o m Sample Exam

Problems marked with an asterisk (*) are particularly challenging and should be given careful consideration.

I. (é) Consider the two surfaces p = 3 csc ¢ (given in spherical coordinates) and r = 3 (given in cylindrical
coordinates). Are they the same surface, or are they different surfaces? Explain your answer.

(b) Consider the two surfaces sin¢ = cos ¢ (given in spherical coordinates) and z = /72 (given in
cylindrical coordinates). Are they the same surface, or are they different surfaces? Explain your
answer.

2. Describe the following in rectangular coordinates:

(a) The intersection of the surfaces given in cylindrical coordinates by § = Zand @ = 33’1

(b) The intersection of the surfaces given in spherical coordinates by p = 1 and 6 = 3

3. Find a pair of values z, y with0 < z < 1,0 < y < 1 such that f (z,y) > 8, or show that no such values
x and y can exist, for each of the following functions of two variables:

1 1
@ f(z,y)= - +§
g () f(z,y) = 27v+25
1
© flz,y)= Py
(d) f(zx,y) =cos(2z +3y+1In (z® + y?))
1
© f(z,y)= z-y+1

4. Leta = OP, where P is the point (2, 2,1/2). Compute the vectors b and c.

PQ2,2,\2)

5.Leta=(z+y)i+2j+ykandb=23i+ (dz+y+1)j+4k.
(a) Find values of z and y such thata L b.

(b) Find values of z and y such that a || b. (Hint: Assume that ca = b for some value c.)

6. Let a, b, and c be three vectors in the plane 3z—5y+6z = 7. Compute (—a + 4b — 7c)-(—3i + 5j — 6k).
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CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

1. Letr, s, and t be distinct non-zero vectors in space. Which of the followmg must be true, which might
be true, and which cannot be true? Justify your answers. :

(@ Ifr|[sands| t,thenr | t.
() Ifr L sands L t,thenr L t. ,
(© Ifrx(sxt)=0ands xt#0,thenr L (s +t).
(d) Ifr-(sxt)=0ands x t # 0, thenr L (s +t).
8. Suppose we have three distinct unit vectors a, b, and ¢ which satisfy the following conditions:
()bxc#0 (iax (bxc)=
Which of the following must be true, which might be true, and which cannot be true? Justify your
answers.
(a) b is perpendicular to c.
(b) ais perpendicular to c.
(c) ais perpendicular to b.
9. Describe and sketch the surfaces in space defined by the following equations.
@ y=-z+1
®) z24+y%2 =3

10. Referring to the diagram below, give the component representation of each vector. N

2 Circle

(a) a
® b
(c) axb
(d a+b.
() (a+Db) x(axb)
1. LetN=i—-j+k
(a) What is the equation of the plane P containing (0,0, 0) with normal vector N?
(b) Find two unit vectors u; and u; in the plane P which are not parallel to one another.
(c) What is the relationship between N and u; x ug?

12. (a) Show that the line given by z = ¢, y = 3t — 2, 2 = —t intersects the planez +y+2=1
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FHAPTER 9 SAMPLE EXAM SOLUTIONS

® Fmd a point of intersection.
13. Consider the plane .7; +y+ z=0.
f"(a) Give three distinct points with integer coordinates that lie on this plane.
(b) Find the area of the triangle formed by those three points. e
l 4. A pat‘ticle moves in such a way that its path traces out the circle 2 + y% = 4; z 3.
(a) Write an equation of the curve traced out by the particle in cylindrical coordinates.

(b) Write an equation of the curve traced out by the particle in spherical coordinates.

Sample Exam Solutions

(@ p= ~3"cs<':¢ = psing = 3orr 3 in cylindrical coordinates. These are the same surface,
cylinder of ‘ra‘diusf3,,_u T gl k

¥ R

(b) The surfaces are different. The surface cos o= %, p = 0is a single cone, and the surface 7 risa
- double cone. L i

(a) The infersection of two half-planes, namely, the z-axis

 (b) Thecircley? + 22 1 in the yz-plane (z
3. (a) z =0.25,y = 0.25 gives f (z,y) = 8.

() z =0.9,y = 0.9 gives f (z,y) = 9.9.

.«1 1
< —<1
©z<@igEr1s

(d) |cosw| £ 1 for any w

(e)  =0.09,y = 0.99 gives f (z,y) = 10
4. b =(2,2,0),c = (0,0,v2)
5. (a) x = —1, y = 1 (among others) b)r -2,y=28
6.0

()




CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

10. (a) a=-—

11 (a)’w—y\‘+z=0

c). True Tis parallel to sXt o
(d) False: r=s+1t _L s xt, butr (s +t)';é 0
8. (a) Might be true

(b) True

(c) True

9 (a) y+z41 a plane

(b). z? o y2 = 3, a cylinder of radius \/_
\/51 + \/—J

®) b=vZi+7j

(c) a x b= —4k

(@) a+b=2v2j

(&) (a+b) x (a x b) = 82i

() ur = i+ i, up = Lsj+ Lk

(© V” u; X ug ’

12. (a) Thelineis L: r (t) = (0, —2,0)+¢ (1,3, —1) and the normal to the plane is (1, 1, 1). Since (1,3, —1)
- (1,1,1) = 3 # 0, these vectors are not perpendicular and thus the line intersects the plane.

(b) Whent=1,r(1) =(1,1,-1) isintheplane:v+y+z =1.

13. @ P =(1,-1,0), Pr=(1,0,-1), B =(0,-1,1)

(b) Ifa= P1P2 -_] —kandb = P1P3 = —1i+ k, then the area ofthe trlangle is 5 [a X b| = 3[

14. (a) Cylindrical coordinates: s () = (2, t, 3,0<t<2nm

(b) Spherical coordinates: w (t) = <\/ﬁ,t, arccos 731—3>, 0<t<2rx
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