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‘ Problem 1) Trugalse questions (20 points). No justifications are needed. ‘

1)

2)

3)

4)

5)

6)

T

F

Solution:

There are two unit vectorg w for which the sunv + w has length 13.

Look at the diagonal of the parallelogram spanned bypdw. It can have any length between

0 and 2.

Solution:

For any three vectors, we haj(d x V) x W| = |(V x W) x O].

ForG=1i,vV=Jandw = j, the first expression is 1 the last is 0.

Solution:

Denote byd(P, L) the distance from a poirR to a lineL in space. For any point
P and any two linet, K in space, we have(P, L) + d(P, K) > d(L, K).

For any pointA on L and any poinB on K, we haved(P, A) + d(P, B) > d(A, B) by the triangle
inequality. This is especially true whekis the point on the lind&. such thad(P, A) = d(P, L)
and wherB is the point on the lin& such thad(P, K) = d(P, B).

Solution:

For any three vectord v, w, the relationd x (V x w)| < |d||v]w] holds.

Use the formulad x V| = |U]|V] sin(@) twice.

Solution:
While the statement s true for the speed, the curvaturemimteshange under reparametrization.

Assume a curvé(t) has constant speed 1 and constant curvature 1 everywhere.
Then the curve (2t) has constant speed 2 and constant curvatyfeelery-
where.

If the curvature of a space curve is constant 1 and the sjpa@)| = 1 every-
where, then the acceleration satisfie’(t)| = 1 everywhere.



Solution:
The assumption impligd’| = || andk = [T'|/|IP| = [T'| = ||

7.

If a vector fieldF = (P, Q) has curlF) = Q.- P, = 0 everywhere and divergence

T i div(F) = Py + Qy = 0 everywhere, then the vector field must be constant.

Solution:
Take a vector fielde = Vf. There are solutions to div(graid(= 0 which are not constant like
f(x,y) = X2 — y2. The vector field 2x, —2y) has divergence zero and curl zero.

If the level curvef (x,y) = 1 contains both the lines= y andx = -y, then (Q0)
8 | T F must be a critical point for whicb < 0.

Solution:
It can be a surface witD = 0 like x* — y*.

The surface’(u, v) = (u*cosg), u® sinfv), u®) with v € [0, 27) and—co < U < o

9 T F is a double cone.
Solution:
X2 +y? = 2.

There is a non-constant functioffi(x,y,z) of three variables such that
10) | T | F div(grad(f)) = f.

Solution:
For examplef (x,y, 2) = €.

11) | T | F If curl(F) = F, then the vector fieldF satisfies divE) = 0 everywhere.

Solution:
Indeed, then divf) = div(curl(F) = 0.

12) | T = The equatio® = 7/4 in spherical coordinates defines a half plane.




Solution:
It is a single cone.

13) | T || F The tangent plane of +y*> + * = 9 at (03,0) isy = 3.

Solution:
The gradient ig0, 6, 0) so that the equation is/6= d. Plugging in the point gives the equation
y = 18.

Assume Ko, Yo) is not a critical point off (x,y). It is possible thatf increases
14) | T F at (Xo, Yo) most rapidly in the directiokil, 0) and decreases most rapidly in the
direction(4/5, —3/5).

Solution:
The direction of maximal increase is the opposite directbmhe direction of maximal de-
crease.
AssumeF(x,y,7) is defined everywhere except on tkzeaxis and satisfies
%) | T F curl(F) = G everywhere except on thzeaxis, then[_ F - dr' = 0 for all curvesC.
Solution:

You can have curf) to be singular on theaxes. An example i&-y/(X@ + y?), X/ (X2 + y?), 0).

A point (X, Yo) is an extremum off (x,y) under the constrairg(x,y) = 0. If
16) | T E D = fufy — fxzy > 0, then o, Yo) can not be a local maximum on the constraint
curve.

Solution:
The discriminantD has no significance for extremization problems under caimgt. Take
X2 +y? or —x? — y? to get minima or maxima evengd > 0.

17) | T || F The vector field=(x, y, 2) = (X2, 2, 7%) can be the curl of another vector fie&

Solution:
We would need that the divergencefdfs zero.



If f(x y)andg(x,y) are two functions and (3, 3) is a critical point of the func-
18) | T F tion F(x,y, 1) = f(x,y) — 19(X, y), then (23) is a solution of the Lagrange equa-
tions for extremizingf (x, y) under the constrairg(x, y) = O.

Solution:
Being a critical point off meansy(x,y) = 0 (partial derivative ofF with respect tol is zero)
andfy = A9y, fy = A9, (partial derivatives of with respect tax, y are zero).

Assume (00) is a global maximum of (x,y) on the discD = {(x* +y* < 1},
19) | T | F then [ [ f(xy) dxdy < xf(0,0),

Solution:
ffD f(x y) dxdy < ffD f(0,0) dxdy = (0, O)x.

Let C be a curve parametrized I{t),0 < t < 1 so that its speed is constant 1.
200 | T | F Then [ V1 - dris equal tof;" D (f (F(t)) dt.

Solution:
This follows from the definition of the directional derivagiand line integral.



| Problem 2) (10 points)

a) (4 points) Match the following triple integrals with thegions.

O ¢
b

Il Vi

Enter LILIILIV here | Equation

fgﬂ/zfo fﬂ f(r cos@), r sin@), 2)r dzdrdo

fgﬂ/zfo f, , f(rcos@),rsin@), 9r dzdrdo

fogﬂ/z fol f_g f(r cos@), r sin@), 2r dzdrde

[0 [ o (% .2) dadydx




2b) (6 points) Match the following pictures with their vecfeelds and surfaces. Then check

Nt 1

IR A1

whether the flux integral is zero.

el
K 927

A B
C D
Enter A,B,C,D| Field Surface Flux zero

F(XY,2) = (XY, 2

r(u,v) = (u,v, 0)

F(xY,2) = (0,0,y)

(0, ¢) = (sin(@) cosp), sin(p) sin(®), cose))

lf(x’ y’ Z) = <—X, _y’ _Z>

(0, 2) = (cosp), sin@), z)

'f(xa y’ Z) = <_ya X, O>

(0, 2) = (zcosP), zsin@), 2)




Solution:

a) LIV

b) B,A,D,C. The flux is zero for B,A,C. In the plane and coneaiion the vector field is tangent
to the surface. In the sphere case, there is part of the surfaere the flux is positive and part
of the surface where it is just the opposite. Only for theraydir, the flux is nonzero. All vectors
point inwards.

| Problem 3) (10 points)

a) (6 points) Match the following level surfaces with furcts f(x,y,z) and also match the
parametrization of part of the surfaééx,y, z) = 0.
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Enter LILIILIV | f(X,y,2 =0 Enter LILIILIV | parametrization
f(Xy,2) = X +y* +2 U, v, 12 =\
fxy,=x+y+7-1 (u, v, U? + v2)
fxy.2=-X-y+2 v, Vi— 12 -2
fxy.9=-X¥-y+7 (scosf), ssin@), S)

b) (2 points) We know that

r”(t) = (- cost), — sin(t), 0y,

r(0) =(2,3,4)and
r’(0)=<0,1,1).

The expressioricos() + 2, sin(t) +
3,t+ 4) is equal to:

Check which applies result

the velocityr ’(t)

the positiornr(t)

the curvature(r(t))

the unit tangent vector (t)

Check which applies PDE

) (2 points) What is the name of the Transport equation
partial diferential equation Wave equation
div(grad(f)) = 0 for f(x,y)? Heat equation

Laplace equation

Solution:
a) IV,LIILIT and IV, IILLI
b) Itis the position. (The problem had a typo with 1, 0). We did not take any pointgian b).

c¢) This is the Laplace equation.

Problem 4) (10 points)

Find the distance between the sphere-@4)* + y* + (z - 6)> = 1 and the cylinder of radius 2
around the linx=y =z

Solution:

The pointsA = (0,0,0) andB = (1,1, 1) are on the line so that the perametrization of the line
is P(t) = A+ tVwith v = AB = (1,1,1). We first compute the distance between the point
P = (4,0, 6), the center of the sphere, and the line. This distance is

_IPAXV _ [(4,0,6) x(1,1,1)|
v KL,1, D)
_ [=6,24)|

= =5 We have to subtract from this the radius of the sphere anchttias of the cylinder,

so that the result is nowy/56/3 — 3|.

d




‘ Problem 5) (10 points)

a) (3 points) Find the tangent plane to the surfécedxy — 2 = 0 at (1, 1, 2).
b) (4 points) Estimate 4 1.001+ 0.99 — 2.001%, wheresx is the usual multiplication.

c) (3 points) Parametrize the line through X12) which is perpendicular to the surfaeat
(1,1,2).

Solution:
a) The gradient of (x,y,2) = 4xy — 22 is Vf(X, Y, 2) = (4y, 4x,—22). The gradient afl, 1, 2) is
(4,4, -4). The equation of the tangent plane 44y — 4z = d, where the constant = 0 can
be obtained by plugging in the point§/,2) = (1,1, 2). The plane isx +y -z =0}

b) Sincef (1, 1, 2) = 0, we get with the linearizatioh(x,y, z2) = 0+4(x-1)+4(y—-1)-4(z-2) =
0.004- 0.04—- 0.004=

c)r(t) =<1,1,2) + t(4,4,-4) which is| F(t) = (1 + 4t, 1 + 4t, 2 — 4t) |.

Problem 6) (10 points)

Find the place on the ellipticasteroid surfaceg(x,y, 2) =
5x% +Yy? + 322 = 9, where the temperatufgx, y, ) = 750+
5x — 2y + 9z is maximal.




Solution:
The Lagrange equations are

5= 110x
—2=12y
9= 16z
5 +y*+ 32 =9

Dividing the first equation by the second we get —2x. If we divide the first by the third, we
get relatiorz == 3x. Plugging this into the third 4th equation gives®6- 9 or x = +1/2. The
critical points are (12,-1,3/2) and £1/2,1,-3/2). We evaluatd at these two points to get
f(1/2,-1,3/2) = 768 f(-1/2,1,-3/2) = 732. The point(1/2, -1,3/2)|is the maximum.

Problem 7) (10 points)

The thickness of the region enclosed by the two gre
fi(x,y) = 10— 2x> — 2y? and fa(x,y) = —-x* —y* - 2 is
denoted byf(x,y) = fi(x,y) — fo(x,y). Classify all critical
points of f and find the global minimal thickness.

To the picture: over a square domain, the region looks likesércin the problem you

consider the function over the entire plane.



Solution:
The function to extremize i§(x,y) = 12+ x* + y* — 2x% — 22 Its gradient isV f (x, y) = (4% —
4x, 4y3—y). This gradient is equal t®, 0) if x € {0, 1, -1} andy € {0, 1, —=1}. There are 9 critical
points. Now we proceeed and use the second derivative testowpute the discriminail =
facfy— T3 = (12*-4)(12°-4) andf,, = 12x*-4. D is negative if exactly one of the y is zero.
x y D fix Type f(x,y)=
-1 -1 64 8 minimum 10
-1 0 -32 8 saddle 11
-1 1 64 8 minimum 10

-1 -32 -4 saddle 11

0 16 -4 maximum 12

1 -32 -4 saddle 11
64 8 minimum 10
0 -32 8 saddle 11
1 64 8 minimum 10

The minimal value 10 occurs at 4 places. Thesé @k -1),(-1,1),(1,-1).(1,1) ‘ These are

local minima. But they are also global minima becafigey) = (x> — 1> + (y> + 1)> + 10 is
always positive and goes to infinity fox,fy) — co.

Otherwise, it is positive.fy is negative ifx = 0.
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Problem 8) (10 points)

Find the volume of the solid piece cheesebound by the
cylinderx? +y? = 1, the planey -z = 0 (bottom boundary
andy+ z = 0 (top boundary) which is on the quadrant 0
andy < 0.




Solution:
We use cylindrical coordinates. The base region inhelane is the forth quadrant. Its roof
isz = -y, its floor isz = y. We have to integraté(x,y) = -2y = —2r sin(0) over the fourth

guadrant and get:
1 21
f f —2r sin(@)r dodr = 2/3.
0 3r/2

The volume of the cheese.

Problem 9) (10 points)

Compute the surface area of theai surface which is parametrized by
. 2 1
F(u,v) = (Su+2v,4u +v, 7v2> ,

where 0< u < 1 andu <v<1.

Solution:
We haver,(u, V) = (3, 4,0y andf,(u, V) = (2,1, v*?), so that

Py X Py = (42, =32, -5) .
Its magnitude i$r, x /| = V25v2 + 25 = 5VV5 + 1. The surface area is

1 1
ffmxm dvdu:f f 5V + 1dvdu.
0 Ju4

Since this can not be solved directly, we have to change tier @f integration:

1 1 2
ff Mdudv:f5¢V\ﬁ+ldv:—(2\/§—l).
o Jo 0 3

The resultis2(2v2 - 1)|.

Problem 10) (10 points)




-
T

Find the area/ [, 1 dxdy of the regionR inside the right -
leaf of theGerono lemniscatex* = 4(x? — y?) which has /
the parametrization "

L L L
-2 -1 i 1
R /

r(t) = (2 sinf), 2 sing) cos()) .

Solution:
We use the vector fiel(x, y) = (0, x) and useGreens theorem We get

fﬂ<0, 2 sing))-(2 cosf), 4 cog(t)-2) = fﬂ 8 sinf) cos(t)-4 sint) dt = cos(t)(8/3)-4 cos()? = 8/3
0 0

The area i.

Problem 11) (10 points)

Find the line integral of the vector field —
F(X.V,2) = (CoSK + 2), 2yze’ % + 7,cosk + 2) + &%) |

along theslinky curve ‘

r(t) = (sin(4Q), (2 + cos(4@)) cost), (2 + cos(4@)) sin)) |

with0 <t <.

Solution:

The vector fieldF is agradient field with F(x,y, 2) = V(X Y, 2) with f(x,y,2) = sin(x + 2) +
7y + €2 The curve starts &(0) = (0, 3, 0) and ends witlf(x) = (0, -3, 0). The line integral is
therefore by théundamental theorem of line integrals f (r(x)) — f(r(0)) = -20- 22 = -.
This is the answer to the "ultimate question”.

Problem 12) (10 points)




Find the flux integral[ [ curl(F) - dS, where
F(X,Y,2) = (2 cosfry)e?™+2, X2 cosfr/2)—r sin(ry)e?, 2x2)
andS is thethorn surface parametrized by

F(s,t) = (1 - s*3) cosf) — 4<%, (1 — s®) sin(t), 59)

with 0 <t < 27,0 < s < 1 and oriented so that the norn
vectors point to the outside of the thorn.

Solution:

This problem can be solved in threeffdrent ways. 1. solution. The vector field is
the sum of the gradient of(x,y,z) = cosfry)e® + 2x andG(x,y,2) = (0, X2 cosr/2), 0).
By Stokes theorem, the flux of cuB] = nx?sin(r2)/2)/2,0,2xcosfz/2) is the line in-
tegral of (0, x> cosfr/2),0) along the boundary curvet) = (cosf),sin(0)0) which is
f02”<0, cog(t), 0) - (sin(t), cosf), 0) = 0.

2. Solution. The flux is by Stokes theorem the line integrahglthe boundary(t) which is by
Stokes theorem the flux integral of cu?'b(: nx?sin(rz)/2)/2, 0, 2x cosfrz/2) through the disc
with that boundary. This flux integral is zero because on tke curlE(x, Y, 2) = (0,0, 2X) SO
that the flux is the double integral ok®@ver the disc which is zero.

3. Solution. The flux through the "thorn” together with thexflinrough the bottom disc (ori-
ented downwards) closing the surface is zero because difu= 0. Therefore, the flux
through the thorn is the same as the flux through the discr@deupwards) which is zero as in
the 2. Solution. The result is agdi.

Problem 13) (10 points)

Assume the vector field
F(x,y,2) = (55 + 12x2, V° + €' sin(2), 52 + & cosg))

is the magnetic field of theun whose surface is a sphere
of radius 3 oriented with the outward orientation. Compute

the magnetic flux/ [L F - dS.




Solution:
The divergence is 15 + 15y? + 157%. We integrate this over the sphere to get by the divergence
theorem the flux through the surface. To compute the tripégiral we use spherical coordinates

21 T 3
f f f 1502p? sin(®) dpdgde .
0 0 0

The resultis 15(35)4r = 4- 3% - 7 = 2916r |.

| Problem 14) (10 points)

TheMercator projection is one of the

most famous map projections. It was
invented in 1569 and used for nautical
voyages. The inverse of the projection
is the parametrization of the sphere as

r(u, v) = (cos{) cos(arctan(sin})), sin(u) cos(arctan(sinkyg)), sin(arctan(sinh))) .

a) (3 points) Show thaf(u,v)| = 1 verifying so thatr(u, v) parametrizes the unit sphere, if
O0<u<2r,—00 <V< oo,

b) (3 points) Show thdt,(u, v)| = |fy(u, v)| = 1/ coshy) and thatry(u, V) - fi(u, v) = 0.

c) (2 points) Uséd) to show thatr, x | = 1/ cosh)?.

d) (2 points) Usef 1/ cosk(x) dx = 2 arctan(tanh(/2)) + C to see that the surface area of the
unit sphere is 4.

Hint for b): you can use the identity cos(arctan(sinh€ 1/ coshy).

Solution:
a) Withw = /2 — arctan(sinh{)) we can rewrite this as

r(u, w) = (cos() sin(w), sin(u) sin(w), cos))

which is the standard parametrization of the sphere.

b) This is a direct computation using the one-dimensionairchule.
c) Use the formuldg x b| = |&)|B] if the vectorsa, b are perpendicular.
d) [ 1/ coslf(x) dx = 2.



