.The Fundamental Theorem for Line Integrals . . . . .

(&) F has continuous first-order partial derivatives and 3% 2oy = 2z = -(% (z*) on R?, which is open and

simply-connected. Thus, F is conservative by Theorem 6. Then we know that the line integral of F is
independent of path; in particular, the value of J& B - dr depends only on the endpoints of ¢, Since all three
curves have the same initial and terminal points, f o F + dr will have the same value for each curve,

{b) We first find a potential function £, so that Vf = F. We know fz(x,y) = 2zy and f,(z,y) = =°. Integrating
f=(z, ) with respect to 2, we have f(z,y) = 2%y + g(y). Differentiating both sides with respect to y gives
fu(z,y) =2% + ¢'(y), sowemusthave z* + ¢'(y) = 2* = ¢'(z) =0 = g(y) = K, aconstant. Thus
" f(z,y) = 2y + K. All three curves start at {1,2) and end at (3. 2), so by Theorem 2,

JoFdr = f(3,2) ~ f(1,2) = 18 — 2 == 16 for each curve.

(@) fo(z,y) = 2°y* implies f(z,y) = ;zy* + g(y) and fy(z,y) = z** + 9‘(y) But f,(z,y) = z*y" so
§@ =0 = g(y)=K,aconstant. We can take K = 0,50 f(z,y) = L%y,

~-(b) The initial point of C' is r{0) = (0, 1) and the terminal point is r(1) = (1,2), so
JoF dr=f(1,2)~ f(0,1) =4~ 0=4.

—

ffs. (@) fz(z, ¥, 2) = 2zz + y* implies f(z,y, 2) = 2%2 + z3° + g(y, z) and 50 fy(z,y.z) = 2zy + g,(y, 2). But
fu(zy2) =2zysogy(y,2) =0 =  gly,2) = h(2). Thus f(z,y, 2) = 2%z + 2” + h(2) and
o2y, 2) = 2 + B (2). But fo(z,y, 5} = 2% + 32%, 50 1'(2) = 327 = h{z) = #° + K. Hence
fl2.y,2) = 222 + 2y + 2° (taking X = 0).

(b} ¢ = 0 corresponds to the point (0,1, ~1) and t = 1 corresponds io (1,2,1), s0

Jo Fodr= f(1,2,1) - £(0,1, =6~ (-1)=7.

A We know that if the vector field (call it ') is conservative, then amund any closed path C, f, F - dr = 0. But take
Cto be some circle centered at the origin, oriented counterclockwise. All of the field vectors along C oppose
potion along C, 50 the integral around C will be negative. Therefore the field is not conservative.

Vi(z,y) = cos(z — 2y}i ~ 2cos(z — 2y)j

:(a) Weuse Theorem 2: [, F-dr = fo, VF - de = f(x(b)) — f(r(a)) where C; starts at ¢ = a and ends at ¢ = b,

So because f(0,0) = sin0 = 0 and f(m, ) = sin(r — 2r) = 0, one possible curve C} is the straight line from
(0,0) to (rr,); thatis, r(f) = nti+nj,0< ¢t < 1.

(b) From (a), [, F - dr = f(r(b)) ~ f(r(a)). So because f(o, 0) = 'imO Oand f(% ,0) = 1 one possmle
curve Cz is r(t) = F¢1, 0 < ¢ < 1, the straight line from (0,0) to (%,0).
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