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u Review
* CONCEPT CHECK »

1. A vector function is a function whose domain is a set of real numbers and whose range is a set of vectors. To find

the derivative or integral, we can diflerentiate or integrate each component of the vector function.
2. The tip of the moving vecior r(t) of a continuous vector function traces out a space curve.

3. {a) A curve represented by the vector function r(t) is smooth if r'(t) is continuous and r'{z) 5% 0 on its parametric
domain (except possibly at the endpoints).

(b) The tangent vector to a smooth curve at a point P with position vector r(t) is the vector r'(¢). The tangent line
f
r'{t)

al P is the line through P parallel to the tangent vector r'(t). The unit tangent vector is T(t) = m
. i)

4, {a}—(f) See Theorem 10.2.3.

5. Use Formula 10.3.2, or equivalently 10.3.3.

. . dT} , .
6. (a) The curvature of acurve is Kk = ‘-d—[ where T is the unit tangent vector.
5 |

. I'(t) " {r’(t) x r'(t}] . [F7 ()]
b} k({) = | ——= c) ki) = —t——— d) kiz) = .
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7. (a) The unit normal vector: N(t) = %‘% The binormal vector: B(t) = T(t) x N(t}.
(b) See the discussion preceding Example 7 in Section 10.3.
8. (a) If r(t) is the position vector of the particle on the space curve, the velocity v(t) = r'(t), the speed is given by
|v(t)|, and the acceleration a(t) = v'(t) = r"(2).
(b)y a= aTT 4+ anN where ar = v’ and ey = Ku2.
9. See the statement of Kepler’s Laws on page 731.
10. See the discussion on pages 736 and 737.
A& TRUE-FALSEQUIZ A
1. True. If we reparametrize the curve by replacing = 3, we have r(u) = ui-+ 2uj + 3uk, which is a line through
the origin with direction vectori+ 2j + 3k. '
2. True. ' () = (1,3t%,5t*) is continuous for all ¢ (since its component functions are each continuous) and since
z'(t) = 1, we have r'(t) # O for all ¢.
3. False. r'(t) = (- sint,2t,4¢>), and since r'(0} = (0,9, 0) = 0. the curve is not smooth.
4. True. See Theorem 10.2.2.
| 5, False. By Formula 5 of Theorem 10.2.3, % [u(t) x v ()] = u'(t) x v(t) +u(t) x v’ (¢).
6. False. For example, let v(£) = {cost,sint). Then |r(t)] = JVeostt fsinft=1 = % |r{t)} = 0, but
|’ (8)] = |{—sint,cost)] = /(—sint)® +cos?t = 1. _
7. False.  is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with

respect to L.

_ False. The binormal vector, by the definition given in Section 10.3, is B(t) = T(¢) x N(t) = —[N(#) x T @®)].
. True. See the discussion preceding Example 7 in Section 10.3.
10.

False. For example, 11 (t) = {1, t) and r2(t) = (2t, 2t both represent the same planc curve (the line y = x), but the
tangent vector r (t) = {1,1) forall ¢, while r5(t) = (2,2). In fact, different parametrizations give paratlel tangent
vectors al a point, but their magnitudes may differ.

. (a) The corresponding parametric equations for the curve are = = i,

¢ EXERCISES ¢

y = cos 7t, z = sin 7t. Since y? + 2% = 1, the curve is conlained
in a circular cylinder with axis the z-axis. Since x = ¢, the curve is

a helix.

(b) r(t) = ti+cos ntj+sinwtk = r'(t)=i-—msinwtj+wcosmtk =

2

r"(t) = —n? cos wtj — 7" sin 7wtk




CHAPTER10 REVIEW ©C 207

2. (a) The expressions v/2 — 2, (¢! — 1)/t, and In{¢ + 1) are all defined when 2 —¢t >0 = < 2,10, and
t+1>0 = t> —1. Thusthe domainofris (—1,0) U (0,2}

. . R . €'
(b) }Ll‘\til)r(t) = <}£{1{1} V2 —t, }1_% ,ij_r)xtljln(t + 1)> = <\/2 — D,%l_:r)r‘lj T,]n (0+ 1)> = (x/ﬁ 1,0)

t
{using "'Hospital’s Rule in the y-component).

; d det—1 d 1 tet —el -1 1
t) = It - TR 1 -4 1 3
© () <da"2 ba T @t )> < 2y/2 - 1t 2 t+1>

3. The projection of the curve C of intersection onto the xy-plane is the circle =% + yi2 = 16, z = 0. So we can write

z=4dcost, y=4sint, 0 < ¢ < 27, From the equation of the plane, we have x =5 — 2 = 5 — 4cost, s0
parametric equations for C' are z = 4cost, ¥y = 4sint, 2 = 5 — 4 cost, 0 < t < 2w, and the corresponding vector
function isr(t) = 4costi+4sintj+ (5 —4cost)k, 0 <t < 2w,

4. The curve is given by r(t) = {¢2,t*,1°), so r'(t) = (2t,4%,3¢%}.
The point (1, 1, 1) corresponds to ¢ = 1, so the tangent vector there
isr'(1) = (2,4, 3). Then the tangent line has direction vector
{2,4, 3} and includes the point {1, 1, 1), so parametric equations are
z=1+2t,y=1+4+4t,2z=1+4 3¢. z

1 1 1 1
5./ {t* 1+ tcos mtj+ sin ntk) dt:(/ tzdt)i+(/ tcoswtdt>j+(f sinwtdt)k
0 i} 0 Q

= [%tﬂ; i+ (ﬁsi‘n 'ﬁt]é - fﬂl < sin 'n'tdt)j + [~ 2 cos '.rrt]é k
. 1., . s
=it [Foosil) 5+ 2= 31 2+ 2k
where we integrated by parts in the y-component.

6. (a) C intersects the zz-planewherey =0 = 2t —-1=0 = t= %, so the point is
(2-(3)*.0m3) = (3,0,-m2).
(b) The curve is given by r(t) = (2 — t,2¢ — 1,Int), so r'(t) = (—3t%,2,1/t). The point (1,1, 0) corresponds

to t = 1, so the tangent vector there is r' (1) = {~3, 2, 1). Then the tangent line has direction vector {3, 2, 1)
and includes the point (1, 1, 0), so parametric equationsare 2z =1 — 38,y =1 + 2¢, z = ¢.
(¢) The normal plane has normal vector r'(1) = (—3,2,1) and equation —3 (z ~ 1) +2{y — 1)+ z=0or
Jx— 2y~ z =
Tt=1at(1,4,2)andt =4 at (2,1,17), s0

4
116
b= JL1118 sea
]1 TN i _

41 1 16 2 1 16 102
N \!%+16+4+4-\/I—£+(T)4+4(z) +2'\/4‘%+(—1_0*)z+4(T)
4 4
1 16 1342 1 16 .
o T PrtEeee
7 15.9241
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8 r'(t) = <3t”2,—2 sin 2, 2 cos 2t>, I/ (t)] = /9t + 4(sin® 2t + cos? 2t) = +/5i + 4. Thus

13
L= AtFadt= [t/ du= %-%u3/2]4 =§%(133/2—8)‘

9. The angle of intersection of the two curves, 8, is the angle between their respective tangents at the point of
intersection. For both curves the point (1,0, 0} occurs when ¢t = 0. ri(t) = —sinti+costj+k =

r () =j+kandry(t) = i+2tj+3t°k = rb(0)=1i ry(0)-13(0) = (j +k}-i=0. Therefore, the
curves intersect in a right angle, that is, 8 = 7.

10. The parametric value corresponding to the point {1,0,1) ist = 0.
r’(t) = eti+ ef(cost 4+ 'sint)j + e*{cost ~ sint)k
= |r(t)] = e'y/1+( (cost + sint)? + (cost — sint)Z = /3¢
and s(t ft e*/3 du-\/_(e -1 = t:]n(1+%s).Thcrefore,

r(t(s)) = (1 + %s) i+ (1 4+ -{1175‘5) sin]n(l + %s)j-i- (1 + %s) cosin(l + :}“Es) k.

¥ (t) (%,1,1) (t%,1,1)
M @TO= o) “[Zo - VAT el

) T'(1) = —3(#* + 2 + 1) 72 (a8 4 20) (2,1, 1) + (¢ + 42+ 1) 721, 1,0)

—2t® ¢

1
—— 2
(2 1)%2 o)t

(t4 + 12 + 1)2 10

(et -ttt - -2 — ) + (20 + 20 2+ 82 41,0
B (5 + 2 + 1)?

(2t,—t* +1,-2¢° = t)
T (A2 1)

\/4t2+t8 24 + 1+ 486 + 4t + 12 \/_+4t5+2t4-+-5t2

T(t)) y
|T(2)] (t4 1 12 + 1)/ T e+ 1)
2t,1— %, —28° — ¢
N = )
VB + 415+ 267 + 587
(¢) k() = |T!(t)| _ 18+ 4t + 2t4 4 5t2

()] (6 + 12 + 1)?

12. Using Exercise 10.3.32, we have r'(t) = (—3sint, 4 cost), r'’(t) = {(—3cost, —4sint),
. 3
) = (\/Qsin2t+4cos2t> and then

l(—3sint)(—4sint) — (4cost)(—3cost 12
K(t) = a/2 - 372"
(9sin® ¢ + 16 cos? t} (9sin® ¢ + 16 cos?t)
At(3,0),t = 0and & (0) = 12/(16)%/2 = 22 = & At(0,4),t = S andx(3) = 12/93/2 = 2 = £
: 0" 2 .
13. o' = 42°, 4" = 122° and k(z) = v = [1227] so k(1) = 12

173/2'

L+@y)? « 162877
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12z% — 2
14, k(z) = | | 7 x(0) = 2. So the osculating . 0.55
[1+ (4x? — 22)?] \ /
circle has radius § and center (0,—1). Thus its equation is -12 12
2
A=t
LN J
-1.2

15. r(t) = {sin2¢,t,cos2) = 1'(t) = (2c0s2¢,1,-2sin2t) = T(t) = Tz (2c0s2t,1,~25in2t) =
T’ (t) = 2z (-4sin2t,0,—4cos2t) = N(t) = (—sin2¢,0, — cos 2t). SoN = N () = (0,0, —1) and
B=TxN= % {(—1,2,0). So a normal to the osculating plane is {(—1, 2, 0} and an equation is
~Uz-0)+2y—7)+0(z—1)=0o0rz — 2y + 27 = 0.

16. (2) The average velocity over [3, 3.2] is given by I‘(—BSQ—%-:—? = 5{r{3.2) — r(3)]. so we draw a vector with the

same direction but § times the length of the vector [r(3.2) — r(3)].

¥4
-
C
average
r(3) velocﬁy
r(3.2}
Q x
iy X34 R) = 2(3)
Ly v(3)=r'(3) = }P_I)Z% -
r'(3) . . o ; .
(c) T(3) = m a unit vector in the same direction as r’(3), that is, b
1
parallel to the tangent line to the curve at r(3), pointing in the N <
direction corresponding to increasing ¢, and with length 1. r(3)
32 16
0 1 X

1. r(t) =tlnti+tj+e "k vt} =r'() = (1 +Int)i+j—e tk, _
VY =@+ Int)2+ 12+ (—e )% = /24 2Ini + (Int)2 + e 2, altj=v'({t)=t1i+e 'k

1. v(t) = [a(t)dt = [ (61i+12%j— 6tk) dt = 3t2i + 4t — 3t2k + C, but
i—j+3k=v{0)=0+Cs0C=i—j+3kandv() = 3+ 1)i+ (4* ~1)j+ (3- 37 k.
r(t) = fv(¢)dt = (t3+t)i+(t4—t)j+(3t—t3)k~:~[}. Butr(0) = 0,50 D = 0 and
rt)= () i+ (-t i+ (3t - )k




210 O CHAPTER10 VECTCR FUNCTIONS

19. We set up the axes so that the shot leaves the athlete’s hand 7 £t above the origin. Then we are given r(0) = 7j,
v(0)| = 43 fi/s, and v(0) has direction given by a 45 ° angle of elevation. Then a unit vector in the direction of
v{0)is == (1 +3) = v({0)= v’3§ (i + j). Assuming air resistance is negligible, the only external force is dueto

gravity, so as in Example 10.4.5 we have a = —gj where here g = 32 ft/sz. Since v'(t} = aft), we integrate,
giving v(t) = —gtj+ C where C = v(0) = % i+i) = v{iy= 1+ (\/— gt) j. Since

r'(t) = v(t) we integrate again, so r(t) = “2ti+ (j—%t - %th) j+D. But

D=r(0)=7j = r(t)=%ti+ (47 - %gt2+7)j‘

(a) At 2 seconds, the shot is at r(2) = %(2)i + (%—(2) - %9(2)2 + 7)j 22 60.81 4 3.8}, so the shot is about
3.8 ft above the ground, at a horizontal distance of 60.8 ft from the athlete.

(b) The shot reaches its maximum height when the vertical component of velocity is 0: % —gt=0 =

= _\/? s+ 0.95 s. Then r(0.95) = 28.91 + 21.4 ], so the maximum height is approximately 21.4 fi.
2g

(¢) The shot hits the ground when the vertical component of r() is 0, so AR g +7=0 =

~1662 4+ L1 4+7=0 = t=211s r(211) ~64.21- 0.08}, thus the shot lands approximately 64.2 ft
from the athlete.

20, '(¢) =i+ 2j+2tk.r’{t) = 2k, ['(t Vit dtdE = VIZ+5.

Then ag = I‘f(t) - I""(t) _ 4t and ay = |1‘ (t) w (t)| 141 N le 2\/—
=’ (2)] VAT +5 )] VAR +5 VAELS5

21. From Example 4 in Section 10.5, a parametric representation of the sphere a2 +y? + 22 =4disx = 2sin¢gcosl,
y = 2sin¢sinb, z = 2cos p with 0 < 6 < 27 and 0 < ¢ < w. We can restrict the surface to that portion between
the planes z = 1and z = —1 by restricting —1 < 2 €1 = —1<2cos¢<1 = Ty A

22, z = (1 —cosu)sinv, y = v, z = {u — sinu) cosv. We plot

the portion of the surface corresponding to the parametric v consiant
domain —4n < u < 47,0 < v < 27, If w is held constant, =
10

and z give the equation of an ellipse in the plane y = u, thus the
grid curves are the vertically oriented ellipses we see. Note that : 0 -2

4 constant -1
when u = 2k, k an integer, we have z = 0 and z ranges from -10 4 Ox
—2k7 to 2k, representing a line segment parallel to the z-axis e s 3 5 0 2

in the plane y = 2kw. These are the vertical “seams” we see on the surface. If v is held constant, y is free to vary,

so the grid curves running lengthwise along the surface correspond 10 keeping v constant.
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23. (a) Instead of proceeding directly, we use Formula 3 of Theorem 14.2.3: r(f) =tR(t) =
v=r'(t)=R({) +tR'() = coswti+sinwtj+ t vq.
(b) Using the same method as in part (a) and starting with v = R(f) + t R'(¢), we have
a=v =R'({t)+ R (1) +tR"(t) = 2R'(t) + tR"() = 2vq + t aq.
(c) Here we have r(t) = ¢ ' coswti+ e “sinwtj = e"* R(¢). So, as in parts (a) and (b),
v=r'{t)=e¢ 'R'(t) - e 'Rt} = e " [R(¢) ~R(t)] =
a=v = [R'(#) - R'#)] - ¢ *[R'() - R(t)] = ' [R"(¢) — 2R/ (t) + R(1)]
=etag— 2 tvy+e R
Thus, the Coriolis acceleration (the sum of the “extra” terms not involving ag) is —2e~*v4 + e * R.
24, By the Fundamental Theorem of Calculus, r'(t) = (sin(mt?/2), cos(mt%/2)), |r'(t)] = 1 and so T(t) = r'(¢).
Thus T'(t) = wt (sin{nt?/2), cos(wt?/2)) and the curvature is & = [T’ (t){ = Vm2(1) = 7 |4).
1 ifr<@

0 if z <0
v1—12 if . A .
25. (a) F(z) = l—e? if0<e<m Fliz)={~z/VI—2 if0<ze<Z =
- 1
—e+V2 ifa> g | -1 if z > L
0 if <0
7l 2+3/2 . ]
F'(z) = ¢ —1/{1 ~ ?) fo<z<
- 1
0 lf T = "ﬁ
d - - - _
since T [hx (1 - IQ) 1/2} = - (1 — $2) 12 2 (1 - a:gj AP (1 - .’1:2) 32
Now lim v1-22=1=F(0)and lim +1-22= \%,5 = F(Vi@) sa F' is conlinuous. Also, since
T—07F z——i(l/\/‘a)_
lim F'(z)=0= lim F/(z)and lim F'(z)=-1= lim F'(z}, F' is continuous. But
&—0% =0 z—!(l/\/ﬁ)_ xm—r(l/ﬁ)-'-
lim F’(z) = -1#0= lim F"(z),so F" is not continuous at z = 0. (The same is true at z = \%.)
r— Ot r—0"

So F' does not have continuous curvaiure.
(b} Set P(z) = az® + bx* + ca® + dx® + ez + f. The continuity conditions on P are P(0) = 0, P(1) =1,
P'(0) = 0and P'(1) = 1. Also the curvature must be continuous. For z < 0 and z > 1, &{z) = 0; elsewhere

1
w{zr) = L (m)|2 372+ 50 weneed P"(0) = O and P"(1) = 0.
(1+[P(2)]*)
13
The conditions P(0) = P'(0) = P"(0) = O imply thatd = e = f = 0.
The other conditions imply thata + b+ c =1, 5a +4b + 3¢ = 1, and
10a + 6 + 3c = 0. From these, we find thata = 3, b= ~8, and ¢ = 6.
Therefore P(z) = 3z° — 82* + 62°. Since there was no solution with —03 . 13

a = {, this could not have been done with a polynomial of degree 4.




