Qs = QT glvcs ~99.2647 + 1.1495Q2 + Q2 = 9175 = Qz a5 1058 o and menQ;N 1117 0
e _.r-Q1 is. 1a:rger than the allowable maximum ﬂow to Turblne 1, but thc rcsult 1nd1catcs _that the_ﬂow t_ :

- {b) One way o vlsnahzc ‘a funcnon of two varlablcs is by graphmg 1t, rcsultmg in thc surfaoc z= f (m, _y
. method for vtsuahzlng a funcnon of two vanablcs isa contour map Thc contour map consxsts of level curves of

whm::klsaconstant

3 T

(=.r)—'(¢,b) f ( y) :
~ point (a b) along any path is _wnthm thc dornam of f We can show that
ﬁndmg two dlffcrent path approachmg the pomt along whlch f (:r, y) has daﬁ'ercnt lnmts _' _

-lln'ut ata pomt docs not cmst by L ;

4 (a)SeeDcﬁmtlonll23 ' : Ny
) If f is contmuou on ]R2 1ts graph will appear as a surface wlthout holcs or brcaks ) _

oL T AR e e Ce et bmme aen e e e me o
NN AR R R LT LLLUtTT I L LT T

5. (a) See (2) and @yin Scctlon 11 3 _
{b) Secthe dlscussmn prcccdmg Example 2 on page 769 . ;
{c) To ﬁnd f,, regard K as a constant and dlﬁercntlate _f (:c y) w1th respect to z. To ﬁnd fy, rogard x as a constant

8 Sec (3) and (4) and c'.accornpanymg dlscussmn in- Secnon 11 4 Wc can mtcrpret thc hneanzanon of f __;_(a-, b)_t S A

gcometncally as thc lmear functlon whosc graph is thc tangcnt plane to the graph of f at (o., ) Thus 1t is thc lmcaf
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11. See (2) and (3) in Section 11.5.
12. See (7) and the preceding discussion in Section 11.5.

13. (a) See Definition 11.6.2. We can interpret it as the rate of change of f at (o, y6) in the direction of u.
Geometrically, if P is the point (zo, ¥o, f (Zo,7c)) on the graph of f and C is the curve of intersection of the
graph of f with the vertical plane that passes through P in the direction u, the directional derivative of f at
(zo,yo) in the direction of u is the slope of the tangent line to C at P. (See Figure 5 in Section 11.6.)

{b) Sec Theorem [1.6.3.
14. (a) See (8} and (13) in Section 11.6.
(b) an(mly) = vf(zny) suor Duf(a::y: Z) = Vf(:.c,y, Z) u

(c) The gradient vector of a function points in the direction of maximum rate of increase of the function. On a graph
of the function, the gradient points in the direction of steepest ascent.

15. (a) f has a local maximum at {a, b) if f{z,y) < f(a,b) when (z,y) is near (a, b).
(b) f has an absolute maximum at (a, b} if f(z,y) < f(a,b) for all points (z, y) in the domain of f.
(¢) f has alocal minimum at (a,b) if f{z,y) > f{a,b) when (z,y) is near (a, b).
(d) f has an absolute minimum at {(a, b) if f{(z,y} > f(a, b} for all points {z, y} in the domain of f.
{¢) f has a saddle point at (a, b) if f{a, b) is a local maximum in one direction but a local minimu.m in another.
16. (a) By Theorem 11.7.2, if f has a local maximum at (a, b) and the first-order partial derivatives of f exist there,
then fz(a,b) = 0 and f,{u,b) = 0.
(b) A critical point of f is a point (a, b} such that f.{a,b) = 0 and fy(a, b) = 0 or one of these partial derivatives
does not exist.
12. See (3) in Section 11.7.
18. (a) See Figure 11 and the accompanying discussion in Section 11.7.
{b) See Theorem 11.7.8.

(c) See the procedure cutlined in (9) in Section 11.7.

19. See the discussion beginning on page 822; see the discussion preceding Example 5 on page 826,

A TRUE-FALSE QUiZ A

fla,b+h)
h

1. True. fy(a,b) = ;l;iﬂ}) - fla,b) from Equation 11.3.3. Leth =y — b. Ash — 0,y — b. Then by

fle,y) — fla,b)

substituting, we get fy(a,b) = lim

y—b y— b
2. Talse. If there were such a function, then fi, = 2y and fy. = 1. So fzy ¥ fyz, which contradicts Clairaut’s
Thecrem.
a*f
. False. fo, = ——=—.
3. False. foy Byoz

4. True. From Equation 11.6.14 we get Dy f(z,y,2) = Vi(z, v, 2) - (0,0,1) = f.(z, v, 2).
5. False. See Example 11.2.3.
6. False. See Exercise 11.4.40(a).
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7. True. If f has a local minimum and £ is differentiable at (a, b) then by Theorem 11.7.2, fz(e,b) = 0and
fy(ﬁ, b) =0, s0 Vf(a, b) = <f1=(a: b): fy(ﬂ, b)) = (070} = .

8. Faise. The limit does not exist because the function is not defined on the line y = z, and so we have a path
approaching the point (1,1) along which f does not approach %

9. False. V f(a, y) {0,1/y).

18. True. This is part (c) of the Second Derivatives Test (1 1.7.3).
11. True. Vf = {cosz,cosy), 50 |V f| = /cos? z + cos® y. But jcosf| < 1,50 |Vf| < V2. Now
Duf (z,9) = V§-u=|Vf]lu] cos 8, but u is a unit vector, so [Dufiz, ¥} < V2-1-1=+2.
12. False, See Exercise 11.7.29.
& EXERCISES &

1. The domain of sin™? z is —1 < z < 1 while the 2.D={(=zv2)|z2 z? + y*}, the points on
domain of tan~! 3 is all real numbers, so the and above the paraboloid z = 2 442,
domain of f(z,y) = s:'uf_1 ¢ + tan"tyis
{zy) | -1 <z <1}, |

ol X

3. 2z = f(z,y) = 1 — 2* — y*, a paraboloid with .z = f(z,y) = Ja? +y? —1,s0z > 0and

vertex (0,0,1). 1 = &? + y? — z° Thus the graph is the upper

half of a hyperboloid of one sheet.
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5 Lotk = ¢ ° = e~ (*" ") be the level curves. Then 6. k = z* + dy or 4(y — k/4) = —<2, a family of

—lmhk=c=2z*+ y°, so we have a family of parabolas with vertex at (0, k/4).

concentric circles.

(o]

-
\\
fane]
i
o

b
H 4

o

QO
@

9. f is arational function, so it is continuous on its domain. Since f is defined at (1, 1), we use direct substitution to

— . 2zy 211 2
evaluate the limit; (z,y%l—»m(m) PN Y =1 3(1)2 =3

10. As (z,y) — (0,0} along the z-axis, f(x,0) = 0/z* = 0 for z # 0, so f(z,y) — 0 along this line. But
flz,2) = 22%(32%) = £, s0as (z,y) — (0,0) along the line z = y, f(z,y) — 2. Thus the limit doesn’t exist.

M. () T2(6,4) = lim T_(ﬁ + h,4}1 — T(6,4)

, 80 w¢ can approximate 17 (6, 4) by considering A = +2 and using the

values given in the table: 7,(6,4) = Ti&,4) ;T(ﬁ’ 4) _ 86 ; 80 _
T{4,4)-T(6,4) 72—80

-2 —2

37

T.(6,4) =~

= 4. Averaging these values, we estimate 7% (6, 4) to be

T(6,4+k)—T(6,4
approximately 3.5 °C /m. Similarly, Ty (6,4) = iin}} (6,4+ })l (6,4)
T(6,6) ~T(6,4) 75—-80
2 o2 7

, which we can

approximate with h = £2: T,(6,4) ~
7(6,2) — T(6,4) _87-80 _

—2 =2 7
approximately —3.0°C /m.

—2.5,

Ty(6,4) =~

—3.5. Averaging these values, we estimate T, (6, 4} to be
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(b) Hereu = <%, —k> so by Equation 11.6.9, DuT'(6,4) = VT(6,4) - u = T(6,4) & +Tu(6,4) —5- Using

our estimates from part (a), we have D, T'(6,4) ~= (3.5) 71-5 +(-30) 5 = 7o # 0.35. This means that as

we move through the point (8, 4) in the direction of u, the temperature increases at a rate of approximately
0.35°C /m.

T(6+ h%,4+h715) —T(6,4)

Alternatively, we can use Definition 11.6.2: DuT'(8, 4) = iin}) , which we

h
. . T7(8,6) — T(6,4) 8080
can estimate with h = £2+/2. Then D, T(6,4) = = =0,
an estimate wi V2 (6,4) " _ Wi

T(4,2) - T(6,4) 74-80 _ 3
—2v2 T —2v2 V2

D,T(6,4) =~ E% 2 1.1°C /m.

D.T(6,4) = Averaging these values, we have

_ 8 L Telz,y + h) — Tz, ¥) L T.(6,4 + h} — T=(6,4)
© Tal9) = 5 [T )] = fim : 50 Tay (6,4) = limy 0

which we can estimate with A = £2. We have T;,(6,4) = 3.5 from part (a), but we will also need values for

T, (6,6) and 7% (6,2). If we use h = +2 and the values given in the table, we have
] -T - T(4,6) — _
r(8,6) = T(6,6) _ 80 —T5 _ ¢ 7 (5 6y~ (4,6) ~T(6.,6) _ 68 — 75 _ ..
2 2 -2 -2
Averaging these values, we estimate T (6,6) = 3.0. Similarly, '
(8,2) — T=(6,2) _ 90 — 87 T(4,2) - T(6,2) T4 — 87
= = 1. Tn: ,2 = = =
2 2 1.5, 12(6,2) _ —2 -2
Averaging these values, we estimate 732 (6,2) ~ 4.0. Finally, we estimate Ty (6,4):
Tz(s,s)gTz(ﬁA} _ 30 ; 35 _ g5,

T.(6,6) =

6.5.

T,(6,2) ~ &

Tey(6,4) =

Tey(6,4) = L2 (6, 2)__2 T(6.4) _ 4'0:2 85 _ (.95, Averaging these values, we have

Ty (6,4) = —0.25.
12. From the table, T(6,4) = 80, and from Exercise 11 we estimated T (6,4) = 3.5 and Ty(6,4) ~ —3.0. The lincar
approximation then is
T (z,y) = T(6,4) + Tx(6,4)(x — 6) + T, (6,4)(y — 4) = 80 + 3.5(x ~ 6) — 3(y — 4)
=35z —3y+ 71

Thus at the point (5, 3.8), we can use the lincar approximation to estimate
T{5,3.8) = 3.5(5) — 3(3.8) + "1 = 77.1 °C.

) - 1
B fly) = VTR = fe=12e+y) Q) = ——,
2z + y?
—~1/2 Y
f:lQ:t:-!-y2 M2y = —=—
Y 2( ) ( } 2$+y2
18 u=eT"s5n20 = u,=—e "sin2f, ug =2 cos28

15. g(u,v) = utan~ v = gy =tan v, gy = el

1402

:
{
3
it
'

AT g e




16.

17.

18.

19.

21.

22,

23

23,

25,

26.
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e i 2 T
W= = Wy = — ity =x(=1 —z = - .
s o wy = 2(= 1)y - ) Ppn
w. — o{— )= — %
T(p.q,r) =phig+e) = T,=In{q+e), T, =—— 7. =-P°

g+e’ T T gder

C = 1449.2 + 4.6T — 0.0557 % + 0.000297* + (1.34 — 0.017) (§ ~ 35) + 0.016D =

8C/8T = 4.6 — 0.117 + 0.00087T* — 0.01 (S — 35), HC/HS = 1.34 — 0.01T, and 8C /8D = 0.016. When
T =10, § = 35, and L = 100 we have 8C/8T = 4.6 — 0.11(10) + 0.00087(10)% — 0.01(35 — 35) ~ 3.587,
thus in 10 °C water with salinity 35 parts per thousand and a depth of 100 m, the speed of sound increases by about
3.59 m/s for every degree Celsius that the water temperature rises. Similarly, 3C/88 = 1.34 — 0.01(10) = 1.24,
so the speed of sound increases by aboul 1.24 m/s for every parl per thousand the salinity of the water increases.
JC /8D = 0.0186, so the speed of sound increases by about 0.016 m/s for every meter that the depth is increased.

flz,y) = dz? — :ug,,r2 = fo = 1227 — 42, fy = =22y, foa = 24z, fyy = —2z,and fay = fyo = —2y.

—2 —2 —2 - -
Lz=xe Y = oz =7 2y = —2me Y, 20, = 0, 2y, = 4ze % and Zoy = Zyz = —2e 2,

f(:t:,y, Z) = xky.izm = f:z — kmk—lyizm, fy = kayi—lzm, fz = mﬂmkyizm—l,
fxx — k(k . l)xk—Z,yi’zm: fyy — E(Z _ l)zky£—2zm, fzz = m(m . 1)xkyizm—‘2: fu:y — fyz — klmk_lyi"lzm,

f:z:z - fz:r = km,mk_lyizm_l, and fyz — fz:y = lmmkyi—lz'm—l.

v=rcos(s +2t] = = cos{s+2t),v; = —rsin(s+ 2¢t), v: = —2rsin(s + 2t), vrr = 0,
Uss = —7CO8(8 + 2T}, yy = —4rcos(s + 2t), ves = Ver = —sin(s + 2t), Ve = vy, = —2sin(s + 2¢), and

gy = Ups = — 27 €os(5 + 2t).

I

u=21" = w,=yr' ' uy, =z¥nzand (z/y)u; + (lnz)  uy, =2V + ¥ = 2.

2 .2
p:\j$2+y2+z‘2 = p.c:"_#"_-pxm y+b

(2242 £2)3/2

e 2 2 2
x4z 2+ y
By symmetry, p,, = T and p,, = " YL Thus
(2% + 2 + 2%) (2* +4* + 2%) .
2 oyt + 22 2 2

p:r:r+p +Pzz:2 | = = .
vy (22 4+ 42 4+ 22)%7 (22 +y2 4+ p

(@) zz =62+2 = 2(1,-2)=8andz, = -2y = z,{1,—2) = 4, s0 an equation of the tangent planc is
z—1=8z-1)+4(y+2)orz=8c+4dy+ 1.

(b} A normal vector to the tangent plane {and the surface) at (1, —2,1) is {8, 4, —1}. Then parametric equations for

the nermal line there are # = 1 4-8f, y = —2 + 4¢, 2 = 1 — ¢, and symmetric equations are
=1 y+2 z-1
g8 4 7 -1
(@) 2z =e®cosy = 2(0,0)=1andzy = —e"siny = 2,{0,0) = 0, so an equation of the tangent planc

sz—1=1{z-0)+0(y—0Qorz=x+1.

{b} A normal vector to the langenl plane (and the surface) at (0,0,1) is {1,0, —1}. Then parametric equations for

the normal line thereare =1, y = 0, z = 1 ~ ¢, and symmetric equationsare z = 1 — z, y = 0.




312 O CHAPTER11 PARTIAL DERIVATIVES

21. (@) Let F(z,y,2) = 2% + 2y% — 32% Then Fy = 20, Fy = 4y, F> = —6z, 50 Fx(2,-1,1) = 4,
Fy(2,-1,1) = -4, F.(2,-1,1) = —6. From Equation 11.6.19, an equation of the tangent plane is
4z —2) —Hy+ 1) —6(z—1)=00r equivalently 2z — 2y — 32 = 3.
r—2 wy+1 2-1

(b) From Equation 11.6.20, symmetric equations for the normal line are = 4 e

28. (a) Let F(z,y,2) = zy + yz + 2%. Then Fo =y + 2z Fy=2+2z F. = z + ¥y, 50
F.(1,1,1) = F (1,1, 1} = F:(1,1,1) = 2. From Equation 11.6.19, an equation of the tangent plane is
2z - 1) +2(y—-1)+ 2(z — 1) = 0 or equivalently = + ¢ +z=3
z—1 y-1_z-1

{v) From Equations 11.6.20, symmetric equations for the normal line are 5 =3 ~ 3 or equivalently

rT=y=z

29, (a) r{u,v) = (u+ v)i+uw i+ v k and the point (3,4, 1) corresponds tou = 2, v = 1. Thenry =i+ 2uj =
ro(2,1) =i+4jandr, = i+ 20k = ro(2,1)=i+2j A normal vector to the surface at (3, 4, 1) is
Iy X Ty =8i—2j—4k,s0an equation of the tangent plane there is 8(z — 3) — 2(y — 4) — 4(z—-1)=0o0r
equivalently 4= — ¥ — 2z = 6.
(b) A direction vector for the normal line through (3, 4, 1)is8i—2j—4k,s0a vector equation is
r(t) = (3i+4j+ k) +t(Bi—-2j—4 k), and the corresponding parameiric equations are £ = 3 -+ 8L,
y=4—2t,z=1—4t.

30. Let f(z,y) = z? + 2zy. Then fz(z,y) = 32 + 2y and

40 f
Fy(zx,y) = 22,50 f(1,2) =7, f5(1,2) =2 and an
equation of the tangent plane is z — 5=T(z—1)+2(y - 2) 204
or 7z + 2y — z = 6. The normal line is given by z
z—1 y—-2 z—9 ot
—_— = —— = = = 2%

7 5 ) orx="Tt+1, ¥ _2—!—2,
z=—t+5.

N F(z,y,2) = z? + % + 2%, VF{(xo, ¥0, zp) = (2z0, 240, 220) = k{2,1, -3y orzo = k,yo = %k and zg = —3k.
But 22 + ¥ + 26 = 1,50 Ik =1landk= :t\/g. Hence there are two such points: (i.\/g, iﬁ,qiy%‘).

9 ;= cltenly = dz=(2z tan” ' y) dz + [z% (v +1)] dy

3

B, flz,y,z) =2V +22 = folz,y, 2) = 32°4/y% + 2%, folz,v,2) = ﬁ’?’;—mﬁ,and

z$3

fz(mayaz)_—_ W

f-(2,3,4) = % = 22 Then the linear approximation of [ at (2,3,4)is

50 £(2,3,4) = 8(5) = 40, f=(2,3,4) = 3(4) 35 = 60, £(2,3,4) = 38 = &, and

flz,y,2) = F(23,4)+ f2(2,3,4)(= - 2) + f{2,3, )y - 3) + £2(2,3,4)(z —4)
04 60(z—2) + By —3)+ R(z-4)=060c+ Ty T 82, - 120
Then

(1.98)° /(3012 + (3.97)2 = f(1.98,3.01, 3.97) ~ 60(1.98) + ¥ (3.01) + 32(3.97) — 120
= 38.656

—

el e T

DN T H ot
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A
(a) dA = %4 dx + g_y dy = jydz + 2z dy and |Ax} < 0.002, |Ay| < 0.002. Thus the maximum error in the

calculated area is about dA = 6(0.002) + £(0.002) = 0.017 m® or 170 cm?,

b) 2 = /a2 +y2, dg-\/i \/—
error in the calculated hypotenuse length is about dz = 5(0.002) + $2(0.002) = %47 = 0.0026 m or
0.26 cm.

dy and |Az| < 0.00Q, |Ay] < 0.002. Thus the maximum

dw 1 oo 2 -y’ 29 (a2 o ¥
Z -1 (2e t)+?(3t2+4)+z—2(2t)=e‘+-;(3t +4) -5
8z . . . X .
bu = (—ysinzy — ysinz)(2u) + (—zsingy + cosz) = cosz — 2uysinz — (sinxy}z + 2uy),
Oz . . . . .
0= (—ysinzy — ysing)(1) + (—z sin zy + cos ) {—2v) = —2vcos z + (sin 2y)(2vz — y) — ysinz
, Oz _ 020z , 0z 0y
h = = = g(1 = = =
By thf: Chain Rule, — 95— Oe s + = By Bs -Whens=1landt =2,z =g(1,2) =3andy = h(1,2) =6, so
0z _ _ _ - b8z 9z0x Oz9y
B = fx(3,6)9:(1,2) + fu (3,6) hs(1,2) = (T)(—1) + (B)(—5) = —47. Similarly, — 5% = 520t By By 0’ S0
H
5 = f=(3,6)9:(1,2) + £y (3,6) he(1,2) = (T){4) + (8)(10) = 108,
W Using the tree diagram as a guide, we have
////'\\\\ du_Bwor  dwdu  dwdy
dp OtHp  Oudp v op
‘ : “ dw_dwor  owdu  buow
AANNVZAAN VAN bo D00 fubg T ovde
dw Owd  Swdu  Hwdv
PO PP AT s g o= Touar T avor
dw_wdr  dwiu  dwde
As ~ Bt Hs  Ouds  Ov Bs
dz 8z ' df
32 = 2zf'(z* — ¢*), 5 =1—-2yf'(2® ~ ) [wheref =0 | . Then
e Oz /
yaz+ y—2:cyf(a: ~¥") +z~ 2oy f(2® — %) =
A = leysing, dau/dt = 3, dy/dt = ~2, d#/dt = 0.05, and
d d d
d? % (ysinﬂ)d—f—l—(msmﬂ)%-ﬁ-(xycosﬁ) dﬂ] So when o = 40, y—50and9— %
d 1 .
d_’;‘ = 2 [25)@) + (20)(~2) + (1000v3) (0.05)] = %L;’M % 60.8 in/s.
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0z 0Oz dz —y

"9z 3uy+ 811_1-2—and

8z a 6_ 2y Oz —y a8 {0z

822 = ¥ 9z \ Bu t 5‘1; 22 §z \ Ov

_ 2y Bz 2z -y &z — 8%z

rErs (Bu"’y * Bodu 22 ) o (8112 2 " Budu?
T 2300 Y B2 T a? Budv |zt 9t

gz dz 1oz
Alsoa $E+z8v and

i 9 (05,10 (02 _ (0 Fr1) 1[0, &
2 7 By \ Bu zdy \dv /) T\ Ou? SvBu x z\ iz Hudv

5 0%z 5%z 1 &%z
=z -5+

52 ¥ Budy T 2 0v?

4

Thus _
xg(’?zz y262z_@62+2262_2y2 622; +£Qf£_xy&_ 282,3 y82
Oz2 8y? P Ju? udv = a2 G2 Bu? fudv 22 Ov?
2y 0z s 8%z 9z 8z
z v Y udw . Y Budw
. uv 2
sincey = zv = — ory” = uv.
Yy
dz Fy yze™¥* — 2z2° 2z2° — yze®V?
42, = &"¥*" — —z? = _—=—— = — =
Flz,y,2)=e yz' — 2’7 =050 dz F, TyeTyz — dyzd — 3x222  Tyetvs — 4y2d — Jx?22
8z F, rze*¥* — 24 2t — zze®V?

42 = =~ = :
an ay Fz Eyezyz _ 4yz3 —_ 33:222 xyezyz — 4y23 — 3:13222

43. Vf=< 2 /gey, x—fy_g Qzex\/_>—ze“‘/-<z\/§, Wk >

44. (a) By Theorem 11.6.15, the maximum value of the directional derivative occurs when u has the same direction as
the gradient vector.

(b) It is a minimum when u is in the direction opposite to that of the gradient vector (that is, u is in the direction
of —V f), since Duf = |V f| cos # (see the proof of Theorem 11.6.15) has a minimum when & = 7.

(c) The directional derivative is 0 when u is perpendicular to the gradient vector, since then Duf=Vf-u=0.

(d) The directional derivative is half of its maximum value when D f = |V flcosf = 3 |Vf| &

— 1 o
cosf=3 & f=3.

8. V1 = (15, ~25), V£(1,5) = {1,-10), u = (3, ~4). Then Duf (1,5) =
8. Vf = (2oy + T+ 2,2°,0/(2VTF2)), V/(1,2,3) = (6,1, %), and u = (3,3, ). Then
Daf(1,2,3) =

1. Vi = (2zy, 2% + 1/(2/7)), IVF(2,1)] = [(4, 3)|- Thus the maximum rate of change of f at (2,1} is 158 in
the direction (4, 3
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8. V[ = {zye™, zze™, ™), VF(0,1,2) = (2,0, 1) is the direction of most rapid increase while the rate is

‘(2i031)I = \/5

49. First we draw a line passing through Homestead and the eye of the hurricane. We can approximate the directional
derivative at Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed
between the points where this line intersects the contour lines closest to Homestead. In the direction of the eye of
the hurricane, the wind speed changes from 45 to 50 knots. We estimate the distance between these two points to b

approximatély 8 miles, sa the rate of change of wind speed in the direction given is approximately
50;“ = % = 0.625 knot/mi.

50. The surfaces are f(z,y,z) = z ~ 2z° 4 y* = 0 and g(x, ¥, 2) = 2 — 4 = 0. The tangent line is perpendicular to
both V f and Vg at {(—2, 2,4). The vector v = Vf x Vg is therefore parallel to the line.
Vi(z,y,2) = (—42,2y,1) = Vf(-2,2,4) = (8,4,1), Vg(z,y,2) = (0,0,1) =
ijk
Vg{-2,2,4) = (0,0,1). Hence v=Vf x Vg= |8 4 1|=41i~ 8j. Thus, parametric equations are:
001
g=—-244y=2—8tand 2z = 4.

5. flz,y) =2 ~zy+342+ 92 —6y+10 = fe=22—-y+9,
fy=—2+29~86, foe =2= fyy, foy = —1. Then f. =0 and
fy = 0imply y = 1, « = —4. Thus the only critical point is (—4, 1)

and fzz(—4,1) > 0, D{—4,1) =3 > 0,50 f(—4,1) = —1lisa

focal minimum.

’ 52 f(z,y) =2° —6zy +8° = f. =322 -6y, fy = —6z + 249°,

* fze = 6, fyy = 48y, fr, = —6. Then f, = O implies y = z*/2,

i substituting into f, = 0 implics 6z(z® — 1) = 0, so the critical points are
? (0,0), (1, 3). D(0,0) = —36 < 050 (0,0) is a saddle point while

v fe2(1,3) =6>0and D(1,1) =108 > 0so0 f(1,3) = —1isalocal
minimum.

Sl y) =3wy -2y -2y = fo=38y-2zy—y
fy =3z ~ 2% — 22y, fou = =24, fyy = —2z, foy =3 — 2z — 2y. Then
Jz =0 implies {3 — 2z — y) = 0soy = O or y = 3 — 2. Substituting into

fu = 0 implies z(3 — ) = G or 3z(—1 + z) = 0. Hence the critical points
are (0,0), (3,0), (0,3} and (1,1). 13(0,0) = D{3,0) = D{0,3}) = -9 <0
so (0, 0}, (3,0), and (0, 3) are saddle points. D(1,1) = 3 > 0 and

faa(1,1) = —2 < 0, s0 f(1,1) = 1 is a local maximurn.




316 O CHAPTER11 PARTIAL DERIVATIVES

. flz.y)=(z*+y)e¥? = f. =22ev/?, fy=e¥? (24 ¢? +4)/2,
Joz = 2e¥/2, fou = e¥/? (4 +x22 4+ y)/4, fey = xe¥/? Then f2=0
implies z = 0, s0 f, = 0 impliesy = —2. But JFee(0,—-2) > 0,

D(0,-2) = e™* — 0> 050 £(0, —2) = —2/e is a local minimum.

55. First solve inside D. Here f. = dy® — 2zy% — 33,
fy = 8zy — 22°y — 3xy”. Then f, = O implies y = 0 or y=4— 2z
but ¥ = 0isn’t inside D. Substituting y = 4 — 2 into Jy = 0 implies
r=0,z=20rz=1butz =0 isn’t inside D, and when z = 2,
y = 0 but (2,0) isn’t inside D. Thus the only critical point inside D
is {1,2) and f(1,2) = 4. Secondly we consider the boundary of D.
On Ly, f(z,0) =0andso f =0on L;. On Lg, 3 = —y+ 6and
f9—y+6,y) =*6-y)(-2) = —2(6y® — y*) which has

(0, 6)

LJ Lz

0, 0) 6.0
L, x

critical points at y = O and ¥ = 4. Then f(6,0) = 0 while (2,4) = —64. On La, F(O,9) = 0,50 f = Oon Ls.

Thus on D the absolute maximum of f is F(1,2) = 4 while the absolute mizimum is f(2,4) = —64.

5. Inside D: f, = 2ze~2"~¥" (1—2® — 2y?) = 0 implies z = 0 or 22 + 2y* = 1. Then if z = 0,

fu=29e™" " (2 2% = 2%) = Oimplics y = O or 2 — 2y” = 0 giving the critical points (0,0), (0, +1). If

2% +2y® = 1, then f, = O impliesy = 0 giving the critical points (+1,0). Now £(0,0) = 0,  ((£1,0) = e~

and f(0, +1) = 2e™". On the boundary of D: z2 4 32 = 4, so f(z,4) = e™*(4 + y?) and f is smallest when

¥ = O and largest when ° = 4. But f(4:2,0) = 4e~*, £(0,£2) = 8e™*. Thus on D the absolute maximum of f

is £(0,%1) = 2e™" and the absolute minimum is £(0, 0y =0,

5. f(z,y) = 2° — 32 4+ y* — 242

«_\"5 "-"-;;;'.'.\ p
(XS '”;;::::::E::""
5%

"0."’1_.
oes”

e
TS

fl s

e et

b

—

{(IEEEEREERNL!

From the graphs, it appears that f has a local maximum f(=1,0) = 2, local minima f (1, £1) = -3, and saddle

peints at (—1, +1) and (1,0).
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To find the exact quantities, we calculate f» =32 —3=0 <« z=+landf, =4° —dy=0 <«

y =0, %1, giving the critical points estimated above. Also fz. = 6z, fzy = 0, f,, = 12¢% — 4, s0 using the
Second Derivatives Test, D{—1,0) = 24 > 0 and fzz(—1,0) = —6 < 0 indicating a local maximum
f(=1,0) = 2; D(1,£1) = 48 > O and fs(1, £1) = 6 > 0 indicating local minima f(1, +1) = —3;and
D(—1,41) = —48 and D(1,0) = —24, indicating saddle points.

8. f(z,y) =12+ 10y —22® —8zy —y* = fu(z,y) = ~4z — 8y, fy(z,y) = 10 — 8z — 4°. Now
fz(z,4) =0 = =z = —2r, and substituting this into f,(x,y) = Ogives 10 + 16y — 43° = 0 <«
548y — 2% =0

AT
12 50
-2 3 z
0...
Ly
—12 6 . Zo'y

x

From the first graph, we see that this is true when y =~ —1.542, —(.717, or 2.260. (Alternatively, we could have

found the solutions to f, = fy = 0 using a CAS.) So to three decimal places, the critical points are
(3.085,—1.542), (1.434, —0.717), and (—4.519, 2.260). Now in order to use the Second Derivatives Test, we
calculate fax = -4, fz = —8, fyy = —12¢°, and D = 48y* — 64. So since 12(3.085, —1.542) > 0,
D(1.434,-0.717) < 0, and D(—4.519,2.260) > 0, and f. is always negative, f(z,y) has local maxima
f(—4.519,2.260) ~ 49.373 and f(3.085, —1.542) ~ 9.948, and a saddle point at approximately (1.434, —0.717).
The highest point on the graph is approximately (—4.519, 2.260, 49.373).

., 8. flz,y) =2y g(z,y) =24+ 42 =1 = Vf= <2:zy, ::2> = AVg = (2Xz,2)y). Then 2zy = 2Az and

z? = 2\y imply A = z°/(2y) and A = yif = # O and y # O. Hence z® = 2. Then 22 + y? = 1 implies

W=1lsoy=thandec= i\/g. [Note if z = 0 then 2% = 2y implies y = O and f (0, 0) = 0.] Thus the

possible points are { +,/2, +-L } and the absolute maxima are f{+,/2, 2= ) = —2Z» while the absolute minima
EREY EARVE] E

2

aref(i- %,—ﬁ) = —3—‘75.
fle ) =1+ 1/y, g(z, ) = 1/22+ 1/ =1 = Vf= (—m'z,—y_Q) =AVg = {-2xz73, —2)\y“3).
b Then—2~2 = —2)\2%orz = 2vand ~y 2= 22y P ory =2X Thus z = wsol/z? +1/y? =2/22 =1
implies = = £+/2 and the possible points are (++/2, /2 ). The absolute maximum of f subject to

2 +y2 =listhen f (v2,+/2) = +/2 and the absolute minimum is f (—v2,-v2) = —2.




s

61.

62.

63.
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flz,y,2) = zyz, glz,y,2) =2 + 4> + 22 =3. Vf = AVyg = (yz,zz,2y) = A {2z,2y,22). Ifany of z,
y,orzlszero,then:r_y--z—Owhlchcontradlctsm +y +22 =23 Then X = or = 29 === =

2%z =22°z = 3? = 2% and similarly 2yz® = 22"y = 2% = z°. Substituting into the constraint equation

givesz? +a® +22 =3 = z°=1=y® = 2% Thus the possible points are

(1,1,£1), (1,-1,£1), {(—1,1,£1), (—1,—1, £1). The absolute maximum is

f(L, L) = f(1,-1,-1) = f(-1,1,-1) = f(—1,-1,1) = 1 and the absolute minimum is
F(1,1, -1 = f(1,-1,1) = f(-1,1,1) = f(-1,-1,-1) = —1.

flz,y,2) =2+ 22 + 322, glz,y,2) =z +y+z=Lh(z,p,2) =z —y+22=2 =
Vi=1{22,4y,62) = AVg+uVh={A+pr -2+ 2 and (1) 2z = X+ p, (2) 4y = A — 4,

(3) 6z=24+2pu,(4) z+y+2=1(5 = — y+ 2z = 2. Then six times (1) plus three times (2) plus two times
(3) implies 12(z + y + 2z} = 11A + Ty, 50 (4) gives 11X 4 7o = 12. Also six times (1) minus three times (2) plus
four times (3) implies 12 (z — y + 22) = TA + 17, s0 (5) gives TA + 17u = 24. Solving 11X + Tu = 12,

7A 4 17p = 24 simultancously gives A = £, x = 22. Substituting into (1), (2) and (3) implies =z = 33,y = -5,

611__@

23— 350 39 Now since (0,0, 1) satisfies both constraints and

z = &L giving only one point. Then f (22

f(0,0,1) =3 > £, r(38 £ 1) = 33 is an absolute minimum, and there is no absolute maximum.

fle,y,2) = 2% +y* + 2%, gz, 2) = 2?2’ =2 =
VF={2z,2y,22) = AVg = ()\ygz"’, 2xryz®, 3hxy?2?). Since zy®2® = 2,2 # 0,y # 0and z # 0, s0

(1) 2z = M22%, (2) 1 = Az2®, (3) 2 = 3Azy®z. Then (2) and (3) imply L2 v =22%s0
zz8  3zyz

2

2z 2
= 2 Simi i o - 2 _ L2 = 1 2,3 _
y=1=z \/; Similarly (1) and (3) imply P2 = 3ayts or3z° = z"soz = £z Butzy“z® = 2soxandz

must have the same sign, that is, z = -‘7137.. Thus g(z,y, 2) = 2 implies -\%z(%zz) 2% = 2or z = +3%* and the
possible points are (:i:3_1/4, 3-1/4./3 i31/4) . (:t3‘1/4, —371/4,/2, :!:31/4). However at each of these points

f takes on the same value, 2 /3. But (2,1, 1) also satisfies g(z, y, z) = 2 and f(2,1,1) = 6 > 2+/3. Thus f has

an absolute minimum value of 2 /3 and no absolute maximum subject to the constraint x3°2? = 2.

. 2 2
Alternate solution: g(z,y,z) = zy*2® = 2 implies y°* = , so minimize f(z, z) = z* + 7 + z2. Then

2 8 4 24 6 N
f;_Z:z:w-Eg,f,-.—§+2z,fum2+ﬁ,fu—;-zg+2andf“—mTzZ.Nowfz—Olmphes

22%2® — 2 = D or z = 1/x. Substituting into f,, = 0 implies -6z + 2z~ =Qoraz = 1;—5, so the two critical
f 4 4 24 6 2

points are (:I:—zj—g,:lz\/g). Then D(:l:-zl\/-;,:i:\/g) =(2+4)(2+ %) - (75) > 0 and

Sz (:I:—é—s, + \‘"/ﬁ) =6 > 0, so each point is a minimum. Finally, y* = %, so the four points closest to the

origin are (i};l/'g: %,iﬁ), (:i:q‘}—i, —Jg,ii‘/ﬁ).
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8. V = zyz, say z is the lengthand = + 2y + 22 < 108,z > 0,y > 0, z > 0. First maximize V' subject to

x + 2y + 2z = 108 with z, y, z all positive. Then (yz, zz, zy) = (A, 2A,2)) implies 2yz = zzorz = 2y and

zz=zyorz=y. Thus g(x,y,z) = 108 implies 6y = 108 oryy = 18 = 2, 7 = 36, so the volume is

V = 11,664 cubic units. Since (104, 1, 1) also satisfies g(z,y,2) = 108 and V(104,1,1) = 104 cubic units,
(36,18, 18) gives an absolute maximum of V subject to g(z, y, z) = 108. But if z + 2y + 2z < 108, there exists
e > 0 such that x + 2y + 2z = 108 — o and as above 6y = 108 — « implies y = (108 ~ a)/6 = z,
z = (108 — @)/3 with V = (108 — )%/ (62 - 3) < (108)%/(62 - 3) = 11,664. Hence we have shown that the

e maximum of V subject to g(z,y, 2) < 108 is the maximum of V subject to g(z, y, z) = 108 (an intvitively obvious

' fact).
- 66, The area of the triangle is {ca sin # and the area of the rectangle is be.
- a a Thus, the area of the whole object is f(a,b,c) = 3casiné + be. The
8 c
perimeter of the object is g{a,b,c) =22 4+ 2b+c = P. To simplify sin 8
b in terms of a, b, and ¢ notice that a? sin? 8 -+ (%c)2 = g2
¢ sin# = 2—];1\/405—55. Thus f(a,b,c)=§v4a2—c5+bc.

. (Instead of using 8, we could just have used the Pythagorean Theorem.) As a result, by Lagrange’s method, we must

finda, b, c, and A by solving V f = AVg which gives the following equations: (1) ca(da® ~c?) 7% = 9y,

@ c=2%,0) {(4a* ~ )"~ 12 (402 — *) ™2 £ b= A, and (4) 20+ 26+ c = P. From (2), A = 1

AR Ears S W R

. and so (1) produces ca{da® — ¢2) "2 = o = (402~ =0 = 42-P=a® = (5 e=+3a.
r P

3+42v3 3

2
. Similarly, since (4a2 ~ ¢?)/? = a and A = ¢, (S)glvcs——:—a+b— =, so from (5), ——£+b- ‘/_“
3" a +3a o .
.= —5——=—b = (b= —(1+\/§). Substituting (5) and (6) into (4) we get:
. 2+a(1+v3)+v3a=P = 3a+2/8a=P = o= 1L —2\/5—3Pandthus
:
3

b=

(2‘\/5‘3();(1‘*'\/5)}3: 3_6‘/§Pandc=(2—\/§)P-

B 0) 1) = 2()i+y(0i+ f@@)yO)k » v=I_ 92, dvs (f= +5,% )k(by the Chain
Rule). Therefore
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) a= dv  d%z, d%, [f:: (d:c dz dy dy

2
@ ettt Et") "'zf“dtdt"'f“(dt) +fe dt2+‘f" &

(©) If z = 2 + 3%, where = tcost and y = tsint, then z = f(z,y) = t°.
r=tcosti+tsintj+t*k = v = (cost—tsint)i+ (sint+tcost)j+ 2k,
K= %[(cost —tsint)? + (sint + tcost)® + (2t)%] = %(1 +1 4 48%) = 327'-(1 +5t2), and
a=(~2sint —tcost)i+ (2cost — tsint} j+ 2k. Notice that it is easier not to use the formulas in

(a) and (b).



