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¢ EXERCISES &
1. (2) The radius of the sphere is the distance between the points (~1,2,1) and (6, —2, 3), namely
[6— (=1)]* + (2 = 2)* + (3 — 1)* = v/B9. By the formula for an cquation of a sphere (see page 630), an
equation of the sphere with center (—1,2,1) and radius V89 is (2 + 1)? + (y — 2)? + (= — 1)% = 69.

(b) The intersection of this sphere with the y2-plane is the set of points on the sphere whose z-coordinate is 0.
Putting z = 0 into the equation, we have (y — 2)® + (z — 1)® = 68,z = 0 which represents a circle in the
yz-plane with center (0,2, 1) and radius /68.

(c) Completing squares gives (z — 4)* + (y +1)2 + (2 + 3)> = =1 + 16 + 1 + 9 = 25. Thus, the sphere is
centered at (4, 1, —3) and has radius 5.

2 (@ ath (b)

© @

2a+b

3. u-v=ul[vlcos45° = (2)(3)°Z =32 Jux v| = |u] [v|sin45° = (2)(3)*Z = 3/2. By the right-hand
rule, u x v is directed out of the page.

4 (a)2a+3b=2i+2j—4k+9i—6j+3k=11i—4j—k
®) bl =VIF4+1= V14
©a-b= (1)) +(1)(-2) + (-2)(1) = -1

i§ ok
@axb=|1 1 -2|=(1~4)i-(1+6)j+(-2-8)k=-3i-7j-5k

3-2 1

i§ ok

@bxe=|3 -2 1[=9i+15j+3k bxc/=3/9F25+1=3V35
0 1-5
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111 -2
(Ha-(bxe)=|3 -2 1|=

[—21
0 1-5

-2/
= =9+15-6=18
1-5 lo 1

(8) ¢ x c=0foranyc.

(h) From part (c),

k|
ax(bxec)=ax(9i+15j+3k) = 1 —21:(34»30)‘;7(3+18)j+(15—9)k

=33i-21j+6k
(0 The scalar projection is comp, b = b cos0 = a - b/ [a] = — J;.
() The vector projection s proj, b = —Z=(a/ [a]) = —2(i 4+ — 2k)

-1 -1 "

B
=—=—==——oandf =cos™! ——
VEVIE T zva T A

~96°,

. For the two vectors to be orthogonal, we need (3,2,2) - (2z,4,2) =0 <«
@)+ AW+ @)@)=0 & P+6:+8=0 & (@E+@+4)=0 & 2= 20

T =-4

. We know that the cross product of two vectors is orthogonal to both. So we calculate
(+2k) x (1-2j+3K) = 3= (~4)]i~ (0~ 2)j+ (0— Dk =Ti+2j—k Then two unit vectors
g Ti+2j—-k 1 5 & :
orthogonal to both given vectorsare £ —=et = _ X _ 4 1 Ti+2j— k), that is,
B ¢ Tror 0 TavEl T AR

ﬁi+#j~mkand-ﬁi~ﬁgj Fagk
L@ (uxv)-w=u-(vxw)=2
G)u-(wxv)=u:[~(vxw)=—u-(vxw)=—2
©@v-(uxw)=(vxu) w=—(uxv) w=-2

@@xv) v=u-(vxv)=u-0=0

- (axb)-[(bxc)x (cxa)] =(axb) ([(bxe)-alc—[(bxc)-cla)
(see Exercise 9.4.30)
=(axb)[(bxc) ale=la-(bxc)(axb)-c
=la-(bxc)fa-(bxe)=[a:(bxc)?

For simplicity, consider a unit cube positioned with its back left comer at the origin. Vector representations of the
diagonals joining the poins (0,0,0) to (1,1,1) and (1,0,0) t0 (0, 1, 1) are (1,1, 1) and (1,1,1). Let 0 be the
angle between these two vectors. (1,1,1) - (~1,1,1) = =1+ 14+ 1 =1 = |{1,1,1)| |(~1, 1, 1)  cos§ = cos0

= wsh=1 = 0=cosI(1)~T1°
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10. 4B = (1,3, -1), AC = (~2,1,3) and AD = (~1,3,1). By Equation 94.7,

13-1
S G 23] |-21 .
AB-(ACxAD)=|-2 1 8|= | =-8-3+5= 6. The volume is
18 1 -11 -13

|4B - (A€ x AD)| = 6 cubic units

AB = (1,0,-1), AC = (0,4,3), 50

(a) a vector perpendicular to the plane is AB x AC = (0+4, — (3+0) 4~ 0) = (4,-3,4).

®) |48 x AC| = §vIEFIF 6 = 4.

12.D=di+3j+6k W=F.D=12+15+60=87 joules

13. Let F} be the magnitude of the force directed 20° away from the direction of shore, and let F; be the magnitude of
{he other force, Separating these forces into components parallel to the direction of the resultant force and
perpendicular to it gives Fy cos20° + Fycos30° = 255 (1), and Fy sin20° — Fysin30° =0 =
Fi= Fg::‘;g: (2). Substituting (2) into (1) gives Fy(sin30° cot 20° + cos30°) = 255 = Fp~114N.
Substituting this into (2) gives Fi ~ 166 N.

18, |7| = [r| || sin 0 = (0.40)(50) sin(90° — 30°) & 17.3 joules

Bor=1+2y=2-tz=4+3t

16. v =(8,~2,5),502 = ~6+ 8,y = ~1 - 2and z = 5t.

1. v=(4,-3,5),s00=1+4ty=—3t,z=1+5t

18 2z —4) + 6(y+1) = 3(z+1) = Oor 2z + 6y — 3z =5

. Since the two planes are parallel, they will have the same normal vectors. So se can take n = (1,2, 5) and an

equation of the plane is 1 [z — (—4)] + 2(y — 1) + 5(z — 2) = 0orz + 2y + 52 = 8.

20. Here the vectors a = (2 — (~1),0 — 2,1 — 0) = (3, ~2,1) and b = (=5 — (=1),3 — 2,1 - 0) = (4,1, 1) lie
in the plane, son = & x b = (=3, ~7, —5) is a normal vector (o the plane and an equation of the planc is
3z (~1)] = T(y—2) - 5(—0) = Oor3z + Ty + 52 = 1L.

2. 0y = (1,0,~1) and my = (0,1,2). Setting z = 0, itis casy to see that (1,3, 0) is a point on the line of intersection
of o —z=1andy + 22 = 3. The direction of this line is v = ny X nz = {1,~2,1). A second vector parallel to
the desired plane is va = (1,1, ~2), since it is perpendicular to  + y — 2z = 1. Therefore, the normal of the
plane in question isn = vi x v = (4 — 1,1+2,1+ 2) = 3(1,1,1). Taking (o, %0, 20) = (1,3,0), the
equation we are looking foris (z — 1) + (y —3) +z2=0 & z+y+z=4

22. Substitution of the parametric equations into the equation of the plane gives
2Z—y+2=202-t)—(1+3t)+4t=2 = —t+3=2 = t=1 Whent= 1, the parametric
equations givez = 2 — 1 =1,y = 1+ 3 = 4 and z = 4. Therefore, the point of intersection is (1,4, 4).

23. Since the direction vectors (2,3, 4) and (6, —1,2) aren’t parallel, neither are the lines. For the lines to intersect, the
three equations 1 + 2t = —1+6s,2+3t =3 — 5,3+ 4t = —5 + 2s must be satisfied simultaneously. Solving
the first two equations gives t = £, s = % and checking we see these values don’t satisfy the third equation. Thus
the lines aren’t parallel and they don’t intersect, so they must be skew.

24. (a) The normal vectors are (1,1, —1) and (2,—3,4). Since these vectors aren’t parallel, neither are the planes

parallel. Also (1,1,—1) - (2,—3,4) =2 — 3 — 4 = —5 5 0 50 the normal vectors, and thus the plancs, arc not

perpendicular.
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=——=andf = cos™!

(b) cosf = KT 7=

L=, -5 4) ] F (—758-7)z122°(orwecansay=58°>

l2—24] _
VI «/"
26. Use the formula proven in Exercise 9.4.27. In the notation used in that exercise, a is just
the direction of the line; that is, a = (1,—1,2). A poim on the line is (1,2, —1)
(setting ¢ = 0), and therefore b = (1 — 0,2 — 0,1 0) = (1,2, 71) Hence

_Jaxb| _ |(1,=1,2) x (1,2,~1)| 333
TR - ﬁ Vi

21. In (z — y?) is defined only when z — y? > 0, or 7 > y?, and  is defined for all real numbers, so the domain of the
product zln (z — ¢?) is {(z,¥) | = > ¥*}.

25. By Exercise 9.5.49, D =

2. Weneedsinm(2? +3%) >0 & 2n7m < m(z2+32) < (2n+1)m nan

integer, so D = {(z,y) | 2n < z* + y? < 2n + 1, n an integer}.
8 2

29, The graph is the plane z = 6 — 22 — 3y = 2z +3y+z = 6. The
intercepts with the coordinate axes are (3,0,0), (0,2, 0), and (0,0, 6) which
enable us to sketch the portion of the plane that lies in the first octant.

30. The equation is z = cos z, which doesn’t
involve y. Thus the traces iny = k are
the graph z = cosz, y = k, giving a
cylindrical surface.
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31. The equation is z = 4 — 2* — 4y The traces inz = kare z = 4 — k? — 42,
a family of parabolas opening downward, as are the traces iny = k,
2=4—4k* — 2% Thetracesin 2 = kare 2? + 4y® = 4 — k, a family of
ellipses, so the surface is an elliptic paraboloid.

32. The equation is z = /4 — 27 — 4y? or 2% + 49> + 2% = 4, 2 > 0. The traces
inz = k,y =k, and = = k are ellipses or portions of llipscs, and the equation
2 2
can be recognized as that of an ellipsoid - + 37 + % =1,2> 0, with

intercepts £2, %1, and 2 for z, y, and z respectively. Since z > 0, we have
only the upper half of the ellipsoid.

2
3. An cquivalent equation is ——— + 2 + 2% = 1, an ellipsoid centered at the origin with interccpts 3, 1,
q q (1/2)1 v ps 8!

and £1

34 = y? + 2 s the equation of a circular paraboloid opening in the direction of
the positive z-axis.
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35y + 2% = 1 s the equation of a circular cylinder with axis the z-axis.

36. An equivalent equation is —2? + y? + 2% = 1, a hyperboloid of
one sheet with axis the z-axis.

x

3.z =2cos§ =3,y =2sin§ = 1,z = 2, 50 in rectangular coordinates the point is (v/3,1,2).
p=V3+T+4=2v26=F andcosg=2/p= 75+ 50 ¢ = ¥ and the spherical coordinates are
@v2.3.3)

B.r=vI+T=2V2 z=-1,c080 = 325 = ¥ 500 = £ and in cylindrical coordinates the point is
(2v2,%,-1). p= VAFIF1 =3, cos = —3, 50 the spherical coordinates are (3, FrcosH(=3)).

B z=dsinfeos§=1,y=4dsin§sin§ =v3, 2=4cos ¥ = 230 in rectangular coordinates the point is
(1,v3,2v/3). 7% = 2% 4 3% = 4, r = 2, 0 the cylindrical coordinates are (2,5.2V3).

40. (2) 0 = §. In spherical coordinates, this is a half-plane including the 2-axis and intersecting the zy-planc in the

half-line z = y, z > 0.

(®) ¢

4. 2% +y* + 2% = 4. In cylindrical coordinates, this becomes 2 + 22 = 4. In spherical coordinates, it becomes
2

82. 2% + 42
pPsin’ ¢ =4dorpsing = 2.

% This is one frustum of a circular cone with vertex the origin and axis the positive z-axis.

dorp=2.
4. In cylindrical coordinates: r* = 4. In spherical coordinates: p* — 22 = 4 or p* — p? cos? ¢ = 4 or

43. The resulting surface is a circular paraboloid with equation z = 422 + 4y?. Changing to cylindrical coordinates we
have z = 4(2? + y%) = 4r2.

Wp=2c0s¢ = p’=2cosp = 2°+yt4+2=2; =
2 +y?+ (z—1)* = 1. Thisis the equation of a sphere with radius 1,
centered at (0,0,1). Thercfore, 0 < p < 2cos ¢ is the solid ball whose
boundary is this sphere. 0 < 6 < 5 and 0 < ¢ < ¥ restrict the solid to the
section of this ball that lies above the cone ¢ = Z and is in the first octant.




