Math 2l1a Supplement on Differential Equations from Physics

Y ou are most probably well aware that differential equations play a central rolein modern
physics. So, my purposein this supplement is not so much to sell you on differential equations
but to present afew of the central equations with abrief commentary. In particular, the heat
equation, Euler’ s equation, the wave equation, Schrodinger’ s equation and the Dirac equation are
discussed below.

a) The heat/diffusion equation

The heat equation predicts the time-space dependence of the temperature in a homogeneous
body from the spatial temperature distribution at some fixed time. To be specific, let T(t, X) denote
the temperature at timet and position x = (X, Y, z) in aregion of space. To agood approximation,
this function of four variables obeys the equation

T=p(Mu+T,+T,) ,

(1)
where 1 > 0 isaconstant (or, sometimes a function) which depends on the composition of the
region.

Given T(0, x) for all points x in the region, this equation is used to predict the function T at
al timest > 0 and points x. Inthisregard, note that when the region in question is not all of R®,
(1) must be supplemented with the specification of the function T at al timest = 0 on the boundary
of theregion. These boundary conditions are necessary for the simple reason that applying various
amounts of heat to the boundary will effect the internal temperature no matter what T is at time
zero. (To seethiseffect, take the region in question to be the interior of your body and step
outside in the winter first with ajacket on and then without.)

Perhaps you recognize this equation as the diffusion equation which was introduced in
Section 4 of the course-wide Handout on Differential Equations. Why does temperature obey a
diffusion equation? Needless to say, the answer to this question requires an understanding of what
temperature really measures, which is the average kinetic energy of the particles which make up the
material. The answer also requires some understanding of how energy is transferred from particle
to particle in amaterial (usually, but not ways, collisions). Given these two facts, try to derive
(1) using theideas in Section 3a of the course-wide Handout on Differential Equations. In any
event, a course on Statistical Mechanics should explain the origin of (1).

b) Euler’s equation

Euler’ sequation is used to predict the time and space dependence of the velocity vector
field of amoving, incompressible gas or fluid given the time zero spatial dependence of the
velocity vector field and its time dependence at all points of the boundary of the region of interest.
(Incompressibility is aterm which implies that the amount of the fluid in any given volume can not



be increased or decreased. Thus, the fluid can only flow through the volume. To agood
approximation, water at a constant temperature isincompressible. However, most gasses are not.)

To be specific about Euler’ s equation, let v(t, X) denote the vector in R® which gives the
velocity of apoint in the fluid at timet and position X. To agood approximation, this vector
function of time and space obeys the two equations

e v, +(veO)v=>0p,
o div(v)=0.

)
Here, p(t, x) isthe ambient pressure at time t and position x. Also, the symbol (ve[]) acertain
combination of derivatives which are to be applied to each component of v. To explain, first, write
the components of the vector field v asv = (a, b, ¢) with a, b and c functions. Then, ve[I signifies
the following combination of derivative:

v-D:ai+ bi+ ci.
oX ay 0z
©)
Thus, the components of (ve[J)v are
(aa +tba +ca,ab +bb +cb,ac +bc,+cc).
(4)

A coursein Statistical Mechanics will also explain how (2) can be derived using theideasin
Section 3a of the course-wide Handout on Differential Equations. Note that there are presently
many outstanding mathematical mysteries which surround Euler’ s equation. Indeed, hereisthe
most well known: Can avelocity vector field at time t = 0 whose components have nicefirst and
second derivatives evolve under Euler’ sinto avelocity field with discontinuities (or worse
pathologies)? This question may be less than abstract as real fluids exhibit shock waves (such as
sonic booms) and the physics of such wavesis not generally well understood.

c) The wave equation
The wave equation in its smplest form has as unknown afunction p(t, x) of timet and
position x. The equation reads:

Pe-C (Pt Py +P,) =0 .

)
Here, c is a constant which can be identified as the wave speed.
Basic solutions to this equation are functions of the form

p(t, X) = A sin(kex - ¢ [K| t) + B cos(kex - ¢ |K| t)
(6)



where k is afixed vector in R?, while A and B are constants. For example, if k = (1, 0, 0) and B
=0, then first solution in (6) becomes the function

p(t,x) =Asin(x-ct).
(7)
Note that at any fixed x, this solution oscillates as a sinusoidal function of t with period 2rvc.
Meanwhile, the solution is constant along the lineswherex = ct. Thefact isthat (7) isawave
whose amplitudeis|A|. Thetime delay between successive peaks hitting the same point x for this
waveis 2r/c. Moreover, each peak moves along according to the rule x = ¢ t, and so c isthe speed
of the wave pesk.

The general solution in (6) represents awave also. The peak amplitudeis (JAF + [BP)'?,
while the direction of wave movement isk/|k|. Here, the time delay between successive peaks
hitting the same point along aline parallel to k is 2rv(c |k|). Asbefore, the speed of the peak is
again equal to c.

By the way, since (5) does not multiply p or its derivatives by anything p-dependent, the
superposition principleisvalid. Recall that this means that the sum of two solutionstoisalso a
solution. Thislast fact can be used to prove that every solution to (5) can be written as a suitable
‘sum’ of the solutionsin (6). Here, theword ‘sum’ isin quotes because usually an integral must
be employed. Thisisto say that every solution p(t, x) to (5) can be written as atriple integral over
the 3-space where k = (k,, k., k,) lives; here, the integrand is given by the solutionsin (6) with A
and B taken as functions of k:

p(t, X) = fI] (A(k) sin(kex - ¢ |k| t) + B(k) cos(kex - c |k| t)) dk, dk, dk, .
(8)
Hereisone last remark about the wave equation: In order to use (5) to predict thet >0
development of awave, it is necessary to know both p(0, x) and p,(0, x) at all pointsx. Thisisto
say that any pair of (reasonable) functions of x are the values of p and p, at time zero for asolution
of (5), and thereis only one solution to (5) whose values at t = 0 and whose time derivativeat t = 0
are the given functions.

d) Maxwell’s equations
Y ou might recall that Maxwell’ s equations are equations for apair (E(t, x), B(t, x)) of
vector fields on R® which depend on both time t and the spatial point x. These equations read:

e divE=0,

e divB =0,

« E,=curlB,

e B,=-culE.

(9)



The reason that | bring these equations up here it that the four equationsin (9) imply that
each of the component functions of E and B satisfy the wave equationin (5) withc=1. To see
thisfor E, take the time derivative of the third equation in (9) and use the fact that the order of
taking derivatives (X, y or z first and t second, or vice-versa) isimmaterial to rewrite the resulting
equation as

E,=curl B,.

(10)

Next, plug in the fourth equation in (9) to replace the time derivative of B and so obtain

E, = curl(curl E) .

(11)

Having got thisfar, write out curl(curl B)) and you will find it equal to

curl(curl E) = AE - O div(E),

(12)

where AE =E,, + E  +E,. Findly, usethefirst equationin (9) to conclude that (11) is the same
as

Ei=Eo+ Eyy +E,.
(10)

A similar derivation yields the ¢ = 1 version of the wave equation for the components of B.

| previously remarked that these wave equation for E and B arethe c = 1 versions of (5).
Asthe constant ¢ gives the speed of the wave, and the wave hereisthat of light, you seethat | have
written Maxwell’ s equations in some specia units where the speed of light is one instead of
roughly 300,000 kilometers per second. If you don’t want units where the speed of light is one,
you must replace (9) with

« divE=0,
« divB =0,
e Cc'E, =curlB,
e c'B,=-curlE.

(11)
Using (11) instead of (9), you will obtain E, = ¢*(E,, + E,, + E,,) instead of (10), and c will be
the speed of light.

e) The Schrodinger equation
The Schrodinger equation is the central equation in quantum mechanics. However, before
getting to the equation, | will first digress to discuss quantum mechanics.



To begin, you must realize that ‘ classical’ mechanics (such as Newton’s laws) and
guantum mechanics have different goals. have avery different where the point of ‘classical’
mechanicsisto predict the position of a particle at timest > 0 knowing its position and velocity at
time zero (and the forces on it), the goal of quantum mechanicsis quite different. Roughly
speaking, the goal of quantum mechanicsisto predict a probability density for finding a particle at
agiven point at timet > 0 given certain information at time t = 0 and given the forceswhich act on
the particle.

To be somewhat more precise, the quantum mechanics is concerned with a certain function,
Y(t, X), which assigns a complex number to each point, X, in space at each timet. Inthisregard,
remember that a complex number has the form a+ i b, where aand b are ordinary numbers and
wherei = v-1. Thus, Y(t, X) can be written as a(t, xX) + i b(t, X) where aand b are functions of
time and space. (If you don't already know about complex numbers, quantum mechanics will
almost surely seem terribly opague.) The function @ iscalled the ‘wave function’. Now, not all
complex valued functions g are considered in quantum mechanics. In particular, there are two
congtraints on the allowable ’'s. Hereisthefirst: At eachtimet,

I wt, x)Fdxdy dz=1,

(12)
where the integration region isthe whole of R®. The other constraint will be discussed
momentarily. (Remember that the absolute value of acomplex number c=a+i bisthered
number (&2 + b?)"? and it is denoted by |c|.) The second requirement is that |y must obey the
Schrodinger equation which is presented below.

Quantum mechanics connects to the real world through the following interpretation of this
wave function: The function |Yi(t, X)? is postul ated to give the probability density for finding, at
timet, the particle a the point x. Thisisto say that if V isany region in space, then the probability
of the particlebeinginV at timetis

[1f W, x)P dx dy dz=1.
(13)
(Thus, the constraint in (11) ensures the reasonable requirement that the probability is 1 for the
particle to be somewhere.)

The dynamics of the particle enters in quantum mechanics by arequirement which specifies
the way (t, X) must change with time. In particular, | should obey the Schrodinger equation,
which relates the time derivative of ) to ’s second derivative in the spatial directions. For
example, if there are no forcesinvolved, the Schrodinger equation reads

i hl.IJt =- h2/2m (LIJXX + l-IJyy + l'I'lzz) )
(14)



wherei = V-1 again, 7 isaconstant called ‘ Planck’s constant’, and m is the mass of the particle.
(Note the resemblance to the diffusion equation in (1); you could view (14) as adiffusion equation
with imaginary diffusion constant i = - 7/2m.)

If the particle is acted on by aforce F which isagradient, say F = [Jh where h(x) isa
function, then the corresponding version of the Schrodinger equation reads

| == 172m (P + gy, +g,) Hhp.
(15)
There are versions of Schrodinger’s equation for more complicated forces too (such as magnetic
forces), but I'll leave you to learn about these in your courses on quantum mechanics.

f) The Dirac equation

Like Newton's equation, the Schrodinger equation does not take special relativity into
account. In particular, (14) does not give correct predictions. Although it is extremely accurate for
electrons with speeds much less than that of light, its predictions are not accurate for speeds that
areasignificant fractions of the speed of light. The problem of reconciling the quantum mechanics
of the electron with relativity was solved by Paul Dirac in the manner which | will now describe.

To begin, Dirac postulated that the wave function in (14) should be replaced by a4 by 1
matrix of functions, W(t, x), whose four entries are each complex valued functions of space and
time. Thus,

(16)
where each of ., , ,, isassigns to each pair (t, X) of timet and space point x acomplex number.
Then, the Schrodinger equation in (14) is replaced by the equation

i W =-ihc(a, W, +a,¥ +o,W)+mcpwW,

17)
where cis the speed of light, # is Planck’s constant, m is the electron’s mass, and a,, a.,, o, and
[3 are certain 4 x 4 matrices with constant (though complex valued) entries. These matrices must
satisfy the following matrix multiplication rules:

* BB=oa, =00, =00, =1,
* PBa,+a,f=pa,+a,=pa;+a,f =0,
e O,0,+ 0,0, =0,0,+0,0,=0,0,+0,0,=0.
(18)



Here, | signifiesthe 4 x 4 matrix with only diagonal entries, and al of these equal to 1.

It turns out that any choice of four matrices which obey (18) will give the correct answer
for high speed electrons when used in (17). One solution takes [3 to be diagonal with entries 1, 1,
-1, -1 as you move down the diagonal from top left to bottom right. Meanwhile, o, and o, are
‘anti-diagonal’, which isto say that their only non-zero entries are on the line running from lower
left to upper right. For a,, all entrieson thisline are +1, whilefor a.,, theentries arei, -i, i, -i
moving from lower left to upper right. I'll leaveit as a challenge for you to determine a,. (Hint:
Itsentriesare +1 and it has zero’ s on the diagonal and the anti-diagonal.)

Hereisachalenge: Proveusing (17) and (18) that the entries of W obey the following
generalization of the wave equation:

W= W tW, +W¥,)-m’c' n?y
(19)
(Hint: Start by taking the time derivative of both sides of (17).)

By the way, the physical interpretation of W is more complicated then you might guess.
Indeed, it is not the case that | W[ = |, + W, + [W,f + [W,f* gives the probability density for
finding, at timet, an electron at position x. In fact, to get a consistent connection between W and
the real world, Dirac was forced to postul ate the existence of anew fundamental particle, an *anti-
particle’ for the electron. (Thelatter is now called the positron.) The connection between W and
the real world involves both the electron and the positron. Remarkably enough, positrons were
observed in nature just afew years after Dirac was |ead to postul ate their existence.



