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19. (a) f(z,y) is a joint density function, so we know [f, f(z,y) dA = 1. Since f(z,y) = 0 outside the rectangle
[0,1] x [0,2], we can say
g2 f(z,9)dA= ff° f_°° f(z,y)dydz = folfoz Cr(1+y)dydz
=CJ! [y +34%)Y 25 de=C [y dwdz = C[22%], =

Then2C=1 = C=1.

GPX<1LY<1)= [ [ flz,y)dyde= [ [ tz(l+y)dyds
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©)P(X+Y <1)=P((X,Y) € D) where D is the trlangular region
shown in the figure. Thus

P(X+Y <1)=[[, f(z,y)dA = S fy % da(1 +y) dyde

=Jo sely+ 370,20 do= [ du (30’ - 20+ §) de

N

fol (z3—4w2+3z)dm—i[-4——=4“” +3% ]0

= & ~0.1042



22. (a) Each lamp has exponential density function

o 0 ift<0
t) =
Toee 1 ift>0

If X and Y are the lifetimes of the individual bulbs, then X and Y are independent, so the joint density function
is the product of the individual density functions:

f(z,y) {IO—Ge_(m)moo if 2>0,9>0
z,y)=

otherwise

The probability that both of the bulbs fail within 1000 hours is -

P (X £1000,Y < 1000) = [19° (2990 £y 03 gy da

— folooo folooo 10~ ¢—(=+y)/1000 dy dz

=10-5 fOIOOO e—e/1000 . f01000 e—y/IOJP dy

=107 [~1000¢=/ 1000] :000 [-1000«3‘%/ tooo] 2%

0

= (7 = 1)* ~ 0.3096
(b) Now we are asked for the probability that the combined
lifetimes of both bulbs is 1000 hours or less. Thus we want
to find P(X +Y < 1000), or equivalently P((X,Y) € D)

where D is the triangular region shown in the figure. Then

P(X+Y< 1000) =ffD F(z,y) dA = 1000 1000z 108~ (z+y)/1000 dy dzx

0 0
=1000—z
=107 [3°°° [~1000¢=(=+4)/ 10ce)” do = =107 {0 (&7 — gm/100) gy
y=0
1000

=-10"2 [e‘la: + 1000e-°”/1°°°] =1-2"! 02642
0



25. (a) If f(P, A) is the probability that an individual at A will be infected by an individual at P, and k dA is the
number of infected individuals in an element of area dA, then f(P, A)k dA is the number of infections that
should result from exposure of the individual at A to infected people in the element of area dA. Integration over
D gives the number of infections of the person at A due to all the infected people in D. In rectangular
coordinates (with the origin at the city’s center), the exposure of a person at A is

E=//Dkf(P,A)dA=k//D2~O:$dA

=k//D [1_\/(m~wo);;f‘(y—yo)2J de dy

(b) If A = (0, 0), then

_ _i = > _ /2#/10 __’I‘_
E—-k//D [l 20\/.’1: +y}dwdy—k A (1 20)rdrd0

10
7'2 ,,,3J

=27rk[ T " go| = 27k(50 - ) = 2ork ~ 200k
0 .

For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar
equation for the circular boundary of the city becomes r = 20 cos § instead of r = 10, and the distance from A
to a point P in the city is again r (see the figure). So

/2 20cos @
E=k/ / (1-1)rdrd0
/2 J0 20

w/2 2 377=20cos @
w22 60

r=0

P
.
m
=k [7/3, (200cos? 6 — 490 co? 9) dp u

=200k [7/7, [ + § c0520 — 2 (1 — sin?6) cos ] df

r=20cos @

/2
—n/2

=200k[360 + }sin20 — 2sin@ + 2 - 1 sin® 0]
=200k[§+0-F+3+5+0-3+13]
= 200k(Z — &) ~ 136k

Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at
the edge.



