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Problem 1) True/False questions (20 points), no justifications needed

If f(x,y) =11is a curve, and near (2, 3) one can write y as a function of z,
) | T| F then i = —f,(2,3)//2(2,3).

Solution:
The order is wrong: the f, is in the denominiator.

A = 0, then the function f(x,y) is everywhere zero on R =

If ﬂRf(xvy) d
1},

2) | T F (2142 <

Solution:
If f =2y and R is the disc, then the integral is zero but f is nonzero.

3) T F The directional derivative in the direction of the gradient is |V f|.

Solution:
Indeed, DVf/lVfI = Vf . Vf/|Vf| = |Vf|

The linearization of f(z,y) = 2* + y> at (1,1) is the quadratic function
) | T || F L(z,y) = 3z% + 3y>.

Solution:
The linearization is a linear (affine) function and not quadratic.

The function f(z,y) = 2? + y? satisfies the partial differential equation
5) T 5 D:fxxfyy_ 2, =L

Ty

Solution:
Almost, a factor 4 is missing.

The function z?y* has no local minimum at (0,0) because the discriminant
function D is zero there.

Solution:
There can be a local minimum with D = 0.



Solution:

The double integral [;/* [2r3 drdf is the volume of the part of a solid
cylinder 22 + y? < 4 which is below the paraboloid z = 2? + y? and above
the xy plane.

We do not integrate from 0 to 2.

Solution:

The gradient of f(z,y, z) at (zo, Yo, 20) is perpendicular to the level surface
of f through (xg, yo, 20)-

It indeed is! This is an important fact.

Solution:

If f(z,y,2) = 3x — 4z, then the minimal possible directional derivative Dy f
at any point in space is —5.

The gradient has length 5. The directional derivative into the direction of the gradient is
the length of the gradient.

10) | T || F

Solution:

If (x,y) is not a critical point, then the directional derivative Dy f can take
both positive and negative values for different choices of v.

The directional derivative changes sign if ¢’ is replaced by —v.

Solution:

Because of the symmetry D_,f = —D, f the integral is zero.

1) | T F

Solution:

Using linearization of f(x,y) = x/y we can estimate 1.01/1.001 =
f(1.01,1.001) ~ 1+ 0.01 — 0.001 = 1.0009.

L(z,y) =1+1-0.01 —1-0.001.



12)

13)

14)

15)

16)

17)

If (0,0) is a critical point of f(z,y) with nonzero discriminant D = f,, f,, —

T F :?y, we know that it is either a saddle, a global maximum or a global
minimum.
Solution:

Local max or min, but not necessary global max or min.

For a rectangular region R, Fubini tells that [7 7 f(z,y) dady =
2 2 f(z,y) dydx for any continuous function f(z,y).

Solution:

We also have to switch the integration bounds.

If a function f(x,y) has only one critical point (0,0) in G = {22 +¢y* <1}
T F which is a local maximum and f(0,0) = 1, then [ f(z,y) dedy > 0.

Solution:
The critical point can be surrounded by a small region only, where f is positive.

If 7(¢) is a curve in space for which the speed is 1 at all times and f(x,y, 2)
T F is a function of three variables, then d/dtf(7(t)) = Dy (f).

Solution:

Yes, this is the chain rule.

T F fOl fOl fﬂcy(xvy) dydl’:f(l,l)—f(l,O)—f(O,l)—l-f(0,0)

Solution:
This is a consequence of the fundamental theorem of calculus

T F If fy,(x,y) > 0 everywhere, then f can not have any local maximum.

Solution:
We would have f,, < 0 at a local maximum.



The double integral [} [} 2% — 42 dxdy is the volume of the solid below the
18) | T || F graph of f(z,y) = 2*> — y? and above the square 0 < x < 1,0 <y < 1 in
the xy-plane.

Solution:
It is a signed volume. There can be part below.

For any unit vector ¥ and any differentiable function f, one has Dy(f) +
W) T F] pyp=o

Solution:
Write down the definition. The sum is Vf - (v —v) = 0.

The surfaces © +y + 2 = 0 and 22 + y* + 22 + 2+ y + 2 = 0 have the same

20) T F tangent plane at (0,0, 0).

Solution:
They have the same gradient at (0,0, 0).

Problem 2) (10 points)

a) (6 points) Match the regions with the corresponding polar double integrals

A




Enter A-F | Integral of f(r,0)

Jo? 15 f(r, 0)r drde

Enter A-F | Integral of f(r,0)

Jo2 15 f(r,0)r drde

0

20 0)r drdf

s

Iy f(r, 0)r drdf

I 55770 f(r, 0)r drdd

b) (4 points) Match the partial differential equations (PDE’s) for the functions w(¢, s) with

their names. No justifications are needed.

TR f(r,0)r drdd

Enter A B,C,D here

PDE

Uy + uty — ugg =0

Ut + Ugs = 0

Enter A B,C,D here | PDE

Uy

—Ugs =0

Uy

—Ugs =0

| A) Wave equation | B) Heat equation | C) Burgers equation | D) Laplace equation |

Solution:

a)

ga»="H0
solis—esNovllw)

b)

Problem 3) (10 points)




a) (7 points) Find and classify all the critical points of the function
flz,y) =543 + 3> +¢° +2° .

b) (3 points) Is there a global maximum or a global minimum for f(z,y)?

Solution:
The gradient of f is

(62 + 322, 6y + 3y*) = (3x(2+ 2),3y(2 + y)) .

There are 5 critical points:

| x |y | D | fux | Type | f value |
-21-2136 |-6 | maximum | 13
210 |-36|-6 | saddle 9
0 |-2(-3616 saddle 9
00 |36 |6 minimum | 5

b) There is no global maximum (nor global minimum). For y = 0, have 5+ 3z*+z® which
grows like 22 for x — oo.

Problem 4) (10 points)

A solid bullet made of a half sphere and a cylinder has the volume V = 27r3/3 + 7r2h
and surface area A = 2mr? + 2wrh + 7r?. Doctor Manhatten designs a bullet with fixed
volume and minimal area. With ¢ = 3V/m =1 and f = A/ he therefore minimizes

f(h,r)=3r*+2rh

under the constraint
g(h,r) =2r* +3r*h =1.

Use the Lagrange method to find a local minimum of f under the constraint g = 1.




Solution:
The Lagrange equations are

2h+6r = A(6hr+ 6r?)
2r = 3\r?
3hr® +2r* = 1.

Because r = 0 is incompatible with the third equation, we can divide the second equation
by r. This allows to eliminate A and 2h+ 6r = 4h+ 4r which is A = r. The third equation
gives us h = r = 1/5Y3. The point where the minimum occurs is (1/5%2 1/5Y3). The
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minimal value of f is 5/5%3.

Problem 5) (10 points)

A region R in the plane shown to the right is called the “blob
of nothingness”. It does not have any purpose nor meaning.
It just sits there. The region is given in polar coordinates as
0<7r<0(r—0)for 0 <O <. Find the area

// 1 dxdy
R

of this nihilistic object.



Solution:

w  rO(m—0) ™
/ / rdrd@z/ 0%(r — 0)2/2 df = 7°/60 .
0 0 0

—

3 =

Problem 6) (10 points)

a) (4 points) If
f(z,y) =ycos(z —y) ,
find equation of plane tangent to z = f(z,y) at the point (2,2,2).

b) (3 points) Find the equation of the tangent line to f(z,y) =2 at (2, 2).

c) (3 points) Estimate f(2.1,1.9) using linear approximation.

Solution:

a) Vf(2,2,2) = (0,1, —2). The tangent plane is of the form y — z = d where d is a
constant. Plugging in (2,2,2) gives y — z = 0.

b) Vf(z,y) = (—ysin(z — y),cos(z — y) + sin(z — y) and Vf(2,2) = (0,2) so that the
equation of the tangent line is y = d for a constant d. Plugging in the point (2,2) gives
y=2.

¢) L(2.1,1.9) = 2+ 0(0.1) + 1(—0.1) = 1.9.

Problem 7) (10 points)




A Harvard robot bee flies along the curve
7(t) = (t — 13, 3t* — 3t)

and measures the temperature f(z,y). It flies over the
target point (0,0) at time ¢ = 0 and time ¢ = 1. At each
time, its sensor measures the temperature change ¢’(¢) where

g(t) = f(r(2).

5 points) Assume you knew that the gradient of f at
) is (a,b). What are the values of ¢/'(t) = d/dtf(r(t)) at
=0 and t =1 in terms of a and b?

b) (5 points) The bee measures ¢'(0) = 3 and ¢'(1) = 3.
What is the gradient V£(0,0) = (a,b) of f at (0,0)7

Solution:

a) 7(t) = (1 — 3t%,6t — 3). So that 7(0) = (1,-3),7(1) = (—2,3). If the gradient of
f at (0,0) is (a,b) we get by the chain rule d/dtf(7(t)) = (a,b) - 7 '(t) which is either
(a,b) - (1,=3) =a—3bor {(a,b) - (—2,3) = —2a + 3b.

b) We know that a —3b = 3 and —2a + 3b = 3. This is a system of linear equations which
has the solution (a, b) = (—6, —3).

Problem 8) (10 points)

A function f(z,y) of two variables has level curves as shown in the picture. The function
values at neighboring level curves differ by 1. [No justifications are needed in this problem.
Naturally, since there are less points then boxes, some of the points A-G will appear more
than once, but each box will only be filled with one letter.]

Enter A-G | is a point, where ...

fw(x7y> = 0 and fy(x7y> # 0

fy(l’vy) =0 and fx(x>y) 7é 0.

f(x,y) has either a max or a min.

f(z,y) has a saddle point.

f(z,y) has no max nor min but is extremal under a constraint y = ¢ for some c.

f(x,y) has no max nor min but is extremal under a constraint = = ¢ for some c.

the length of the gradient vector of f is largest among all points A-G.

Dz fa,y) =0and Dy s _yyys fl2,y) # 0.

D(l V2,—-1//2 f(z,y) =0 and D<1 V2,1/v2 f(z,y) #0.

the tangent line to the curve is  + y = d for some constant d.

10



Solution:

D,EAF,(Dor F), (E or F), B,G,C,C.

To the tangent line (last choice): The equation x+y = d means that the gradient vector is
(1,1) at the point. Use now that the gradient vector is perpendicular to the level curve.

Problem 9) (10 points)

Evaluate the following double integral

1 r(1—x)? 73
[ A= —
0o Jo (1= )t

11



Solution:
We have to change the order of integration

/o1 /ol_ﬂ 2/ (1= /y) dwdy = /01(1/4) dy =1/4.
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