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Note: this is not
the Burger
Youtube Calculus
star seen in the

Intro
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We set up even a Facebook
page for these § equations
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The gradient
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The gradient

eNabla
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The gradient
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Important Fact

e The gradient
vector is

icular to

the level

perpend

set

Sunday, November 1, 2009



Proof

f(r(t))=const
o =dt f(r(t))
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Proof

f(r(t))=const
o =dt f(r(t))
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Problem /- N

NN

e Show that the sphere x* y*+ z’=r?
and the elliptic cone y* = x2 + z2 are
perpendicular at every point of their
intersection.
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Problem

Find a vector normal to
X1
2xy+e cos(y) =1

at (1,0).

ooooooooooooooooooooo



Mind the dimension!

e Watch out for the
dimensions.

e The gradient of a function
of 2 variables is a vector in
the plane

{J

e The gradient of a function
of 3 variables is a vector in

gl
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Tangent spaces

W
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Problem

Find the tangent
plane to the surface

f(x,y;,2) = x" - 2z%- y=0

at the point (1,0,1)
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Tangent line

Find the tangent line to the curve

-

oxy+e cos(y) =1

at (1,0).

ooooooooooooooooooooo



<1,2>
L
(1,0)
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LLinearization,
estimation
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Linearization, estimation

L(x,y) = f(a,b) + V f(a,b) - (x-a,y-b)

this function is close to f(x,y)
near (a,b).
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Problem

Can you estimate

£(0.9999999,0.9999,0.99999) for
f(x,y,2) =x"+2y'+3z "

ooooooooooooooooooooo



My main man:

Can you check this out without your brain blowing up?
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Ali G Estimation

Can you estimate

£(0.9999999,0.9999,0.99999) for
f(X,y,Z) =X +2y +3Z°

without
your brain
blowing up?
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(Quiz coming up!
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There will be Questions:

The first person who
shouts the correct
answer with a good
explanation wins
some Swiss
chocolate.

Swiss Chocolate is even
known to Bond:
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Ready @
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Problem

You know that f(x,y)

satisfies the transport
PDE

i

What can you say about the
critical points of f?

ooooooooooooooooooooo



Problem

You know that f(x,y)

satisfies the transport
PDE

i

What can you say about the
critical points of f?
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The function f(x,y)

/l——
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Ready @
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You know that f(x,y)
satisfies the Laplace
equation

|t
What can you say about the

critical points of f(x,y) for which
D is different from zero?
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You know that f(x,y)
satisfies the Laplace
equation

|t
What can you say about the

critical points of f(x,y) for which
D is different from zero?
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A function satistying the

Laplace equationl/ /
place eq 1"
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Ready @
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Problem: ——<sssoa
robplem: <= i

S

The picture shows a
level surface
f(x,y,2)=c .
What can you say
about
the point P ?
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The picture shows a
level surface
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the point P ?

Sunday, November 1, 2009



The chain rule
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The chain rule

L d

i Rx(0,y(0) -
LI f &), y©)x(©) +
| F (0, O)y'©
i

r‘

d 17 0) =viGE©D) -0
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Mastering of the chain
rule

100%

50%

Aug 09 Sep 09 Oct 09 Nov og Dec o9
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The good news:
you only need to know the 1D
chain rule:

d/de flg(®) = £'(g(0) g'(®

and replace the derivative of t
with the gradient and the
derivative of g with the velocity

ooooooooooooooooooooo



Implicit differentiation 2D

% fe,g(0) = ftgl) 1 + £ (tg(0) gt
g'(®) = f (t,gO)/f (t,g(0)

Vi=<ab>

interpretation:

slope: b/a of gradient
is slope -a/b of graph

ooooooooooooooooooooo



Problem:

sin(xy ) + Xy =0

Find y’(x) at x=1.

Additionally: Find the

tangent line.

ooooooooooooooooooooo



Implicit difterentiation 3D

dix fx,y(x,y),z(x,y) = f(x;y2) 1
£ Y2 1+ xy2) z (xy)

z (x,y) = £ (xy,2)/f (xy,2)

similarly

zy(x,y) - -fy(x,y,z)/ f (xy;2)

ooooooooooooooooooooo



Directional Derivative

D_f=Vf(x,y)-v

Rate of change of f in the
dlrectlon V.
The vector v is a unit
veCtor.
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Problem

The mountain has the height
f(x,y) X y
Jean-Yves drives along the path
(t) = <1-t, -sin(t)>.

What is the rate of change of f(r(¢t)?

in other words:

What actual slope does he

experience at time t=0°
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At time t=0, we have
(o) = <1, 0>
and
r “(0) = <1, -T>.

The gradient vector at the point
(x,y) is < 4 x5, 2y "> .
At (1,0),it is =<4,0>

The slope is the directional derivative in
the direction <-1,-1>/+2.

Which is -4/¥2
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Full body rollerblading also

works in town:
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the slope in

Steepest Ascent

V f(x,y)
|V f(X,Y)‘

is the direction in
which f increases
most.

that d.irection ‘ Vf(X ,Y) ‘

1S:
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An

[1lustration
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ALCOHOL
& CALCULUS
DON'T MIX.

NEVER DRINK
& DERIVE.
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Sweet extrema




Extrema
without
constraints
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Ivative

test
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Min
Max

Second
derivative

test

D Discriminant at the critical

point (x,y)
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Problem 11

Find the extrema of
the function

fxy) =x+y-xXy
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Dty Type

-16 o  saddle

-1 1 -16 o saddle
o)ttt i1 min

I I -16 o saddle

e To o liisaddle
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Extrema with

‘ constraints

ooooooooooooooooooooo



LLagrange Equations

Vf(x,y)z Wg(X,y)
g(x,y) = C /

s

ooooooooooooooooooooo
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Toblerone Problem

Find the toblerone chocolate shape
which has maximal volume if the
surface area is constant I.

The base is an equilateral triangle of

side length x, the length is y

R ]
)
K '
- v
s
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Area: f(xy) = 2x) (6% +3 (6 xy) +7 (x V)
=12 X+32XYy

Volume:

gxy)=2xy(6x) =12X Yy

Minimize the material
costs of the chocolate
tray if the volume is

constant =9 (Chocolate Ira
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Area: f(xy) = 2x) (6% +3 (6 xy) +7 (x V)
=12 X+32XYy

Volume:

gxy)=2xy(6x) =12X Yy

Minimize the material
costs of the chocolate
tray if the volume is

constant =9 (Chocolate Ira
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Area: f(X,y) = 12 X + B2 XUV

Volume:

S,
i, Ny,

gxy)=12x"y=9

LLagrange equations:

w)alineeleeseb iaiibeds o dly vl
32 X =gttt A

12 X°y =9
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Solving the Lagrange

equations:
@ 24X +32 Y=24Xy A
@ 32 X iel-eliiciliny
© 12X°y=9
= i Dl
el X
Al X MLt
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(Global extrema
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Problem:

Sugar concentration on the top of a cake is

fx,y) =x- 4y
The cake surface is the domain x'+ y's 1
Where is the sugar

concentration
maximal?
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Extrema: 2X-2 = O X=T
2y 4= O y=2

Extrema with et - e el

| 2V-4 = A
constraints: g }}I,fI-X2= O

% eh-apeallictimenal i hodeib afSite
2t

solutions are:

1,0, ((1xV3)/2,2+V3)/2)

‘//}I
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Halloween

Candy problem

Extremize the area under the constraint that
owa+2mb+2wab=6mx

rim sugar coating
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Integration of functions
of two variables.

ooooooooooooooooooooo



Fubini Theorem

d-]
C

a b

>

b d

fff(x, ) dy dx

T

a b
d b
J‘ f f(x,y) dx dy
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1

Type I integrals

d(x)

c(x)

2 b

b dx)

f f f(x,y) dy dx

a c(x)

ooooooooooooooooooooo



Type II integrals
d 1

a(y)
b(y)

>

d b(y)

|| oy dxay

c a(y)

ooooooooooooooooooooo



Order of integration!

‘ _
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Problem:

ind || & sgan da
R

As a type I region

As a type 11 region
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Problem:

ind || & sgan da
R

2 x/2-1

As a type I region ff e’ [(y+1) dy dx

As a type 11 region
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Problem:

ind || & sgan da
R

2 x/2-1

As a type I region ff e’ [(y+1) dy dx

1 2+2y

As a type 11 region ff e’ /(y+1) dx dy
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robplem on setting up
integrals:

Let R be the region bounded by

2
y=X mi

and the unit circle X2+ y2= I Find

ﬂ f(x,y) dA
R
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Polar integration

J:[ fx,y) dxdy = ff f(r cos(0),r sin(0) r dr dO

\ -

Typical region

b r(0)

ooooooooooooooooooooo



Matching regions with

polar curves
27 £(0)

i

27t g(0)

B{{ NN IN ™
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25t h(O)

c” I /O
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Matching regions with

polar curves
ﬁ

bl s(e)
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Chocolate cookie problem

A chocolate cookie is satisfies

r(0) < cos(7 0) -sin(3 0)+2

(22

Find:

[| rdxdy

R

PES
.

R
&

&
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Chocolate cookie problem

A chocolate cookie is satisfies

r(0) < cos(7 0) -sin(3 0)+2

Find:

J:[ 1 dx dy
R
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Advise

e make a picture - in any case!
e consider change order of integration

e are Polar coordinates better?
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