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Problem 1) TF questions (20 points) No justifications needed

The length of the sum of two vectors is always the sum of the length of the
1) T F vectors.

Solution:
There is a triangle inequality in general. But equality only holds for parallel vectors
pointing in the same direction

2) | T F For any three vectors, ¥ x (W 4 @) = W X ¥+ 4 X ¥.

Solution:
The cross product is distributive but not commutative.

3) T F The set of points which satisfy 2? + 2z + y* — 2% = 0 is a cone.

Solution:
22 +y? — 22 = 0 is a cone. Completion of the square adds an other constant and the
surface is a one sheeted hyperboloid.

The surface 7(u, v) = {cos(u?) sin(v?), sin(u?) sin(v?), cos(v?)) with 0 < u <
4) T F V2m,0 < v < /m is a sphere.

Solution:
Just write u? = 0, v% = ¢.

5) T P If P, @, R are 3 different points in space that don’t lie in a line, then PZQ X R@
is a vector orthogonal to the plane containing P, @), R.
Solution: .
The vectors PQ) and R(Q) are both in the plane. The cross product is perpendicular to the
plane.
The line 7(t) = (1 + 2t,1 + 3¢, 1 + 4t) hits the plane 2z 4+ 3y + 4z =9 at a
6) T F right angle.




Solution:
The vector (2,3,4) is in the line and perpendicular to the plane.

| T| F The function f(x,y) = sin(zy)/y is continuous everywhere.

Solution:
The problem is the y axes. For fixed x, the limit y — 0 exists and is . The function can
be defined on the y-axes as f(z,0) = x and with this, it becomes continuous.

8) T F For any two vectors, v X @ = w X 7.

Solution:
The cross product is anti commutative.

9) T F If | x @] = 0 for all vectors @, then @ = 0.

Solution:
Assume ¥ is not 0, then take w as a vector which is perpendicular to v.

10) | T F If @ and ¥ are orthogonal vectors, then (4 x U) x i is parallel to v.

Solution:
The vector in question is perpendicular to # and perpendicular to « x . Also ¥ is
perpendicular to ¢ and @ X .

Every vector contained in the plane x +y + z = 1 is parallel to the vector
11) T F (1,1,1).

Solution:
It is perpendicular to the vector (1,1, 1), not parallel.



12) | T || F The sphere can in cylindrical coordinates described as 7% = 1 — 22.

Solution:
Just substitute r = y/x? + y2.

The curvature of the curve 27(4t) at t = 0 is twice the curvature of the
13) | T F curve 7(t) at t = 0.

Solution:
The curvature of the first curve is 1/2 of the curvature of the second curve.

14) | T F The set of points which satisfy 2% — 2y? — 322 = 0 form an ellipsoid.

Solution:
The surface is an elliptical cone.

w.

15) T F If ¥ x @ =(0,0,0), then ¢

Solution:
The two vectors can be parallel and nonzero.

Every vector contained in the line 7(t) = (1 + 2¢,1 + 3t,1 + 4¢) is parallel
16) | T F to the vector (1,1, 1).

Solution:
It is parallel to (2, 3,4)

17) T F Two nonzero vectors are parallel if and only if their cross product is 0.
Solution:
You can use the formula |0 x @| = |U||w|sin(«). If this is zero, then either one of the

vectors is the zero vector or sin(a) = 0. In all cases, this can be considered parallel.



18) | T F The vector @ x (U X W) is always in the same plane together with ¢ and .

Solution:
Let 1 = (¥ x @) be the vector perpendicular to the plane spanned by ¢ and w. Then
=1

U X (U x W) x 11 is perpendicular to 7. It is therefore parallel to the plane.

The line 7(t) = (14 2¢,1+ 2¢,1 — 4¢) hits the plane z+y+ 2z = 9 at a right

19) T F angle.

Solution:
In order to be perpendicular, the velocity vector would have to be parallel to (1,1,1).

The intersection of the ellipsoid x?/3+1y?/4+22?/3 = 1 with the plane y = 1

20) T F . .
is a circle.

Solution:
Just set y = 1 in that equation.



Problem 2a) (3 points)

Match the curves with their parametric definitions.

R
<X
"

Enter LILIITL,IV,V or VI here | Parametric equation for the curve
7(t) = (t,sin(1/t)t)

©

III

\&

7(t) = (1 — t, 1)

7(t) = (t + cos(2t), sin(2t))
7(t) = (| sin(2t)], cos(3t))
F(t) = (1+1t,5+ 3t)

7(t) = (—tcos(t), 2t sin(t))




Solution:

Enter LILIILIV,V or VI here

Parametric equation for the curve

VI 7(t) = (t,sin(1/t)t)

11 r(t) = (£ —t, 1)

111 7(t) = (t + cos(2t), sin(2t))
1Y r(t) = (| sin(2)], cos(3t))
V r(t) = (1+t,5+3t)

I 7(t) = (—tcos(t), 2t sin(t))




Problem 2b) (3 points)

Match the equations with the surfaces.

I 11

11

Enter LILIIL,IV,V,VI here

Equation

22—y -2 =1

2?4 2% = 22

202 +y* + 222 =1




Solution:

Enter LILIITLIV,V, VI here | Equation

\Y% 22 —yP -2 =1
I1 22+ 2% = 22

111 207+ + 222 =1
I 2 —y? =5

IV > —yP—z=1
VI 4yt —z2=1




Problem 2c¢) (4 points)

Match the parametric surfaces with their parameterization. No justification is needed.

Enter LILIILIV here

Parameterization

™(u,v) = (u, v, u+ v)

(u, v) = (u, v, sin(uv)))
(u,v) = (0.2 + u(1 — u?) cos(v), (0.2 + u(1 — u?)) sin(v), u)
F(u> 'U) - <u3’ (U — 'U)2> 'U>

I1I




Solution:

Enter LILIITIV here | Parameterization

I\ (u,v) = (u, v, u + v)

I (u,v) = (u, v, sin(uv)))

11 (u ,v) <0 2 +u(l—u?))cos(v), (0.2 + u(l — u?))sin(v), u)
111 (u,v) = (W, (u—v)* v)

Surface [ is a graph.

Surface I is a surface of revolution.

Surface I171 is algebraic. Onme of the traces is (u®,u?), an other trace is the parabola
(v?v).

Surface I'V is a plane.

Problem 3) (10 points)

a) (6 points) Find a parameterization of the line of intersection of the planes 3z — 2y + 2 =7
and z 4+ 2y + 3z = —3.
b) (4 points) Find the symmetric equations

T—To Y —Y% <%0
a b c

representing that line.

Solution:

a) The line of intersection has the direction (3,—2,1) x (1,2,3) = 8(—1,—1,1). The
parameterization is | 7(t) = (1,—2,0) +t(—1,—1,1) |
b) If a line contains the point (g, yo, 20) and a vector (a, b, ¢), then the symmetric equation

is

(x —x0)/a=(y —vo)/b= (2 — 20)/c.
In our case, where (xg,%0,20) = (1,—2,0) and (a,b,¢) = (—1,—1,1), the symmetric
equations are ‘x —l=y+2=—2 ‘

Problem 4) (10 points)

a) (4 points) Find the area of the parallelogram with vertices P = (1,0,0) @ = (0,2,0),
R=1(0,0,3) and S = (—1,2,3).

b) (3 points) Verify that the triple scalar product has the property [d-+0, v+, W] = 2[d, ¥, w].

¢) (3 points) Verify that the triple scalar product [i, ¥, W] = @ - (¥ x @) has the property

T2 =2 211 «— |12 120 L2




Solution:

a) One has to realize which vectors form the sides of the parallelogram. The solution is
|PQ x PR| =T1.

b) [u+ v, v+ w,w+ u] = [u, v, w] + [u,v,u] + [u, w,w] + [u, w,u] + [v,v, w] + [v,v,u] +
[v, w, w|+[v,w,u]. Any term, where two parallel vectors appear is zero. So, only 2[u, v, w]
remains on the right hand side.

c¢) Build the parallelepiped spanned by u, v, w and note that one can shear it in such a
way that it is contained in the box of size ||d|| and ||v]| and ||w@]|. You can also see the
identity by using angle formulas for the dot product ¥ - @ = |U||w|cos(a) and the the
length of the cross produc |t/ x @| = |v]|@| sin(3)

[, ¥, ]| < [al|o]]]| cos(a)|| sin(3)]

where (3 is the angle between ¢ and w and where « is the angle ¥ x @ and .

Problem 5) (10 points)

Find the distance between the two lines
mi(t) = (t,2t, —t)

and
To(t) = (1 +t,t,t) .

Solution:

The point P = (0,0,0) is on the first line. The point @) = (1,0,0) on the second line.
The vector v = (1,2, —1) in the first line and @ = (1,1,1) in the second line. We have
i = (3,—2,—1). Now, the distance is 3/v/14. (Q— P)-7/|ii| = (1,0,0)- (3,2, —1)/|n| =
3/V14.

Problem 6) (10 points)

Find an equation for the plane that passes through the origin and whose normal vector is
parallel to the line of intersection of the planes 2z +y + 2 =4 and x + 3y + z = 2.



Solution:

The line of intersection is parallel to the cross product of v = (2,1,1) and @ = (1,3, 1)
which is (=2, —1,5). This vector is perpendicular to the plane we are looking for. The
equation of the plane is —2x — y + 52 = 0.

Problem 7) (10 points)

The intersection of the two surfaces z2 + y—; =1 and 22 + y; = 1 consists of two curves.

a) (4 points) Parameterize each curve in the form 7(t) = (z(t),y(t), 2(t)).
b) (3 points) Set up the integral for the arc length of one of the curves.
¢) (3 points) What is the arc length of this curve?

Solution: _ '
a) Fix first z(t),y(t) to satisfy the first equation then

get z(t)? = cos?(t) and z = =4 cos(t)by solving the sec-

ond equation for z. 7(t) = (cos(t), v/2sin(t), & cos(t)). y

b We find the velocit 7 (t = Y,
) y (t) V

/7
Yy 7
(—sin(t),v2cos(t), —sin(t)) and then the speed ';;II([[[/////I)?,I‘
|7 (t) = \/sinz(t) + 2cos?(t) + sin®(t) = v/2. The length
is [27|7(t)| dt = [7"\/2 dt. Also an expression like
o \/ sin?(t) + 2 cos?(t) + sin®(t) dt| is here correct at
this stage.

c¢) Evaluate the integral | 2v/27|.

Problem 8) (10 points)

a) (6 points) Find the curvature x(t) of the space curve 7(t) = (— cos(t),sin(t), —2t) at the
point 7(0).

b) (4 points) Find the curvature () of the space curve 7(t) = (— cos(5t), sin(5t), —10t) at the
point 7(0).

Hint. Use one of the two formulas for the curvature

T/ _ |7'(8) x 7" (1)]
()] RO

=
T TN — 2N 272N T A avvvcreadtaa1me 2 WY oma o At d Lo AT A mvrvvitredramim tan o)

R(t) =



There is no need to redo the calculation in b) if you give a proper justification.

Solution:

a) We use the second formula for the curvature: 7 '(t) = (sin(t), cos(t), —2) 7 (t) =
(cos(t), —sin(t), 0). The speed of the curve satisfies |77/ (t)| = v/5. The vector /() x 7" (t)
is (—2sin(t), —2cos(t), —1) which has length /5. therefore, the curvature is constant
k(t) =1/5|
b) Because the curvature is independent of the parametrization, the curvature is agin
1/5.

Problem 9) (10 points)

For each of the following, fill in the blank with < (less than), > (greater than), or = (equal).
Justify your answer completely.

The arc length of the The arc length of the

| curve parameterized by curve parameterized by

©f() = (cos2t,0,sin 2t), dglu) = (3,2cosu? 2sinu?),
0<t<m. 0<u<. 7

The arc length of the The arc length of the

o Curve parameterized by curve parameterized by

©f(t) = (t?,2cost,2sint), dgu) = (u 2cosu?, 2sinu?),
0<t<2m. 0<u<2r.

The arc length of the

The arc length of the curve pa- curve parameterized by

3 Lameterized by f(t) = (1 + Ju) = < u?, u, 2\/_ 3/2>

3t2,2 —t2 54+ 21%),0<t < 1. 0<u<2.

The arc length of the

The arc length of the curve parameterized by

4 curve parameterized by glu) = (usinu,ucosu,u),

F(t) = (sint,cost, t), 1 <t <5. 1<u<5.



Solution:

1. The left curve is a circle of radius 1 so has arc length 27. The right curve is half of
a circle of radius 2, so it also has arc length 2. The lengths are the same.

2. The left curve is a subset of the right curve; it is the portion of the right curve with
0 <wu < v/27. Therefore, the right curve has greater arc length.

3. The left curve is a line segment from (1,2,5) to (4,1,7), which has length v/14. To
find the length of the right curve, we use the arc length formula, which says the length
is 2117 (w)| du. We calculate §'(u) = (u, 1,v/2u), so ||§(u)|| = Vu2 +2u+ 1 = u+1,
and the arc length is f02 (u+ 1) du = 4, which is greater than v/14.

4. Both curves spiral upward the same amount, but the coils of the right curve are
always wider, so the right curve has greater arc length. Alternatively, it’s easy to
see that ||f/()]| < ||¢'(t)|| whenever t > 1, so [ ||f'(t)|| dt must be smaller than

K llg' @)1 dt.

Problem 10) (10 points)

Given the plane z + y + z = 6 containing the point P = (2,2,2). Given is also a second point
Q=(3,-22).

a) (5 points) Find the equation azx + by + cz = d for the plane through P and ) which is
perpendicular to the plane x +y + z = 6.

b) (5 points) Find the symmetric equation for the intersection of these two planes.



Solution:
a) The vector v = (1,1,1) is perpendicular to the first plane and so parallel to the

second plane. The vector W = QP = (1,—4,0) is also in the second plane. Therefore,
=7 xw = (4,1,-5) is perpendicular to the second plane. The plane has the equation
‘42: +y—52=d=0 ‘ The constant d = 0 was obtained here by plugging in a point like
P=1(2,2,2).

b) To get the intersection line, construct the vector 7 x ¥ = (6, —9, 3) which is parallel to
the line. The symmetric equation is

=2 _ y=2 z2—=2

6 -9 3




