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7. True. If f has a local minimum and f is differentiable at (a, b) then by Theorem 117.2, fu(a,b) = 0 and
fu(a,b) = 0,50 Vf(a,b) = (fz(a,b), fy(a, b)) = (0,0) = 0.
8, False. The limit does not exist because the function is not defined on the line y = =, and so we have a path
approaching the point (1, 1) along which f does not approach 3.

9. False. Vf(z,u) = (0,1/y).
10. True. This is part (c) of the Second Derivatives Test (11.7.3).

. True. Vf = (cosz,cosy), so [Vf| = \/cos?z + cos? y. But [cos §] < 1,50 |V f| < v/2. Now
Duf (z,y) = Vf-u=|Vf||u|cosf, but u is a unit vector, s0 | Duf(z,y)| < VZ-1-1= /3.

12. False. See Exercise 11.7.29.

& EXERCISES

1. The domain of sin™ z is —1 < z < 1 while the 2.D={(z,y,2) | > «* + y*}, the points on

domain of tan™" y is all real numbers, so the and above the paraboloid z = 22 + 7.

domain of f(z,y) =sin™ & + tan 'y is

{@y) | -1<z <1}

SR
o ¥
x
3 2= f(o,y) = — »7 a paraboloid with 4:=f(z,y) =22 +1° — 1502z > 0and
vertex (0,0,1). 1=2? +y® — 22 Thus the graph is the upper

half of a hyperboloid of one sheet.
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= e "4) be the level curves. Then 6.k =%+ 4y ord(y — k/4) = —a?,a family of
= 2”4 42 50 we have a family of parabolas with vertex at (0, k/4).

concentric circles.

9. f is a rational function, so it is continuous on its domain. Since f is defined at (1,1), we use direct substitution to
22y (1) 2

i Pl AR X
om0 P27 - B2 = 3
10. As (z,y) — (0,0) along the z-axis, f(z,0) = 0/2" = 0forz # 0,50 f(z,9) — 0 along this line. But

J(z,2) = 22% (32%) = 2,505 (,) - (0,0) along the line z = ¥, f(2,y) — £. Thus the limit doesn’t exist,

evaluate the limit:

M0 T.(6,4) = Jim T(6+h "}3 ~TC8) <, we can approximate T, 6, 4) by considering = 2 and using the
T(8,4) - T(6,4) 86
2

values given in the table: 73 (6, 4) ~
6.4~ 7(4A,4):2T(6,4) _72-80

= 4. Averaging these values, we estimate 7} (6, 4) tobe
T(6,4+ h) — T(6,4)
h
T(6,4) _ 75-80
TR

approximately 3.5°C /m. Similarly, T, (6, 4) — Jim , which we can

(6,6

approximate with h = £2: T, (6, 4) ~ =-25,

) —
2

-5. Averaging these values, we estimate Ty(6,4) to be

7,(6,4) ~ L6:2) ~T(6,4) 8780 _
-2 -2
approximately —3.0°C /m.

) -
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(b) Here u = <7‘§ %> 50 by Equation 1169, DuT(6,4) = VT(,4) - u = 74(6,4) J; + T,(6,4) J5. Using
our estimates from part (a), we have DuT(6,4) ~ (3.5) J5 + (~3.0) J; = 55 ~ 0.35. This means that as

we move through the point (6, 4) in the direction of u, the temperature increases at a rate of approximately

0.35°C /m.
Alternatively, we can use Definition 11.6.2: D.T(6,4) = !!.l-% wﬂ, which we
can estimate with h = £2v/2. Then DJT(6,4) ~ %\/g(ﬁ“ = 8‘; :/;0 -0

DuT(6,4) ~ T(z‘;i(“) ” % = 5+ Avraging these values, e have

D.T(6,4) =~ 7 ~1.1°C/m.

Te(z,y+ h = Te(z,y)

150 T2y (6,4) = lim

O Tuslea) = 2 (o)) = iy LOALH Lo

which we can estimate with b = +2. We have T, (6,4) ~ 3.5 from part (a), but we will also need values for
T (6,6) and T2 (6, 2). If we use h = +2 and the values given in the table, we have

16,6~ T:8) ;T(G,S) _80 - TS g5 1(6,6) ~ LC20) —T(6 6) 68:275 _gE
Averaging these values, we estimate T (6, 6) ~ 3.0. Similarly,
Tu(6,2)~ TG:2) = T,(6 2) _ o—s7ﬂsT( 2y~ 1182) 2T(6,2):74:287:6_5

Averaging these valm, we estimate T4 (6, 2) ~ 4.0. Finally, we estimate T, (6, 4):

Ty (6,4) ~ w = i% = 025,

Tuy(6,4) ~ = —0.25. Averaging these values, we have

Tua(6, 2) T,(e 4 _40-35
-2
Ty (6,4) ~ —0.25.

12. From the table, T'(6,4) = 80, and from Exercise 11 we estimated T:(6,4) ~ 3.5 and Ty (6,4) ~ —3.0. The lincar
approximation then is

T (2,y) = T(6,4) + T=(6,4)(z — 6) + Ty (6, 4)(y — 4) ~ 80 + 3.5(z — 6) — 3(y — 4)
=352 —3y+71

Thus at the point (5, 3.8), we can use the linear approximation to estimate
T(5,3.8) ~ 3.5(5) — 3(3.8) + 71 ~ 77.1°C.

B ey =yZty? = fo=1i2z+y?)72Q) =

fo=4a+y?) "V (2) =

Mu=eT"5in20 = u =—e"sin26, us =2 " cos 20

15. g(u,v) =utan™ v = g, =tan"lv, g, = —°—
9(u,v) 9 0Tl g = 1y
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(-Dy -2 = =
~ P
we =2(-1)(y - 2)*(-1) = [7=rr
1. 1(pqr)=phig+e’) = Tp=ln(g+e), Ty = q—f;.T, = q—’f;—r

18. €' = 1449.2 + 4.67 — 0.0557° + 0.000297°> + (1.34 — 0.01T) (S — 35) + 0.016D =
OC/OT = 4.6 ~ 0117 + 0.00087T* — 0.01 (S ~ 35), C/AS = 1.34 — 0.01T, and HC/HD = 0.016. When
T'=10, 5 = 35, and D = 100 we have 8C/0T = 4.6 — 0.11(10) + 0.00087(10)? — 0.01(35 — 35) ~ 3.587,
thus in 10 °C water with salinity 35 parts per thousand and a depth of 100 m, the speed of sound increases by about
3.59 m/s for every degree Celsius that the water temperature rises. Similarly, 5C/9S = 1.34 — 0.01(10) = 1.24,
so the speed of sound increases by about 1.24 m/s for every part per thousand the salinity of the water increases.
OC/OD = 0.016, 5o the speed of sound increases by about 0.016 m/s for every meter that the depth is increased.

B f(z.y) =d2® —2p® = fo=12—42 f, = —2ay, fur = 24z, fyy = ~2%,and foy = f,o = —2y.
Boz=oe™ = z=e W,z =206, 2, = 0,2, = dve~, and Zay = 2y = —2e7 W,
A [y 2) =a"y'a" = fo= kTl = by L = matylamet,
oz = (k= Dk, fry = 1= D)2ty f = m(m = 1)ty fy = Fyz = klgh=1yi=1m,
Jez = fra = kma*y'2m 7 and £y = [, = Imakyt=1omet
2 v=rcos(s+2t) = v, = cos(s + 2t), v, = —rsin(s + 2¢), v, = —2rsin(s + 2t), ve, = 0,
Vor = =700S(S 4 21), vie = —47.C0S(5 +2), Uy = var = —$in(s + 20), vt = ver = ~2sin(s + 2t), and
Vst = Ves = —2rcos(s + 2t).

= ur=y2" " uy =2V Inzand (z/y)us + (Inz) " uy = 2V + ¥ = 20,

P
Up=/PI@ZFTE = p = = e = —2L 17

- Par = :
12+ 2 + 22 (22 + 32 + 22)%/2

2z b
o 2+ 2 _ 4y 1
By symmetry, p,, = @ rgs andp,, = @ A Thus
22 4 y? 4 22 2 2

=2 = ==
Pos i H Pen (22 +y2 +22)%% (a2 42 4 22)2 T

B@z=6r4+2 = x(l,-2=8andz =2 = 2(1,~2) = 4,50 an cquation of the tangent plane is
2—1=8(r—1)+4(y+2)orz =8z 4y + 1

(b) A normal vector to the tangent plane (and the surface) at (1,~2, 1) is (8, 4, —1). Then parametric cquations for

the normal line there are = 14 8¢, y = ~2 + 41, z = 1 — ¢, and symmetric equations are
T-1_y+2_z2-1
8 "1 - .

B @z =ccosy = 5(0,0)=1andz = —c"sing = z,(0,0) = 0, 50 an equation of the tangent plane
isz2=1=1(z~0)+0(y—0)orz=z+1.

(b) A normal vector to the tangent plane (and the surface) at (0,0,1) is (1,0, —1). Then parametric cquations for
the normal line therc are z = ¢,y =0, z = 1 — t, and symmetric equations are z =

4 o
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21. (a) Let F(z,y, 2) = * + 2y* — 322, Then F; = 2z, B, =4y, Fx: = —6z,50 F=(2,-1,1) = 4,
Fy(2,-1,1) = —4, F,(2, ~1,1) = —6. From Equation 11.6.19, an cquation of the tangent plane is
4(z — 2) — 4(y +1) — 6(z — 1) = 0 or cquivalently 2z — 2y — 3z =

(b) From Equation 11.6.20, symmetric equations for the normal line are

28. (a) Let F(z,y,2) =2y +yz+zz. Then s =y+ 2 By =x+ 2, F: =x+y.50
F.(1,1,1) = F,(1,1,1) = F.(1,1,1) = 2. From Equation 11.6.19, an cquation of the tangent plane is
2(z — 1)+ 2(y — 1) + 2(z — 1) = O or equivalently  +y + 2z =3

E=d oL

(b) From Equations 11.6.20, symmetric equations for the normal line are — 3

or equivalently

z=y=uz

29. (a) r(u,v) = (u+v) i+u?j + vk and the point (3,4, 1) corresponds tow = 2,v = 1. Thenr =i+ 2uj =
ru(2,1) =i+4jandr, =i+2vk = ry(2,1) =i+ 2j. Anormal vectorto the surface at (3,4, 1)is
Fu X £y = 81— 2j — 4K, 50 an equation of the tangent plane there is 8(z — 3) — 2(y — 4) — 4(z — 1) = Oor
equivalently 4z — y — 2z = 6.

(b) A direction vector for the normal line through (3,4, 1) is 8i — 2j — 4k, 50 a vector equation is
r(t) = (3i+4j + k) + t (81 — 2j — 4k), and the corresponding parametric cquations are = = 3 + 8¢,
y=4-2tz=1-4t
30. Let f(z,y) = 2° + 2zy. Then f.(z,y) = 32% + 2y and
fulz,y) = 22,50 f2(1,2) =7, f,(1,2) = 2and an
equation of the tangent plane is z — 5 = 7(z — 1) + 2(y — 2)
or 7z 4 2y — z = 6. The normal line is given by

¥=2_ 275 ity =242,

N, Fz,y,2) = 2% + 42 + 22, VF(z0, 0, 20) = (220, 290, 220) = k(2,1,~3) or o = k, yo = jkand 20 = —3k.
Bute} + 43 + 2 = 1,50 4% = Land k = o,/2. Hence there are two such points: (1/3, £747. ¥y

R z=2tan"'y = dz=(2ctan" y)dz+ [z (y* +1)]dy

B fon ) = VIR > Ll 8) = VR (o 2) = s and
Fumy) = \/% 50 £(2,3,4) = 8(5) = 40, £2(2,3,4) = 3(4) V5 = 60, £,(2,3,4) = % = %, and
L

£2(2,3,4) = 42 = 2. Then the linear approximation of £ at (2,3,4) is
F@y,2)~ £(2,3,4) + f2(2,3,4)(x — 2) + £4(2,3,9)(y = 3) + £:(2,3,4)(z — 4)
=40+ 60(z —2) + L(y—3) + Z(z— 4) = 60z + Fy + ¥z 120
Then

(1.98)*\/(3.01) + (3.97)% = £(1.98,3.01,3.97) ~ 60(1.98) + 2(3.01) + %(3.97) — 120
=38.656




n. (a)dA_—dz—a—

]
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94
oz By
calculated area is about A = 6(0.002) + §(0.002) = 0.017 m® or 170 cm®.

b) z = /T F 5, dz = ——— dz + —=2— dy and | Az| < 0.002, | Ay| < 0.002. Thus the maximum
® Yy o W iid |Az| |ay|
error in the calculated hypotenuse length is about dz = -5 (0.002) + 32(0.002) = %1
0.26 om.
LN (2¢%) + Z (362 +4) + = @) =c+ k] (32 +4) - P
it 2z z %2 z 22
oz ) ) ) ) )
2 — (~ysinay - ysins)(2u) + (~zsinzy + cosz) = cosz ~ uysinz — (sin2y)(z + 2uy),
% = (~ysinzy — ysinz)(1) + (~zsin zy + cos z)(~2v) = —2vcos z + (sin zy) (2v — y) — ysinz
; 0: _0z0x 020y
. By the Chain Rule, % = 22 2% + %3- Whens =1andt =2,z = g(1,2) =83 andy = h(1,2) = 6,50
= 18,6)00(1,2) + fy (3,6) ha(1,2) = (7)(-1) + (8)(~5) = —47. Similarty, 32 = 2202 , B2 v

L]
s
% = f2(3,6)9:(1,2) + f, (3,6) he(1,2) = (7)(4) + (8)(10) = 108.

Using the tree diagram as a guide, we have

w
/‘\ ow_dwdt  owdu  dwdy
Op Gtop udp  Buop
w_dwot  Swdu  dwdv

,,/‘,/ \\ ,,/q/ \\ // \\ 5" 5t0g " Budg T o og

&

ow_dudt  dwdu  dwdw
B otor Touor avor
Bw_Bdwdt dwdu  dwdw

TBtos  Buds ' Buos

8z

s 2 " . 4
. 5 = 2f (2 —9?). a—ZzI—Zyj (a2 —9?) [wher:f :-i(m’—!—y”) . Then

y%i»rg—y:h:y[’(z — %) +z—2ayf (a - ¢®) =

A = Laysing, do/dt = 3, dy/dt = —2, d8/dt = 0.05, and

dA 1 3
E:g[(ysmb)mi-(rsmﬁ) + (aycosb) d'] Sowhenz =40,y = 50and 6 = Z,
% = %[(25)(3) +(20)(~2) + (1000v/3) (0.05)] = §i+_;"9i§ ~ 60.8in%/s.

dy = Yydz + Sz dyand |Az| < 0.002, |Ay| < 0.002. Thus the maximum error in the

oz ot Yoy




