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Math 21a Midterm 2 Tuesday, April 16", 2002
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You have two hours to take this midterm. Pace yourself by keeping track of how many problems you
have left to go and how much time remains. You don't have to answer the problems in order - you
should move on to another problem if you find you're stuck and that you are spending too much time
on one problem,

To receive full credit on a problem, you will need to justify your answers carefully - unsubstantiated
answers will receive little or no credit! Please be sure to write neatly - illegible answers will also

receive little or no credit.

If more space is needed, use the back of the previous page to continue your work. Be sure to make a
note of that so that the grader knows where to find your answers.

You are allowed one 3 by 5 inch file card with formulas on it during the test, but you are not allowed
to use any other notes, or calculators during this test.

Good luck! Focus and do well!



Question 1. (10 points tofal)

Suppose the function f(x,y)=2x+ 3x?y — y* gives the temperature in degrees Farenheit at the point
(x, y) on a tin roof of dimensions 100 feet by 50 feet (ie. 0<sx<100and 0 < y <50 and x and y are
measured in feet). Suppose a cat is walking around on the tin roof, and her position is given by the

position vector F(#) = (e' (2 + cos(t)), In(e + t)) at time # seconds. —

What is the rate of change of the temperature per second as experienced by the cat at time ¢ =0?
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Question 2 (20 points total)

Let E be the solid region bounded by the cone x* +y? = z* and the paraboloid x* + yi=z.

(a) (5 points) Set up a triple integral using rectangular (cartesian) coordinates that gives the volume of
E (you don't need to evaluate your integral!).
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(b) (5 points) Set up a triple integral using cylindrical coordinates that gives the volume of E (again,
just set up the integral, don't evaluate it).
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(c) (5 points) Set up a triple integral using spherical coordinates that gives the volume of E (again, just
set up the integral, don't evaluate it).
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(d) (5 points) Now, evaluate the triple integral HI (x’z + y’z) dV using any coordi _j_ i3
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want. Please be sure to simplify your answer as much as possible.
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Question 3. (20 points total)

Suppose a cylindrical storage tank of radius R (in feet) is being built. The tank can be modeled in xyz
coordinates as a cylinder with base z = 0, cylindrical side given by the usual equation x*+y*=R?
(where x, y and z are all measured in feet). The roof of the tank is being built at a slant, with

equation z = 30 + 2x + y, so that the rain runs off (thus, for instance, right over the center of the tank,

where x = y = 0, the height of the roof is 30 feet).

(a) (8 points) What would the radius of the tank have to be (i.e. the value of R), so that the area of the
roof comes out to be exactly 200 square feet? :
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(b) (6 points) Write down a triple integral and a double integral both of W e the volume of the
tank (use the radius you found in part a, or if you didn't solve that part, just write in the radius as “R”!)
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(c) (6 points) Now evaluate either one of the integrals your wrote down in part (b A/o Lo — comtd € e
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Question 4. (18 points total)

A small, hitherto undiscovered, moon of Jupiter has radius 100 miles. Suppose we model this moon as
a solid sphere with the z-axis runs along the moon's axis of rotation (i.e. the z-axis goes through the
moon's "north" and "south" poles), the origin is at the center of the moon, and its equator lies in the xy-

plane. Thus the surface of the moon is given by the equation x* + y* +2* =100%.

So far science has discovered that the temperature function, T(x, y, z), measured in Farenheit, for
points on the surface of the moon is 7'(x, y,z) =3x + kz , where k is an unknown constant (note
T(x,y,z)is a three variable function that happens to be independent of y). It's also known that the
hottest point on this moon is at the point with (x, y, z) coordinates equal to (60, 0, -80).

Using the Lagrange multiplier method, it is possible to determine the value of the constant &.

(a) (6 points) Find the value of k, and also the temperature at the hottest point.
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(b) (12 points) What are the coordinates of the point on the surface where the lowest temperature
occurs? Use the value of k that you found in part (a) in the temperature function, or if you weren't able
to solve part (a) use another temperature function 7'(x, y,z) = 8x + 6z
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Question S. (12 points total)

Evaluate the double integral j: E Z;C—e" dydx . Be sure to simplify your answer completely.
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Question 6. (20 points total)

You are in the dessert. It is very hot. You are thirsty. According to your map, there should be an

oasis 5 miles away, in the northeast direction. Locally the temperature is given by the function
T(x,y) = —2x* +3x* + 54x + 6xy +3y* +120

where x and y measure the distance in miles away from you in the east and north directions

respectively, so that you are currently at the point (0,0). Someone has told you that you are less than 5

miles away from the coolest point in the dessert.

(a) (5 points) In what direction should you go to experience the fastest immediate decrease in .
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(b) (10 points) In which direction should you go to get to the coldest point in the dessert (assuming that
the coldest point is indeed less than 5 miles away, and that it's at a local minimum of T(x,y))?
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(c) (5 points) You are really thirsty and so you decide to go directly to the oasis, which is 5 miles away

to the northeast. What is the rate of change of the temperature in degrees per mile right as you start

walking directly towards the oasis? . -~/ _
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