Math 21a Supplement on Electricity and Magnetism

Vector fields on R® play a central rolein Maxwell’ s theory of electricity and magnetism. In
particular, the electric field in spaceis described in Maxwell’ s theory by avector valued function of
gpace and time, E(t, X). This vector provides the direction and magnitude of the electric field at
any given point and at any giventime. Likewise, the magnetic field isaso described in Maxwell’s
theory by a vector valued function of space and time, B(t, x). (Why not the letter ‘M’ for magnetic
field? | am not sure. In any event, the traditional letter is‘B’.)

Maxwell proposed a set of equations which he postulated constrain the possible vector
valued function pairs (E, B) which can arise as real world electric and magnetic fields. These are
the famous Maxwell equations. (Actually, various portions of these equations were written down
by others prior to Maxwell’ s culminating contribution.) These equations involve the operations of
curl and divergence in afundamental way. In any event, here are Maxwell’ s equationsin a
vacuum (no charged, polarizable or magnetically susceptible materials or particles present):

« divE=0,
« divB =0,

. i E = curl B,
ot

. iB:-curIE.
ot
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Here, | have written these equations in units where various natural constants (such as the speed of
light) are equal to 1. In aphysics book, these equations generally appear with various natural
constants whose values depend on the particular choice of units of measurement.

By the way, please take note of the evident symmetric treatment of the electric and magnetic
fields here. When there are charged particles present, these equations are modified in away which
breaks the symmetry between E and B. For example, if charged particles are present, then (1) is
modified asfollows. First, the distribution of the charged particles in space determines a function,
p(t, x), which measures the charge density at the point x and at timet. Thus, the tripleintegral of
p over any volumeV givesthetotal chargeinV at the giventime. Second, the particles may bein
motion, and a moving charge produces what is called a current. For a single moving charge, this
isavector function of time which is proportional to the velocity vector of the particle. The current
due to an ensemble of moving charges (such as electrons moving down awire) is described by a
vector valued function, j (t, x), which measures the current density at the point x at timet. Thus,
thetripleintegral of acomponent of j over avolumeV is meant to give the component of the
current due to al of the moving chargesin V.

Note that the function p and the vector valued function j are not completely independent of
each other. Indeed, sincethetripleintegra of p measuresthetota chargeat agiventimeina
region, then thisintegral will change if charges move in or out of the region. Thus, the change of



p with respect to time has something to do with the net motion charge across the boundary of the
region (in versus out). Meanwhile, moving charges determine the vector valued function j. Thus,
we are led to the conclusion that the change of p with time must have something to do withj.

And, this conclusion is born out by a more careful analysis. In particular, this more careful
analysisleads to the following constraint on the possible pairs (p, j) which can arise in nature:

0 .
—p+divj=0.
dtp J

(2
We shall see in a subsequent supplement how this equation allows one to calcul ate the time rate of
change of charge in aregion from the behavior of j on the region’s boundary.

With the function p and the vector valued function j understood, here are Maxwell’s
equationsin the presence of charges:

« divE=p,
e divB =0,

. iE:curIB-j,
ot

. ng-curIE.
ot
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Here are some simple examples. First, suppose that ametal ball hastotal charge g, that the
charges are uniformly distributed in alayer near the surface of the ball, and that all of the charges
are stationary so that p isindependent of timeandj = 0. If the electric and magnetic fields are
assumed to be independent of time also, then the relevent solution to (3) outside the ball (where p
= 0to0) hasthe magnetic field B = 0, and the electric field
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Thus, E points radialy outward from the ball and |E| falls off with distance from the center of the
ball asthereciprica of the square of the distance. | leaveit to you to verify that div E = 0 and also
that curl E =0. Notethat (4) is not correct inside the ball where the formulafor E is somewhat
more complicated.

For a second example, suppose that electrons are moving at constant speed along a
cylindrical wire. Here, lets suppose that the z-axisis the center of the wire, that thewireis
electrically neutral, and that the current density, j, depends neither on time, nor on the angle in the
x-y plane. If the electric and magnetic fields are also assumed to be independent of time, then the
relevant solution to (3) outside the wire (wherej = 0 also) has E = 0 and, at a point with
coordinates (x, Y, z), has
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where g isvaue of the doubleintegral of the z-component of j over the disk cross section of the
wire. (Thelatter disk can be thought of asresiding in the x-y plane; it is the intersection of the
cylindrical wire with the x-y plane.) | leaveit to you to check that div B = 0 and also that curl B =
0.

For the third and final example, suppose that there are no charges and no currents, so that
(1) isrelevant. Hereisasolution to (1):

e E=sdn(t-2)(1,00).
* B=cos(t-2)(0,1,0).

(6)
Note that E and B both depend on postion and time. For example, the places where E = 0 movein
time. For example, att = 0O, E iszero where z = 0, but not so at most later times. Indeed, the
places where E = 0 are given by

Zz=t+2mn,
(7)
where n can be any integer. Inavery rea sense, the electric field in (6) is propagating like a
moving wave up the z-axis. And, so isthe magnetic field. Such awaveiscalled an ‘electro-
magnetic wave' . Radio waves, light waves, gammarays are al examples of electro-magnetic
waves.

Onceagain, | leaveit to you to verify that al of the equationsin (1) are obeyed by (6).



