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Chapter 2. Repeated Trials and Sampling

Ten dice are rolled. Write down numerical expressions for
a} the probability that exactly 4 dice are sixes.
b} the probability that exactly 4 dice are sixes given that none of the dice is a five,
c} the probability of 4 sixes, 3 fives, 2 fours, and a three.
d} the probability that none of the first three dice is a six given 4 sixes among the
ten dice.

A fair die is rolled 36 times. Approximate the probability that 12 or more sixes appear,

Suppose | roll a fair die, then toss as many coins as there are spots on the die,
a} What is the probability that exactly three heads appear among the coins?
b} Given three heads appear, what is the probability that the die showed 47

A fair coin is tossed 10 times, Given that at least 9 of the tosses resulted in tails, what
is the probability that exactly 9 of the tosses resulted in tails?

A thumb tack was tossed 100 times, and landed point up on 40 tosses and point down
on G0 tosses. Given this information, what is the probability that the first three tosses
landed point down?

Four numbers are drawn at random from a box of ten numbers 0,1,...,9. Find the
probability that the largest number drawn is a six;
a} if the draws are made with replacement;

b} if the draws are made withour replacement.
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Suppose you and 1 each roll ten dice. What is the probability that we each roll the same
number of sixes?
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In a certain town, 10% of the families have no children, 108 have one child, 400 have
oo children, 30% have three children, and 10% have four children. Assume that births
are independent of each other, and equally likely to produce male or female.

a) One family is picked at random from all of the Families in this town. What is the
probability that there are at least tovo children in the family?

b} One family is picked at random from all of the families in this town, Guess the
size of the family, given that it has art least two girls, Give reasons for your guess.

cl A family is picked at random from among the families with four children. Then
a child is picked at random from the selected Family, What is the chance that the
child picked is a girl with at least one brother?

Lie detectors. According to a newspaper report, in 2 million lie detector tests, 300, (00
were estimated to have produced erroneous results. Assuming these figures 1o be cor-
rect, answer the following:
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a) If ten tests were picked at random from these 2 million tests, what would he
the chance that at least one of them produced an erroneous result? Sketch the
histogram of the distribution of the number of erroneous results among these ten
tests,

b) Suppose these 2 million tests were done on a variety of machines. If 2 machine
were picked at random, then ten tests picked at random from these tests per-
formed on that machine, would it be reasonable to suppose that the chance that
at least one of them produced an erroneous result would be the same as in a)?

Explain.

Consider two machines, A and B, each producing the same items. Each machine pro-
duces a large number of these items every day. However, production per day from
machine B, being newer, is rwice that of A, Further the rate of defectives is 1% for B
and 2% for A. The daily output of the machines is combined and then a random sample
of size 12 taken. Find the probability that the sample contains 2 defective items. What
assumptions are you making?

In poker, a hand
a) I deal a

A seed manufacturer sells seeds in packets of 50. Assume that each seed germinates with
a chance of 8%%, independently of all others. The manufacturer promises to replace,
at no cost 1o the buyer, any packet that has 3 or more seeds that do not germinate.
What is the chance that the manufacturer has to replace more than 40 of the next 4000
packets sold?

a) If Ted and Jim are among 10 people arranged randomly in a line, what is the
chance that they stand next to each other?
b} What if the ten people are arranged at random in a circle?

) Generalize to find the chance of k particular people ending up all together if n
people are arranged at random in a line or a circle,

Draws are made at random with replacement from a box of colored balls with the fol-
lowing composition:

color red | blue | green | vellow

proportion | 0.1 | 0.2 0.3 0.4

Write down and justify unsimplified expressions for the probabilities of the following
events:

a) exactly b yellow balls appear in 20 draws;
b) exactly 2 red, 4 blue, § green and 8 yellow balls appear in 20 draws;
<) the number of draws required to produce 3 red balls is 25.
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Eight cards are drawn from a well-shuffled deck of 52 cards. What is the pmb;,b,'ﬁw
that the 8 cards contain:  a) 4 aces; b)) 4 aces and 4 kings;

¢) 4 of a kind (any kind, including the possibility of 4 of two kinds).
If four dice are rolled, what is the probability of:

al four of a kind;  b) three of a kind;, ) two pairs?

Seven dice are rolled. Write down unsimplified expressions for the probabilities of each
of the following events:

a) exactly three sixes;
) three of one kind and four of another;

) twvo fours, two fives, and three sixes; o) each number aAppears;

&) the sum of the dice is 9 or more.

In a World Series, teams A and B play until one team wins four games, Suppose gl|
games are independent, and that on each game, the probability thar team A beats team
Bis 2/3.
!
a) What is the probability that team A wins the series in four games?

[y Whar is the probability that team A wins the series, given team B won games 1
and 2?

A computer communication channel transmits words of n bils using an error-correcting
code which is capable of correcting errors in up to & bits. Here each hit is either a
or a 1. Assume each bit is transmitted correctly with probability p and incorrectly with
probability ¢ independently of all other bits.

a} Find a formula for the probability that a word is correctly transmitted.
b} Calculate the probability of correct transmission for n =8, k = 2, and ¢ = (.01

Suppose a single bil is transmitted by repeating it r times and the message is interpreted
by majority decoding. For example, for n = 5, if the message received is 10010, it
is concluded that a 0 was sent, Assuming n 15 odd and each bit in the message is
rransmitled correctly with probability p, independently of the other bits, iind a formula
for the probability that the message is correctly received.

Suppose that, on average, 3% of the purchasers of airline tickets do not appear for the
departure of their flight. Determine how many tickets should be sold for a flight on an
airplane which has 400 seats, such that with probability 0.95 evervhody who appears
for the deparure of the flight will have a sear, What assumptions are yvou making?

Ten percent of the families in a town have no children, twenty percent have one child,
forty percent have two children, twenty percent have three, and ten percent have four.
Assume each child in a family is equally likely to be a boy or a girl, independently of
all the others. A family is picked at random from this wwn, Given that there is al least
ane boy in the family, what is the chance that there is also at least one girl?
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In a large population, the distribution of the number of children per family is as follows:

Number of children n 0 1 2 3 4 5

0.15 | 0.2 |03 (02|01 | 006

Assume that each child in a family is a boy or a gid with probability 1/2, indepen-

dently.

a) If a family is picked ar random, what is the chance that it contains exactly two
girls?

b If a child is picked at random from the children of this population, what is the
chance that the child comes from a family with exactly two girls?

Proportion families with n children

At Wimbledon, men's singles matches are played on a “best of five sets” basis, that is,
players A and B play uniil one of them has won 3 sets, Suppose each set is won by A
with probability p, independently of all previous sets.
a) Foreach i = 3,4, 5, find a formula in terms of p and g = 1 — p that player A wins
in exactly i sets,
b} In terms of p and g, what is the probability thar playver A wins the match?

¢} Given that player A won the match, what is the probability (in terms of p and ¢
that the match lasted only three sets?

d) Compute the probability in ) for the case p = 2/3.
e} Do you think the assumption of independence made above is reasonable?

Suppose 3 points are picked at random from 10 points equally spaced around the
circumference of a circle.

@) What is the probability that two particular adjacent points, say A and B, are both
among the 3 points picked at random?

b) What is the probability that among the 3 points picked at random there is least
one pair of adjacent points?

A university schedules its final examinations in 18 “examination groups”, so that courses
held at different times are in different examination groups. The examination times are
spread over 6 days, with 3 examinations each day. Suppose all students take 4 exami-
nations. About what proportion of students will have their 4 examinations on different
days? [You need to make some assumplions—state what the assumptions are ]

The matching problem. There are n letters addressed w n people at n different
addresses. The n addresses are typed on n envelopes. A disgruntled secretary shuffles
the letters and puts them in the envelopes in random order, one leter per envelope.

a) Find the probability that at least one letter is put in a correctly addressed envelope.
[Hint: Use the inclusion-exclusion formula of Exercise 1.3.12]

b} What is this probability approximarely, for large n?

Cosmic wimpout. In this game five dice are rolled. Four of the dice have the same
set of symbols and numbers on their faces. The numbers are 5 and 10, and let us call
the symbols A, B, C, and D. The fifth die is the same, except symbol D is replaced by
a different symbol W, indicating a wild roll. In one version of the game, the following
kinds of rolls count for a score:



s any roll that shows one or more numbers:

+ any roll that shows a triple of symbols, where the wild symbol W can coupy
any symbol you like, e.g., WAABC scores a triple, the W counting as A; §

* a roll that shows W together with one of each of the other symbols A, B C, and

]
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Any other combination fails to score, and is called a wimpout. Calculate the probabiliy I

of a wimpout,

32. call a card hand of k cards a straight if the denominations can be arranged as d, d+
1,...,d+h-1forsomel<d<13-h+1, whered=1 represents ace, d = 11 for jack,
12 for queen, and 13 for king (so aces only count low). Call the hand a flush if all &
cards are of the same suit. Assume for simplicity that a straight flush counts both as a
straight and as a flush. For which & is a straight more likely than a flush?

a) How could you simulate a biased coin landing heads with probability p = 1/3 if

33.
vou only had available a fair coin?
by How could you simulate fair coin tossing if vou only had available a coin with
unknown bias p strictly between 0 and 17
34.  a) Explain why if you and I each toss m fair coins, the chance that we both get the

same (unspecified) number of heads equals the chance that we get exactly m
heads and m tails between us,
b} If I toss m fair coins, and you toss m + 1 fair coins, what is the chance that you

get strictly more heads than 1 do?
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