Math 21a Supplement on Center of Mass

Integras over volumes occur naturaly when studying the motions of extended objects. Thefact is
that the ‘ point particle’ gpproximation in Physicsis often far from accurate, and in these cases, the
gpatia extent of an object must be taken into account. In particular, when studying the dynamics of an
extended object, three common volume integrals arise; these being

Theintegra of the mass density to obtain the total mass.
Theintegra of the pogition vector to obtain the center of mass.
Theintegrd of the3” 3matrix | whose entry in the i-th column and j-th row isthe @
product of thei-th and j-th components of the position vector.
[One might cdl thisthe moment of inertia matrix.]

After setting the stage, | shall consider these pointsin turn. To set the Stage, consder an extended
objectinavolume, V, in R®. (Here, | will dlow for the case V = R®.) The mass digtribution in this
object is specified by giving afunction, s (X, y, 2) on V whose vaue a any given point specifies the mass
dengty at that point. Thus, for example, s might be given in the units of kilograms per cubic meter. As
an asde, of current intense interest to astronomersiis the precise nature of thisfunction s for our galaxy,
or for any other galaxy, for that matter. Any way, as a concrete example for use below, takeV = R®
ands(r) =Ir| (1+ )",

a) Thetotal mass
Given the mass dengity function s, the total mass of the object is given by the volume integrd

M © @s(x,y,z)dv . )

In the specific example where s (r) = |r|/(1 + |r[?)°, thisintegral is most easily done as an iterated integral
in spherica coordinates. Indeed, introduce the spherical coordinates (r , f, g) so that

x=r gnf cosq,

y=r anf dnq, 3

z=r cosf .
Here, Of£r <¥,0£f £pand0£ q£ 2p. Inthese coordinates, dV =r?snf dr df dgand
s =r/(1+r??° Thus theintegrd in (2) isthe iterated integral
O GQri(rey®sinf o df dg @

| will leaveit to you (as an exercise) to verify thet thisintegral isequal to £ .
[Hint: Ther integration yields -1 9nf , the subsequent f integration yidds % 2= L, andthefind g
integration yields L+ (2p) = 2]



b) Thecenter of mass

The center of mass of an extended object in avolume V isthe average of the positions of the
particles which make up the object. This point in V isthe point in R® given by the vector

Cm:Mic‘@rs(r)dv 5

Thus, the x-coordinate of the vector X, isthe volumeintegral over V of the function M™ x s (r).
Likewise, the y-coordinate is the volume integral over V of My s (r) and the z-coordinate is the
volumeintegral over V of M zs ().

In our example above, the vector Xqm IS zero and so the center of massisthe origin. To see
this, congder, for example the z-coordinate of Xqm. In sphericd coordinates, thisisthe given by the
iterated integral

\2p \p \¥

Q QQr4(1+r2)'5sinfcosf dr df dg . (6)

In evaluating thisintegral, my experiencetdlsmeto do thef integration firs. Theresultis
r*(+r?°1(@nfp-9nf0)=0. (7)

I’ll leave it to you to verify that the x and y components of Xq, aso vanish.
[Hint, do the g integral first in these cases]

¢) Themoment of inertia

The moment of inertiamatrix (with repect to the chosen origin of the x-y-z coordinates), |, of our
extended body istechnicaly a3~ 3 matrix whose entries are as follows. The 1-1 component of | isthe
integrd of (y* + Z) s(x, Y, Z) over theregion V. The 1-2 component isthe integral of
-Xy s(X, Y, 2), the 1-3 that of -xzs (X, y, 2), the 2-1 that of -yx s (X, Y, 2), the 2-2 component is the
integral over V of (x? + 2) s(X, Y, 2) and so on. In particular, the entries down the diagond are
integralsover V of s(x, y, 2) times (Y + Z), (x> + Z) and (x* + y?), and so the trace of the moment of
inertia tensor isthe twice the integra of the function |r? s (r) over V. That s,

trace (1) = 2@ (X' + ¥ + Z)s(x y,  dV . (8

In our example, thisintegrd is easest to compute as an iterated integra in spherical coordinates.
Hereistheintegrd:

6p(§’6r5(1+r2)-5smf dr df dg ©)
Thisintegra will be left to you to evauate, but I'll tell youthevaue: 2. (Hint: Ther integrd gives
+4anf, thenthef integrd gives L, and thefind ¢ integrd gives 2p times L.

121

By the way, the matrix | in our example turns out to be diagond, with each diagond entry
equa to £



