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Problem 1) TF questions (30 points)

Mark for each of the 20 questions the correct letter. No justifications are needed.

| T F f(x,y) and g(x,y) = f(2?, y*) have the same critical points.

Solution:
The function g has always (0,0) as a critical point, even if f has not.

If a function f(x,y) = ax + by has a critical point, then f(z,y) = 0 for all
(=,9).

Solution:
At a critical point the gradient is (a,b) = (0,0), which implies f = 0.

3) T F feyeye = fyyeze for f(z,y) = sin(cos(y + x'*) + cos(z)).

Solution:
Follows from Clairot’s theorem.

Given 2 arbitrary points in the plane, there is a function f(x,y) which has
these points as critical points and no other critical points.

Solution:

Connect the two points with a line and take this height as the x-axes, centered at the
midpoint and with units such that the two points have coordinates (-1,0),(1,0). The
function f(x,y) = —y*(x®> — 1) has the two points as critical points. One is a local max,
the other is a saddle point.

It is possible that for some unit vector u, the directional derivative D, f(z, y)
is zero even though the gradient V f(z,y) is nonzero.

Solution:
Just go in to the direction tangent to the level curve.

6) | T || F If (29, y0) is the maximum of f(x,y) on the disc 22 +y? < 1 then 22 +72 < 1.




Solution:
The maximum could be on the boundary.

The linear approximation L(z,y, z) of the function f(z,y,z) = 3x+ 5y — 7z
T F at (0,0,0) satisfies L(z,y, 2) = f(z,y, 2).

Solution:
£(0,0,0) =0 and Vf(0,0,0) = (3,5, =7).

8) | T F If f(x,y) = sin(z) + sin(y), then —v/2 < D, f(z,y) < V2.

Solution:
IDufI < IVl < V2.
There are no functions f(x,y) for which every point on the unit circle is a
9) T F critical point.
Solution:

There are many rotationally symmetric functions with this property.

An absolute maximum (zg,yo) of f(x,y) is also an absolute maximum of
10) | T || F f(z,y) constrained to a curve g(z,y) = c that goes through the point

(w0, Yo)-

Solution:
The Lagrange multiplier vanishes in this case.

If f(x,y) has two local maxima on the plane, then f must have a local

11) T F minimum on the plane.

Solution:
Look at a camel type surface. It has a saddle between the local maxima.

12) | T F The acceleration of the curve 7(t) = (cos(t),sin(t), ) at time ¢ = 0 is 1.




Solution:
The acceleration is a vector.

There exists a function f(x,y) of two variables which has no critical points

13) | T | F at all.

Solution:
True. Every non-constant linear function for example.

14) | T F If fu(z,y) = fy(z,y) =0 for all (z,y) then f(z,y) =0 for all (z,y) .

Solution:
False, f could be constant.

15) | T F (0,0) is a local maximum of the function f(z,y) = 2? — y* + 2% + y*.

Solution:
(0,0) is a saddle point.

If f(x,y) has a local maximum at the point (0,0) with discriminant D > 0
16) | T || F then g(z,y) = f(z,y) — 2 + y> has a local maximum at the point (0,0)
too.

Solution:
Adding z* + y® does not change the first and second derivatives.

The value of the function f(x,y) = /1 + 3z + by at (—0.002,0.01) can by
1) | T|| F linear approximation be estimated as 1 — (3/2) - 0.002 + (5/2) - 0.01.
Solution:

Use formula for L(z,y).

The gradient of f at a point (xo, yo, 20) is tangent to the level surface of f

18) T F which contains (zg, o, 20)-




Solution:
It is a basic and important fact that V f is perpendicular to the level surface.

19 | T || F If Dzf(1,1) = 0 for all vectors @, then (1, 1) is a critical point of f(z,y).

Solution:
Especially, Dy;(f) = |V f|* =0 so that Vf = (0,0,0).

20) T F The function u(z,t) = 23 + 1 satisfies the wave equation uy = Uy,

Solution:
Just differentiate.

Every critical point (x,y) of a function f(z,y) for which the discriminant

21) T F D is not zero is either a local maximum or a local minimum.

Solution:
The second derivative test give for negative D that we have a saddle point.

2 [ ][ F The function f(x,y) = e¥z?sin(y?) satisfies the partial differential equation

J TTYYYTYYy 0.

Solution:
By Clairots theorem, we can have all three = derivatives at the beginning.

If (0,0) is a critical point of f(z,y) and the discriminant D is zero but
23) T F f22(0,0) < 0 then (0,0) can not be a local minimum.

Solution:
If f..(0,0) < 0 then on the x-axis the function g(z) = f(x,0) has a local maximum. This
means that there are points close to (0,0) where the value of f is larger.

In the second derivative test, one can replace the condition D > 0, f,, > 0
24) T F with D > 0, f,, > 0 to check whether a point is a local minimum.




25)

26)

27)

28)

29)

Solution:

True. If foofyy — :fy > 0, then f,, and f,, must have the same signs.

T || F The gradient (2z,2y) is perpendicular to the surface z = 22 + y2.

Solution:

The surface is the graph of a function f(x,y). While the gradient of f is perpendicular
to the level curve of f, it is only the projection of the gradient to the function g(z,y, z) =
f(z,y) — z. The later is perpendicular to the surface.

If f(z,t) satisfies the Laplace equation f,, + fi; = 0 and simultaneously the
T F wave equation f., = fyu, then f(x,t) = az + bt + c.

Solution:

Take f(x,t) = xt. (Here is how we get the general solution: From the two equations,
we get fr = 0 and f; = 0. From f,, = 0, we obtain that f(x,t) = a(t)x + c(t).
From f; = 0, we obtain a(t) and ¢(t) are linear in t. Therefore the general solution is
f(z,t) = atx + bt + cx + e).

The function f(z,y) = (z* — y*) has neither a local maximum nor a local
minimum at (0, 0).

Solution:
The function is both smaller and bigger than f(0,0) for points near (0, 0).

It is possible to find a function of two variables which has no maximum and
no minimum.

Solution:
There are many linear functions like that.

The value of the function f(z,y) = e"y at (0.001,—0.001) can by linear
approximation be estimated as —0.001.




Solution:
Because the gradient at (0,0) is (0,1) and f(0,0) = 0, the linear approximation is

30)

L(z,y) =y.
For any function f(x,y,z) and any unit vectors u, v, one has the identity
T F Duxvf(x?y?z) = Duf(x,y,z)va(x,y,z).
Solution:

The directional derivative in the u x v direction has nothing to do with the directional

derivatives into the other directions. An example, u = (1,0,0),v = (0,1,0), f(z,y,2) =
x + y is an example, where D, f(x,y,2) =0but D, f =1,D,f = 1.

Problem 2) (10 points)

Match the parametric surfaces with their parameterization. No justification is needed.

I IT



I1I IV

Enter LILIIL,IV here | Parameterization

Solution:

Enter LILIIL,IV here | Parameterization

I (u,v) — (cos(u) sin(v), sin(u) sin(v), cos(v))
11 (u,v) — (u—1,v+ 3,u+v)

111 (u,v) — (u,v,1 —u? —v?)

v (u,v) — (€ (v)cos(u),sin(v) sin(u), v)

Problem 3) (10 points)

a) Show that for any differentiable function g(z), the function u(z,y) = g(x?+y?) satisfies
the partial differential equation yu, = zu,.

b) Assuming ¢'(5) # 0, let u be the function defined in a). Find the unit vector ¢ in the
direction of maximal increase at the point (z,y) = (2,1).



Solution:

a) Just differentiate:

yu, = yg'(2° +y°)2x = 2zyg' (2> + y?)

zuy, = xg'(2* + y*)2y = 2yxg'(2* + y?)

These two expressions are the same.

b) The direction of maximal increase points into the direction of the gradient of u which
is Vu(z,y) = (9'(2* + y*)2z, ¢'(2* + y*)2y).

At the point (x,y) = (2,1) we have (¢'(5)4,¢'(5)2). If we normalize that, we obtain

7= (4,2)//20|

Problem 4) (10 points)

Which point on the surface g(z,y, z) = % + =+ g =1 is closest to the origin?

1
Y

Solution:
This is a Lagrange problem. One wants to minimize f(z,y,2) = 2% + y? + 2% under the
constraint g(z,y, z) = 1. The Lagrange equations are

—1

-8
1 1 8
442 =1
xX Yy z

The first two equations show x = y, the first and third equations show 8/2% = 1/23 or
z = 2z. Plugging this into the last equation gives 2/2+8/(2z) = lorz =6,y = 6,z = 12.
(x,y,2) = (6,6,12) |
There is an interesting twist to this problem (as noted by one of the students Jacob
Aptekar): consider the points (z,y,z) = (1,—1/n,8/n), where n is a large integer, One
can check that these points lye on the surface g(x,y, z) = 1. Their distance to the origin
however decreases to 1 if n goes to infinity. So the point (6,6, 12), while a local minimum
is not a global minimum.

Problem 5) (10 points)

Find all extrema of the function f(x,y) = 2® + y> — 3z — 12y + 20 on the plane and



characterize them. Do you find a absolute maximum or absolute minimum among them?

Solution:
The critical points satisfy Vf(z,y) = (0,0) or (3z? — 3,3y? — 12) = (0,0). There are
4 critical points (z,y) = (£1,£2). The discriminant is D = f,, f,, — f:?y = 36y and

point | D | fg, | classification | value
(-1,-2) | 72 | -6 | maximum 38

(-1,2) |-72 | -6 | saddle 6
(1,-2) | -72 |6 | saddle 34
(1,2) |72 |6 | minimum 2

Note that there are no global (= absolute) maxima nor global minima because the function
takes arbitrarily large and small values. For y = 0 the function is g(z) = f(x,0) =
23 — 3x + 20 which satisfies lim, 1., g(z) = +o0.

Problem 6) (10 points)

5 2

Find all the critical points of f(z,y) = & — & + % — g and indicate whether they are
local maxima, local minima or saddle points.

Solution:
Vf(r,y) = (2* — x,(y¥* — 1)) = (0,0) so that the critical points are
(0,1),(0,-1),(1,1),(1,—-1).  We have D = (42 — 1)2y and f,, = 42 — 1.
Point D Jua type
0,1) | D=-2] - saddle
(0,-1) | D=2 | —1 | local max
(1,1) | D=6 | 3 | local min
(1,-1) | D=-6]| - saddle

Problem 7) (10 points)

Use the technique of linear approximation to estimate f(0.003, —0.0001,7/2 + 0.01) for

flz,y,2) = cos(zy + z) + © + 2z .



Solution:
L(z,y) = f(z0, Yo, 20) + fa(z0, Yo, 20)(x — x0) + f (0, Yo, 20) (Y — Yo) + [ (%0, Yo, 20) (2 — 20)
f(xo,y0,20) = cos(m/2) + T =7
a= fu(To,Y0,20) = —Osin(r/2) +1 =1
b= f,(z0,Y0,20) = —0sin(w/2) =0
¢ = f.(x0,y0,20) = —sin(n/2) +2 =1
L(z,y) =7+ 0.003-1+ —0.0001-0+0.01-1=m+0.013.

Problem 8) (10 points)

Find the equation ax + by + cz = d for the tangent plane to the level surface of
f(z,y,z) = cos(zy + 2) + o + 2z

(same function as in last problem) which contains the point (0,0, 7/2).

Solution:
We have V f(0,0,7/2) = (1,0, 1) so that the plane is z + z = 7/2

Problem 9) (10 points)

What is the shape of the triangle with angles «, 3, v for which
fla, B,7) = log (sin(a) sin(f) sin(7))

is maximal?



Solution:
The Lagrange equations are cot(a) = A, cot(3) = A, cot(y) = A. Because «, (3, are all in

[0, 7], we conclude that all are the same. From the last equation follows |a = =~ = 7/3

and sin(a) sin(8) sin(y) = (v/3/2)°.




