SECTION 13.7  STOKES' THEQREM

e boundary curve C is the circle 2% + y? = 4, 2 = 0 oriented in the counterclockwise direction. The vectar
equation is r(t) = 2costi+ 28intj, 0 < ¢t € 27, s0 r'(t) = —2sinti+ 2cos £j and

F(r(t)) = (2cost)2el2en 00 § 1 (2in 1)2e(2eont)(O) § 4 (0)*eFooe0@uint) 1 o 4cos? i+ 4sin®t . Then,
by Stokes' Theorern,

Jfgeurd F-dS= [ F-dr= [ F(x(®))-v ()dt = 2" (~8cos® tsint + 8sind tcost) dt

=8[% cos® t+ }sin t] =

5. C s the square in the plane 7 = 1, By (3), fj's curlF-dS = ¢, F-dr = ffs curl F' - dS where

8 is the ongmal cube without the bottom and S is the bottom fare of the cube.

CeurtF o= a?zi4 (ay — 2zy2)j + (y — zz) k. For 93, we choose n = k so that ¢ has the same orientation for
both surfaces. Then curl F- = y ~ oz = 2 + y on Sz, where z = —1. Thus

Il g curlF-dS = 1 f1 (24 ) drdy=0so [ s, culF . dS = 0.

c;ui F=-2:1—22j- 2yk and we take the surface S to be the planar region enclosed by C, so S is the portion
oftheplane r +y + 2z = 1 over D = {{z.y)|0<2<1,0¢ y¥ < 1—x}, Since ¢ is oriented counterclockwise,

~ we orient .S upward. Using Equation 13.6.10, we have z = gz y)=lezwy P=_9, Q=-2z,R= -1
and . Z, - ¥ — Y,

=Jo Ji T (-2 dyda = —2f (1”)&@ = -1 I

14, The planc intersects the coordinate axesatz = 1, ¥y = z = 2 so the boundary curve (' consists of the three line
cosegments O (1) = (1 - 1)i4+25,0<t €1, Cara(t) = (2-20)j+ 2k, 0<t < 1, Cs:
ra{t) = ti+(2-2t)k, 0 <t < 1. Then

)3 1
f;F-dr:’/:[(1-t)i+2tj}-(—i+2j)dt+/o ((2—2t)j]-(—-2j+2k)dt+fo (t3) - (i — 2k) dt

1 I 1
zf(5t——1)dt+f(4t—4)dt+/ tdt=2-2+1=0
0 0 . 0

=

Now curl F = 21— yz §, so by Bquation 13.6.10 with z = g(x, y) = 2 — 20 — y we have
f/ curl F - dS =f (~2(2 — 22 — 3)(~2) + y(2 - 22 — y)(~1)] dA
5 D
1 22
m/ f (dz — 42® — 2y + yz) dpdz
0 0
l -
- f [42(2 — 22) - 422(2 = 20) = (2 — 22)? + (2 — 22)"] dx
0

=0

1
mf (%2 — 1227 + 8z — §) dx = [§z* — ds® + 427 — $2)’
¢

o

19. Assume § is centered at the origin with radius & and let 1 and H; be the upper and lower hemispheres,
respectively, of 8. Then ff curl F-dS = ff, curl F-dS + [y, curl F - dS = $o, Frdr+§, F-drby
Stokes” Theorem. But Cy is the circle 2 + 7 = o oriented in the counterclockwise direction while 'y isthe
same circle oriented in the clockwise direction. Hence $o, Frdr = — o, Frdrso [f curl F-dS = 0as
desired.




