"8, In the hgure, points at approxmmately (~1, 1) and (—1, —1) are enciosed Dy Ovak=S1apeaievel Curves Winch madicalc
that as we move away from cither point in any direction, the values of f are increasing. Hence we would expect
Jocal minima at or near (~1, £1). Similarly, the point (1, 0) appears to be enclosed by oval-shaped level curves
which indicate that as we move away from the point in any direction the values of f are decreasing, so we should
have a local maximum there. We also show hyperbola-shaped level curves near the points (~1,0), (1,1), and

(1, =1). The values of f increase along some paths leaving these points and decrease in others, so we should have a
saddle point at each of these points.

fo confirm our predictions, we have f(z,y) = 3z — 2° = 2y% + y* = fu(z,y) = 3 - 32°,

fu(2,9) = —4y + 45°. Setting these partial derivatives cqual to 0, we have 3 ~ 30° =0 = 2z=x+land
—dy+ 4y =0 = y(y2 ~1)=0 = y=0,%1. So ourcritical points are (£1, 0), (&1, £1). The second
partial derivatives are for (2, y) = —6, foy(T,y) = 0, and fyy(z,y) = 124? ~ 4, 50

D{x,y) = fea(®,¥) fuu (@, 4) = oy (@, 9)]* = (~62) (124> — 4) ~ (0)* = ~T2zy” + 24x. We use the Second
Derivatives Test to classify the 6 critical points:

Critical Point | D | fao Conclusion
(1,0 241 ~6 | D>0, for <0 = f hasalocal maximum at (1,0)
1, 1) —48 D <0 = f has a saddle pointat (1,1)
{1,-1) 48 D <0 =+ [ has a saddle point at (1, —1)
{(~1,0) ~24 D <0 = f has a saddle point at (—1,0)
{(-1,1) 48 6| D>0,fee >0 = fhasalocal minimum at (—1,1)
(~1,-1) 48 6 | D>0, fae >0 =+ f hasalocal minimum at (-1, 1)

8 flz,y) ==Y = f = e
fy =@ =2V [y = (427 - 2)etv Y
fay = =22(4 = 2)et=" v
Fyy = (4y® — 16y + 14)e*~=" =¥ Then f, = Oand f, = 0
implies = 0 and y == 2, so the only critical point is (0, 2).
D(0,2) = (~2e*)(—2¢*) ~ 0% =4e® > O and

£22(0,2) = —2e* < 0, 50 £(0,2) = e* is a local maximum.

L f@y) = (23: - :‘32) (29 - yz) = fa=(2-2z) (2?; - ?/2)7
v = (233 - 1‘2)(2 — 2y), fza: = ”2(2?1 - ya)s

= -2(23: - mz) and fay = (2 ~ 22)(2 ~ 2y). Then
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Oimplies y = 1, wheny = 0, f, = 0 implies 7 = O or Nii1/4 W

z=2undwheny =2, f, = 0 implies = = 0 or 7 = 2. Thus the
: ical points are (1,1), (0,0), (2, 0), (0,2) and (2, 2).

?w D(0,0) = D(2,0) = D(0,2) = D(2,2) = ~16 so these critical points are saddle points, and D(1,1) = 4
with f22(1,1) = ~2,50 £(1,1) = 1 is a local maximum.
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. fo(2,y) =4~ 2z and f,(z,y) = 6 — 2y, so the dnly critical point is (2, 3) (which is in D) where £(2,3) =13,
Along In: y = 0,50 f(2,0) = 42 ~ 2% = — (z — 2)%+4,0 <z <4, whichhasa maximum value when z = 2
where f(2,0) = 4 and a minimum value both when z = 0 and & = 4, where £(0,0) = f(4,0) = 0. Along L:
T=4,50 f(4,y) =6y —y* = —(y - 3)2 +9,0 < y < 5, which has a maximum value when y = 3 where
f(4,3) = 9 and a minimum value when y = O where f(4,0) = 0. Along La: y = 5, so

f(2,5) = ~2* + 42+ 5= —(2 - 2) + 9,0 < 2 < 4, which has a maximum value when x = 2 where
f(2,5) = 9 and a minimum value both when z = 0 and z = 4, where f(0,5) = f(4,5) = 5. Along L¢: z = 0, so

f(0,y) =6y —~y* = —(y~ 3)% +9,0 < y < 5, which has a maximum value when y =3 where f(0,3) = 9 and

aminimum value when y = 0 where f(0,0) = 0. Thus the absolute maximum s £(2,3) = 13 and the absolute

minimum is attained at both (0, 0) and (4,0), where f(0,0) = f(4,0) = 0.
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. 2+ y + 2z = 100, so maximize f(=,y) = 2y(100 — z ~ ). £, = 100y — 2xy ~ 2, f, = 100z — 22 - 2y,

Jre = =2y, fuy = ~2a, fey =100 — 222 — 2y. Then f, = 0 implies y = 0 or y = 100 — 2z, Substituting y = 0

into f, = O gives £ = O or 2 = 100 and substituting y = 100 - 2z into fyv = 0gives 322 — 100z = 050 £ = Oor
139 Thus the critical points are (0,0). (100, 0), (0, 100) and (1% 180y,

ERE

0,0) = D(100,0) = D(0,100) = —10,000 while D(42, 100} = 10000 4 Foe(12,200) o _200

Thus (0,0), (100, 0) and (0, 100) are saddle points whereas e
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»322) is a local maximum. Thus the numbers are

82 The cost equals 5zy + 2(xz + yz) and zyz = V, so

Clz,y) = 5oy + 2V (z + y)/(zy) = Sy + 2V (=~ + ¥™'). Then Cs = 5y — 2Vz™2, C, = 5z — 2Vy~2

—
fa = 0implies y = 2V/(52%), f, = 0 implies = = \3/ £V = y. Thus the dimensions of the box which minimize

J—
the cost are = y = {‘/%V units, z = Vl/a(_i_)z/s‘



