Practice Problemsfor Exam 2 - Math 21a - Spring 2000

Fall 1999 Exam 2
1. Condder the surface where the function

a(X, Yy, 2 =y*- 3xy + 2X + 2X - z iszero.
a) Find the tangent plane to this surface a
(-1, 0, -1).
b) Find apoint P on this surface where the
tangent plane is given by the equation
x =y. Explain your reasoning.
¢) Find the best linear approximetion to this
function g(x, y, 2) at the point (-1, O, -1).
d) Find adirection (aunit vector) in which the
directiond derivative of g at
(-1, 0, -1) is zero.

. Suppose that the moon is modeled by the ball
wherex® + y* + Z £ 1. If the temperature of a
point (X, Y, 2) in or on the moon at a particular
timeis given by the function

T(X,V,2) =50(1- X? - y? - z%) +10(+/3 X+ 2)

then find:

a) The (x, y, 2) coordinates of the hottest of the
points on the surface of the moon.

b) The (X, y, 2) coordinates of the pointsin or on
the moon where temperature is greatest.

¢) The (X, y, 2) coordinates of the pointsin or on
the moon where the temperature is least.

Indl cases, make sure you judify your

conclusons.

. Thepogtions of arat and asnail on the xy-
plane are given, respectively by

r)=@Q+t)i+{*+t)j] ad
s(t) = cos(t) i + (t2- 1),

wheret istime measured in seconds.

a) Givethe velocity and acceleration vectors for
theratat=0.

b) Give the velocity and acceleration vectors for
thesnail at = 0.

) The temperature of any point (X, y) on the
planeis position dependent and thus given
by afunction, T(x, y), measured in degrees.
In particular, note that the temperature at
any given point does't change with time.
However, asthe rat and snail are moving,
they fed the temperature change. For
example, a t = O therat fedsthe
temperature increase a the rate of 3 degrees
per second, while the snall fedsthe
temperature decrease at the rate of 1 degree
per second. With the preceding understood,
compute NT at the point (1, 0).

4, Letf(x,y)=x2y- 4xy + y/3.

a Finddl criticd points of f.

b) Identify the points found in Part aasloca
maxima, minimaor saddle points. Justify
your answers.

¢) Find the directions of maximum increase and
decrease of f at (1, -3).

d) Find the tangent vector to thelevel curve of f
through (2, 4).

. Usethe best linear gpproximation to

f(x, y) = €y a aconvenient point to esimate
thevaueof f at (0.1, 25.3).

. Integrate the function f(x, y) = x*y over the

regionwherex 3 0,y3 Oandx*+y* £ 1.

. Cdculatetheintegra C‘QZeXZ dA where Risthe

trianglewhere O£y £ 1andy £ x £ 1. Thus,
the verticesof Rare (0, 0), (1,0) and (1, 1) in
the x-y plane.



Additional Problems

8. Findthe linear gpproximation to the function f
X, ¥, =xy+yz+zxat
a) thepoint (1,1, 1).
b) thepoint (1, O, 0).

9. Find 1111—W ar,9)=(1-1)if
r
w=(x +y+2)?*cos(p (x +4y)/3)
and (x, y, 2) arethefallowing functions
of rands

X=r-s y=cosr+s),and z=9nr+59).

10. Find z—\:v at=1forw=2ye -Inz and for x

=Int*+1),y=tan'tand z=¢€.

11. Find Nf at (1, 1, 1) for
f(x,y, 2 =x*+y*-2Z+zInx.

12. Find the directiond derivative a (0, 0, 0) in the
directionof u = (2, 1, -2)/3 for the function f (X,
Y, 2) = 3 € cos(y2).

13. Find the unit vector giving the direction of most
rapid increase at the point (1, 1, 1) for the
function
f (X, ¥, 2) = In(xy) +In(y2) + In(x2).

14. Edtimate the amount by which the function g(x,
Yy, 2 =x+xcos(2) -ysn(2) +y
will change if one movesfrom (2, -1, 0) a
distance 0.2 units towards the point (0, 1, 2).

15. Find the equation for the tangent plane at
(O, 1, 2) to the surface where (X, y, 2) obeysthe
equation cos(px) - X’y + €“+yz-4=0.

16. Find the equation for the tangent plane a
(1, 2, 1) to the surface where Z =y - x.

17. Thederivaive of acertain function f (x,y, 2) a a
certain point Pis greatest in the direction of the
vector (1, 1, -1) and in this direction, the
derivativeis 2+/3 . What is the derivative at P of
this same function in the direction of the vector
(1, 1,07

18. And the maximum and minimum vaues of
f(X,y) =2x*- 4x + y* - 4y + 1 on the triangle
in the firgt quadrant boundaries lie where
x=0, y=2and y = 2x.

19. Find the maximum and minimum vaues of

f (X, y) = (4x - x°) cos(y) where (x, y) obey the
conditionsO£ x £ 3and-p/4 £y £ p/4.

20. Find the maxima, minima and saddle point of a
functionf (x, y) (if any), given that the partid
derivativesof f aref,=9x*-9
andf, =2y + 4.

21. Find the dimensions of the rectangle of grestest
areathat can beinscribed in the dlipse where
x°/16 + y?/9 = 1 whose Sides are pardld to the
coordinate axis.

22. Find the point on the planex + 2y + 3z=13
which is closest to the point (1, 1, 1).

23. Find the points on the surface Z = xy + 4
closest to the origin.

24. The surface of a space probe is in the shape of
the dlipsoid 4x* + y? + 47 = 16. Meanwhile,
the temperature on the surface of this probeis
given by
T(X, y, 2) = 8x* + 4yz - 16z + 600.

Find the hottest point on the surface.

25. Findthe 2~ 2 matrix f 2 of 2™ order partia
derivatives of
f(X,y) =X +xy-5x%+ In(x* + 1).



26. Find the best linear approximation to
f(x,y,2)=xy+2yz-3xzat (1, 1, 0).

27. A closed, rectangular box isto have volume
V cnt. The cogt of the material used in the box
isa cents/ent for the top and bottom,
b cents/en for the front and back, and
¢ cents/en for the remaining Sides.
Intermsof V, find (a, b, ¢) which minimizethe
cost of the box.

28. Show that the curver(t) = (Int, tInt, t) is
tangent to the surface xZ - yz + cos(xy) = 1 at
the point (O, 0, 1).

29. Show thet the only possible maximaand minima
of zon the surface
z=x%+y* - 9xy + 27 occur a (0, 0) and
(3,3). Show that (0, 0) is neither a
maximum nor aminimum.
Is (3, 3) amaximum or minimum?

30. Integrate f(Xx, y) =x +y+ 1 over theregion
where-1£Ex£1land-1£y£0.

31. Integrate f (X, y) = % over the region in the first

quadrant cut out by the four lines whose
equationsare y=x, y=2X, x=1,
andx = 2.

32. Integrate f (X, y) = ﬂyy over the region where

OExEpadxEYyEDp.
(Hint: Be careful when you choose the order in
which to do thisintegrd.)

33. Integrate f (X, y) = x* € over the region where
OfyElandyE£XE L

34. Find the volume of the solid where O£ x £ 3,0
£y£2 and OF£ z£ 4 -V~

35. Find the area of theregionwhere O£ y £ 6 and
VISEX £ 2y.

36. Find theintegral of 2/(1 + (x* + y?)¥?) onthe
region where
-1Ex£0and-(1-x)Y2E£y£0.

(Hint: Use polar coordinates.)

37. Find the areaenclosed by 1 leaf of therose
r =12 cos 3q.

38. Theregion thet liesingde the cardioid
r=1+cosq andoutsdethecircler = 1isthe
base of a solid, right cylinder whose height is
gvenby z=r cosq.

Find the cylinder’ s volume.



