondindo variousvaluesof t:

infol= | r [0]




labl.nb

in@1= | r [Pi /4]

in@2:= | r [Pi /2]

In@43):= | r [t]

If you basethesevectorsattheorigin, their endpointsdescribea circle ast variesfrom 0 to 27. In Mathematica, you plot this curve
usingthePar anetri cPl ot [] commandwhichrequiresyouto specifyavector-valued function,the dependenvariable,and
the domainin thefollowing format:

Par anet ri cPl ot [ vector-valuedfunctionto be plotted
{ dependenvariable lowerrange upperrangd,
AspectRatio—> Automatic]

whereAspectRatio—>  Automatic  tells Mathematica to usethe samescalefor boththex andy axes.

in44):= | ParametricPlot [r[t1, {t, 0, 2Pi}, AspectRatio -> Automatic ]

If we plot a predefinedrector-valuetunctionsuchasr [ t ] , Mathematica generates warningbut proceedsith the parametric
plot. To preventhewarningmessagéom beingdisplayedusetheEval uat e[ ] versionof thefunctionr [ t] to tell Mathemat-
ica to substitutehedefinitionof r [ t ] into thefunctionto be plotted,asshownin the examplebelow.

in4s):= | ParametricPlot [Evaluate [r[t]], {t, O, 2Pi}, AspectRatio -> Automatic ]

In theaboveexampleyou usedthedomainO < t < 2r. Whathappensf youtakealargerdomain?Try it in theinputcell below.
Whathappensf you takea smallerdomain? Specifya domainin the cell belowthatdrawsonly the bottomhalf of thecircle.

in6):= | ParametricPlot [Evaluate [r[t]]1, {t, _, __}, AspectRatio -> Automatic ]

Parameterizing Ellipses

To changehecircle into anellipse(makingx the majoraxis), try thevector-valueélunctionr(t) = 2cogt)i + sin(t) j:

in471:= | r[t_1:={2Cos[t], Sin[t]}

in8}= | ParametricPlot [Evaluate [r[t]], {t, O, 2Pi}, AspectRatio -> Automatic ]

Find a vector—valuedfunctionparameterizinghe ellipsewith majoraxis of lengtha andminor axisof lengthb centeredatthe point
(c, d). Write yourfunctionin termsof the constants, b, ¢, d:

In[49]:= rit. 1:={_., _}

Now try plotting theabovecurveto seeif you gotit right. Usethecell belowto plot theellipsecenteredat (2, 1) with majorand
minor axesof length4 and3, respectively. Thefirst line assignghesevaluesto a, b, ¢, d, while the secondactuallydrawsthe
graph. If theplot doesn’tdraw, makesureto evaluateyour functiondefinitionforr [t _] abovefirst.

mso= | a=4; b=3; {c, d} = {2, 1};
ParametricPlot [Evaluate [r[t]], {t, O, 2Pi}, AspectRatio -> Automatic ]
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More Examples

Now, changethe functionto somethingnorecomplicatedsuchasr (t) = (t — cogt?) )i + 3" j:

inp1:= | r[t.]1:={(t -Cos[t"2]), Exp[Sin [Pi t]]}

inj521:= | ParametricPlot [Evaluate [r[t]], {t, O, 2Pi}, AspectRatio -> Automatic ]

Next, try graphingsomeothervector-valuedfunctionsby replacingthei andj componentsbovewith thefunctionsbelowandre—
evaluatingthemto getnewgraphs.

t2 —t [t] t3 -1 t+t]

Now, comeup with someinterestingunctionsof your own. (Recalltheabsolutevalue | t | is givenby Mathematica’s Abs| ]
function.) Havingdoneso,vary thedomainoft. Forthetrigonometricfunctionsusedabove it makessenseo usethedomain0 < t
< 2z, sincesint) andcos() areperiodicwith period2r. However,otherfunctionsmighthaveinterestingoehavioroutsideof that
domain. Below arethreemorefunctionsfor you to experimeniith. Chooseanappropriatelomainfor each(i.e.,replacethe
with your minimumandmaximumvaluesfor t) andgraphthem.

re) = 4COS(%) i+ 4Sin(%)j

3= | r[t_]:={4Cos[t /2], 4Sin [t /2]}

inj541:= | ParametricPlot [Evaluate [r [t]], {t, _, __}, AspectRatio -> Automatic ]

r@)=(t-sing¢) )i +(1-cosf))]j

mssl= | r[t_]:={(t-Sin[t]), (1-Cos[t])}

ins6):= | ParametricPlot [Evaluate [r[t]]1, {t, __, __}, AspectRatio -> Automatic ]

r)=ti+(t>+1)j

ms7i= | r[t.]1:={t, (t"2 + 1)}

inj8):= | ParametricPlot [Evaluate [r[t]], {t, __, _ }, AspectRatio -> Automatic ]

Polar Coordinates

Returningto the circle caseanycircle centeredatthe origin canbe parameterizetly the vector-valuedfunction

r(@) =r (cogo) i+ sin(®) j), wherer is theradiusandd is theanglefrom the positivex axis. Heretheradiusr is constantputwhatif
we variedr with 6? In otherwords,whatwould happerif we changedheradiuswhile the circle wasbeingdrawn? Sucha function
r(0) is saidto bein polarcoordinates.Try settingr(6) = 6 andseewhathappens.

inp9:= | r [theta_ ] : = theta

ineol:= | ParametricPlot [Evaluate [r [theta ] {Cos[theta ], Sin [theta ]}],
{theta , O, 2 Pi}, AspectRatio -> Automatic ]
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Now play with the cellsaboveto grapha spiralthatwindsaroundtheorigin threetimes.

Next, changetheradiusto be a periodicfunction,suchasr () = cog26).

ine1):= | r [theta_ ] : = Cos[2theta ]

ine2):= | ParametricPlot [Evaluate [r [theta ] {Cos[theta ], Sin [theta ]1}],
{theta , 0, 2 Pi}, AspectRatio -> Automatic ]

Changehecellsaboveto comeup with anequatiorto makean8-leatlover. Thendrawa 3-leatlover. Do you needthewhole
domain0 < 6 < 2 for the3—-leatlover? Try to find the smallesdomainthatdrawsa good3-leatlover. Goodluck! Experiment
with otherfunctionsr(6) in thecellsbelow. You maybe surprisedat someof the exoticcurvesyou get. Finally, drawa straightline
segmentsingpolarcoordinates.

ine3:= | r [theta_ ] :=

infe4):= | ParametricPlot [Evaluate [r [theta ] {Cos[theta ], Sin [theta ]}],
{theta , 0, 2 Pi}, AspectRatio -> Automatic ]

Helix

In this sectionwe will experimentvith threedimensionalector-valuedfunctions. First,we will drawa helix, or a 3D spiral,
usingthefunctionr (t) = cogt) i + sint) j + tk. Modify thefunctiongivenbelowto geta helix thatwrapsaroundfour times.

ins]:= | r [t ]:={Cos[t], Sin[t], t}

infe6):= | ParametricPlot3D [Evaluate [r[t]], {t, 0, 2Pi}]

Now changd to % Noticethatthe plottedcurveis identicalto the original. Try againby replacingt with % andthen
2n sin(%). You shouldnoticethatchangingthe parameterizatiohasno effecton the curvebecausall thesereplacementfor t are
functionsof t thatvanishatt = 0 andequal2  att = 2z. Try to comeup with atleastonereparameterizatioof your own.

7= | r[t_1:={Cos[__1, Sin[_ 1, _}

ine8]:= | ParametricPlot3D [Evaluate [r[t]], {t, O, 2Pi}]

Slinky

The nexttaskis to drawa vector—valuetunctiondescribinga Slinky™, everyone’'davoritespringtoy. (We will addthe option
Pl ot Poi nt s—>400 to thecommando makeMathematica computethe valueof thefunctionat morepointsthanusual,giving us
betterresolution.)

rsl= | r[t_]:={Cos[t] (2+Cos[40t]), Sin [40t], Sin [t] (2+Cos[40t])}
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in76l:= | ParametricPlot3D [Evaluate [r[t]], {t, O, Pi}, PlotPoints ->400]

Spiralling Cone

Try drawinga spiralwinding 10 timesarounda cone,asshownbelow. (Hint: Modify ther [ t] usedin thehelix.)

In[71]:= rie 1:=4{_., ., _}
in[721:= | ParametricPlot3D [Evaluate [r[t]], {t, _, __}, PlotPoints -> 4001
Exercise

Rotato Peeler™

If thereis additionaltime, hereis ataskdesignedespeciallyfor fansof late—nighinfomercials. RotatoPeelef™ is anamazing
gadgethatcanpeelanorange apple,potato,or Kiwi in onepiece. It hasabladethatsitson the skin of thefruit thatslowly moves
from thetop to the bottomwhile thefruit turns(courtesyof a handcrankoperatedy variousactorswho probablyhavebetterthings
to dothanpeelfruit). Assumingthefruit is a perfectspherewe will drawthespiralpathof thebladeonthefruit's surfacewrap
ping around10times,usinga parametricurve.

inf73l=| r[t_ 1:={Sin [t] Cos[20t], Sin [t] Sin [20t ], Cos[t]}

in[7a1:= | ParametricPlot3D [Evaluate [r [t]], {t, O, Pi}, PlotPoints ->400]

Nnte: Thic ciirveinunlvechnn cenarateirciilarmantinng Thefiret i the harizontalmntinnin thenlanecsnannedhvi andi Thicica
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Note: This curveinvolvestwo separateircularmotions.Thefirst is the horizontalmotionin the planespannedy i andj. Thisis a
circle thatwrapsaroundtentimes.The seconds theverticalmotioninvolving theradiusin thei j planeandtheverticalheightalong
thek axis.Thisis justhalf a circle goingfrom the northpoleto the southpole. Combiningthe two motions,we getthe productof

two sint/cost with differentperiodsfor the horizontalandverticalcircles

Harvard University, Mathematics 21a Fall 2000, modified from a notebook by G. Landweber /P. Hsu (1998/1999)



