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‘ Problem 1) Trugalse questions (20 points). No justifications are needed. ‘

The functionf(x,y, 2) = X2 — y? — Z2 increases in the directiofs-3, -1, 2)/ V14

T F at the point (11, 1).
Solution:
Because the directional derivative i§f(1,1,1) - (-3,-1,2)/V14 = (2,-2,-2) -

(-3,-1,2)/ V14 = -6, it decreases.

2) | T = The unit tangent vector of the curd) = (3t, 4t, t?) at timet = 0is(3/5, 4/5, 0).

Solution:
The velocity is(3, 4, 2t) and at time& = 0 this has length 5. Normalize the velocity vector and
get the unit tangent vector.

There exist two nonzero vectosisandb such that the length of the vector pro-

| T F jection ofdtodx bis 1[B).

Solution:
The projection fronmd onto the vectos x b perpendicular t@ is always 0.

The arc length of the cuni@(t) = (€’ — 1,16 + 2,sin(23)), 0 < t < 1 is larger

AL T F | thanthat ofy(t) = (€% — 1,2 + 2,sin(A)), 0< t < 1.

Solution:
The arc length is the same because the second curve is jystramgetrization of the first.

5 | T F The tangent plane of the graph tfx, y) = sin(x) + y> at (0, 1,1) isx + 3y = 3.

Solution:
In order to find the tangent plane, first write the graph as alleurve of a function of 3
variables:g(x, Y, 2) = sin(x) + y® — z= 0. Its gradient igcos), 3y?, -1) = (1, 3, —1).

There exists a curv€ on the level surface of (x,y,2) = x® + &7 + cosf)) = 2
6) | T | F such that the line integrg] Vf - d”> 0.




Solution:
The velocity vector to the curve is always perpendiculaht dgradient vector so that the line
integral is zero.

If Qis the point away from the planex3 5y + z = 7 andP is the point on the
T F plane closest t®, thenPQ is parallel to(3, 5, 1).

Solution:
The vectorPQ is normal to the plane and so parallel to the gradient of theali function
defining the plane.

The vector field=(x, y, 2) = (Y2 — xz+ €, —yz, x* + y2 — 72} is the curl of a vector

8 | T|F field G.

Solution:
If F = curl(G), then div(curlG) = 0. But the difvergence df is not zero.

Let F(x,y) = (P(X,Y), Q(X,y)) = (72> 757) andC be the unit circle oriented
NIT F counterclockwise. Sinc®, = Py everywhere, Green implieé F.dP=0.
Solution:

Green’s theorem can not be applied because at the originuthis not defined.

By linear approximation of the functiori(x,y,z2) = €*¥** we can estimate
10) | T | F £(0.1,0.01 0.001) as 1111.

Solution:
The gradient off at (Q,0,0) is(1, 1, 1). The approximationi$(0,0,0)+1-0.1+1-0.01+1-0.001
which is what we have given.

If F(x,y,2) is a vector field defined on @ x2 + y2 + 22 < 4 and curlf) = 0

1) | T F everywhere on this solid, theth = Vf for some functionf.

Solution:
It is simply connected because we can pull together any dllosg to a point.



12)

13)

14)

15)

16)

17)

The tangent plane of the surfage+ y* + 2 = 6 at (2 1, 1) is perpendicular to
T F the linef(t) = (1 + 2t, 3 + 2t, -4 + 3t).

Solution:
The tangent plane is perpendicular to the gradient whi¢h, i4 6).

Given two curveC; : ry(t) = (1, t3),0<t <l andC, : (s) = (s, s),0<s< 1
T | F f(xy) = sin(ey). Then [. Vf.-dr= [ Vf.dr.

Solution:
Use the fundamental theorem of line integrals.

If f(x,y) has aglobal maximum, then the discriminant functim, y) = f, fyy—
T | F f2 has a global maximum.

Solution:
There is no relation between critical pointsfoéndD. Take—x2 — y? + x?y for example. It has
a global maximum bub(x, y) = 4 — 4y — 4x? does not.

Let F(x,Y,2) = (XY, Z) andS the surface boundary of the cube<Ox < 1,0 <
y < 1,0 < z< 1 oriented by outward normal vectors. Ther|, F - dS = 0.

Solution:
Use the divergence theorem. It says that the result is 3,arot z

Let F(x,y,2) = (x/3,y/3,2/3) and S the unit sphere oriented by the outward
normal vectors. Thegffs curl(F) - dS is the volume of the unit ball.

Solution:
By Stokes theorem, the result is zero. One can also see ithéttivergence theorem.

In three dimensional space there exist two nonzero vectoisfié andG such
that curlf) = div(G).

Solution:
One is a vector, the other is a scalar



The vector fieldF(x,y,2) = (cosf), cosg), cos)) has the property thaf =

18) | T || F curl(curl(F)).

Solution:
This is a direct computatior = curlF = (sin(z), sin(x), siny)) and curl@) = F.

There exists a vector fielﬁ(x, y, 2) defined onR® such that every line integral
19) | T = fc F - dr of F over a closed curve is equal to 0, but not every surface integral

[ [ F - dS over a closed surfac®is equal to 0.

Solution:
Take a gradient field which is not divergence free likgy, 2).

WhenevelF = Vf, for some functiorf (, y) defined on the annull%g X2+y? <

20) |'T || F 2, then[. F - dr = 0, whereC is the circlex? +y? = 1.

Solution:
Even so the function is not defined at the origin, the fundaaigheorem of line integrals
applies.



| Problem 2) (10 points)

a) (5 points) We match in this problems vector fields with mies of vector fields and formulas
for vector fields. A fieldF is divergence freeiif div(F) = 0 everywhere in the plane. A field

isirrotational, if curl(F) = 0 everywhere in the plane. In the last two columns of the Yalhg
table, check the boxes which apply.

field enter I-IV | divergence free irrotational
FOY) = (. %)
FOOY) = (9, %)

lf(X,y) = <—X—y,X—y>
F(XY) = (X+Y,X+Y)
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b) (5 points) Match the following names of partiafférential equations with functiongt, x)
which satisfy the dterential equation and with formulas defining these equation

| equation| A-D [1-4 |

//é/ig 'fZZ?V/

Alult,X)=t2+x° 1| w(t, X) = ux(t, X)
\r/]vavte B | u(t,x) =t%—x? 2 | Ug(t, X) = Ux(t, X)
trzisport C | u(t,x) =sin(x+1) 3| U(t, X) = —Ux(t, X)

D|ult,Xx=x+2t 4 | u(t, X) = Uy(t, X
Laplace ( ) t( ) xx( )




Solution:
2a) Il divergence free, | divergence free and irrotatiolil,1V irrotational, 2b) ADCB, 2413



‘ Problem 3) (10 points)

a) (6 points) Select 6 of the integraéls- H in the lower tables and match them with their names
in the following table:

name label A-H
line integral
flux integral
surface area
arc length
volume
area

[ 252 = y? dxdy A [ L F(f(u,v)) - Fu x 1 dudv E
b = P/
[ .1 dxdy B Ik b F(Pt) - P/(t) dt F
J ] Jg1 dxdydz C 171 @)l dt G
| [ o + 7 dxdydz D [ JIru x .| dudv H
b) (4 points)

derivative enter A-D

divergence

curl

gradient

directional derivative

The middle column of the following table is obtained by appiya derivative operation to the
object in the left column. Fill in the correct label (A-D) dfdt operation into the above table.

object derivative label
F(x.V,2) = (=Y, % %) |(0,-1,2) A
F(xy,2) = 02y, %) | 2x+1
f(XY,2) =X +y°+2z]| (2%, 2y,1)
f(x,y,2) = xX° + 5y° 10y

O 0w




Solution:
a) FEHGCB, b) BACD



Problem 4) (10 points)

Consider the tetrahedron with vertices

A=(0,1,-1),B=(4,0,-1),C = (2,1,3), andD = (2,2,0).

a) (3 points) What is the area of the parallelogram spannesBognd AD?
b) (3 points) Find the volume of the parallelepiped spanned®, AB and AD.

c) (4 points) Determine the distance between the two skexg AB andCD.

Solution:

AC = (2,0, 4).

AB = (4,-1,0).

AD = (2,1,1).

a) The area of the parallelogram/s1, -4, 6)| = V53.
b) The volume of the parallelepiped is 22.

c) The distance isAD - (AB x CD)|/|AB x CD| = 22/13.

| Problem 5) (10 points)

a) (5 points) The curl oF(x,y) = (-e9,y) is equal to a scalar functiofi(x,y). Estimate
f(1.1,0.001) by linear approximation.

b) (5 points) Using the same function as in a), the equationy) = curl(F)(x,y) = 1 definesy
as a functiorg(x) of x nearx = 1. Findg'(1).

Solution:

The function isf (x, y) = xe¥. We haveV f(x,y) = (e¥ + xye?, x?e¥). Computef(1,0) = 1 and
Vi(1,0)=<(1,1).

a) We have_(1.1,0.001)= 1+ 0.1+ 0.001=1.101.

b) We use the implicit dferentiation formula which comes frof(x,g(x)) = 1. We have
g'(¥) = —f(1.0)/f,(1.0) = -1.

Problem 6) (10 points)




Find all the critical points of the functiof(x,y) = y® — 3y? + 4x + x> — 3 and classify them by
telling whether they are local maxima, local minima or sadaints.

Solution:

The critical points are® = (-2,0) andQ = (-2,2). The Discriminant aP is D = -12

so thatP is a saddle point. The Hessian@tis 12 andf,, = 2 which is a local minimum.
P=(-20) | D=-12 Saddle point
Q=(-22) | D=12, f,x = 2 | local minimum

Problem 7) (10 points)

A nightelf in the game World of Warcraft runs frok = (0, 2) to B = (0, 0) along a straight
line segment fronA to (x, y) and swims through the lake—y > —1 from (X, y) to a gold chest
located atB = (0,0) again on a straight line segment. THoe from A to (X, y) is the square
of the distance fronf\ to (x,y). Her dfort from (x,y) to B is 2 times the squared distance from
(x,y) to B. Using the Lagrange method, find the choice of a drop poin) (on the lake shore
that minimizes herf€ort.




Solution:

This is a Lagrange problem. We have to extremize the tdfaitef (X, y) = X?+ (y—2)? + 2(x +
y?) = 3x? + 3y? — 4y + 4 under the constraimf(x,y) = x—y+ 1 = 0 that the drop point is on the
shore. The Lagrange equations are

6x = 24
y—-4 = -4
x-y = -1.

To solve it, the first two equations givex& 4 — 6y. Together with the third, we end up with the
solution| x = —1/6,y = 5/6

Problem 8) (10 points)

Evaluate the line integral

fcﬁ-df,

t
r%(t)=<§7r,1—t,t3>,0§tsl

whereC is the curve given by

and

F(x,V,2) = (& +zcoskz), 2xye”, X cos(z)) .

Solution:
The vector field is a gradient field with gradiefttx, y) = xe”* + sin(xz). Apply the fundamental

theorem of line integrals. We havél) = (r/2, 0, 1) andr(0) = (0, 1,0). The resultisz/2 + 1|

Problem (9) (10 points)

The picture shows an unidentified flying object (UFO). Altbbut is unidentified, we know its
shape. One part of the surface
X+y+Z =4

and the other part of the surface is
X+ +(z+2P%=4.

Find the surface area of the UFO.



Al

Solution:

The two surfaces forming the UFO hull are parts of spheresadius 2. We use spherical
coordinates. The angkegoes from 0 to 2. The anglep ranges from 0 tor/3. We know
Irg X 14l = p?sin(g) = 4 sin@). Lets compute half of the surface:

/3
21 f 4sin@) dp = 2n4 cosp)r'® = (21)4(1- 1/2) = 4 .
0

Both surfaces together have surface 48za

Problem 10) (10 points)

Evaluate the following integral

2 3
f f f xzcosf?) dydxdz .
0 J1 JZ



Solution:
We are stuck with the integral. Change the order of integnatising Fubini (for the most inner
two integrals, where is a constant and does not dependkoy):

2 4 3
f f f xzcosf) dxdydz .
0 Jz J1

Now we can solve the most inner integral usﬁgx dx=4

2 4
f f 4zcosf?) dydz .
0 JZ

Again, we are stuck and we change the order of integratiomatjdnelps to make a 2D picture

to find:
N
f f 4zcosf?) dzdy .
0 0

Now we can evaluate the inner integral
4
f 2y cosfP)dy = sinfy?)|s = sin(16).
0
The final result i$sin(16)|.

| Problem 11) (10 points)

Let F(X,Y,2) = (X + yz xye™, &%), Find

ffslf-d§,

whereS is the surface = 1 — x*> — y?, z> 0 oriented so that the normal vector points upwards.



Solution:
We use the divergence theorem: ebe the solid enclosed lfy and the dis® in the xy-plane
oriented downwards. Then

ffle.d§+ffS|f.d§:fffEdiV(ﬁ)dv.

First the right hand side. The divergence of the vector figltl i

fffEdiv(F_') dxdydz = fozpi fol(l —r?)r drdg = Zn(; - ;)hl) do = g _

On thexy plane, the field igx, xy, 1). For the parametrizatior{(u, v) = (u, v, 0) of the bottom
surface, the normal vector {8, 0, 1). The flux through the bottom surfageis r if the surface
is oriented upwards but it isr if the surface is oriented downwards. We solve for the unkmow

[ J, F - dS in the equation given by the divergence theorem andisg® |

Problem 12) (10 points)

Find the area of the region on the plane enclosed by the ¢ive (t — sin(t), 1 — cost)) with
0 <t < 27 and thex-axes.
2.0
1.5t
1.0

0.5




Solution:
Use Greens theorem for the regibnenclosed by the given curve and thexes. We chose
a vector fieldF = (—y, 0) which has curl 1. [ While the computation can also be done with

F = (0, x) for example, the first choice has the advantage that the fieddrb on the-axes. ]
Greens theorem tells that

1411 = ffcurl(lf’) dxdy = areaD) .

wherel = [L F(F(t) P (t) dt is the line integral along andI| = foz” F(t,0)-(1,0) dt = O is the
line integral along the x axes from,(@) to (2r, 0) with the curves(t) = (t,0). The minus sign
for the first integral is because the cur(® goes in the clockwise direction. So,

areaD) = -l = - f F(P(t) P(t) dt = — fzn —(1 - cos())® = 3.
C 0

The area of the region 8

Problem 13) (10 points)

Evaluate the integral

f fs curl(F) - d§,

whereF(x,y,2) = (xe’'Z + 2xyze“+? x + 22°+2, ye’+2 + ze¥) and whereS is the part of the
ellipsoidx? + y?/4 + (z+ 1)? = 2,z > 0 oriented so that the normal vector points upwards.

Solution:

Stokes theorem assures that the flux integral we are loo&irig €qual to the line integral along
the boundary of the surface. The boundary is the ellifige= (cosf), 2 sin¢)), 0 <t < 2r. The
vector field on thexy-planez = 0 is

F(xy,0) = (0, x, ye) .

To compute the line integral of this vector field along the faary curve, comput€(t) =

(- sin(t), 2 cosf), 0y andF(F(t)) = (0, cost), 2 sint)es"®). The dot product of these two vectors
is the function 2 co4t), the power. Integrating this over,[Rn] gives. [P.S. The problem
could also have been solved with the divergence theorem mpuating the flux of curlf)

through the bottom surface. This requires however to comghe curl ofF and produces
substantially more work. ]



Problem 14) (10 points)

Let E be the rectangular solid@ x < a,0 <y < b,0<z< 1and letS be the boundary oE.
The surfaces consists of 6 planar pieces where each is oriented so thabtheal vector points
outwards. Given the vector field

F = (=X — 4xy, -yz, 122)

for which parameters, b is the flux integral

ffslf-dé

a global maximum?

Solution:
We have divF) = —2x — 4y — z+ 12. By the divergence theorem, we can compute the flux
throughS as a triple integral of diK) throughE. This is

a b 1
f f f —2X — 4y — 2+ 12 dzdydx = 23ab/2 — a’b — 2ab® .
0 0 0

Extremizing this function gives 3 saddle points and onellow@ximum.

la |b | D | fa | Nature| f(a b) |
0 0 <0 - saddle| O
0 234 | <0 - saddle| O
236 | 23/12| >0 | <0 | max 12167432
23210 <0 - saddle| O

The parametersa(b) = (23/6, 23/12) lead to a global maximurh




