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1. Vectors
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P = (-5,1)

x

y

Q = (3,-1)PQ = <8,-2> 

Two points P,Q
Define The vector PQ

components
Coordinates

Tail

head
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One often sees the 
definition:   A Vector 

is defined as an 
object with length 

and direction.

DON’T! 
The zero vector   0 = <0,0,0> has no 

direction but is still a vector.

Also, it is not Tasteless to define 
something New with 2 undefined 

concepts (length and direction).

Also a movie has Length and 
direction, but it is not a Vector
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z

Q = (2,4,0)

Q = (1,3,6)

Here is a vector
in 3D space

PQ = <2,2,-6> 
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x

y

z

Q = (2,4,0)

Q = (1,3,6)Vectors can be 
placed anywhere

If the components of
are the same,

the vectors are the same.

PQ = <2,2,-6> 
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1. Vector Operations

w = <1,1,3> 
v = <2,-2,4> 

v+w = <3,-1,7> 

v = <2,-2,4> 
λ v = <-1,1,-2> 

λ =-0.5

The addition and scaling operations
define a Vector space.

We can work with vectors 
similar as with numbers. 
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Problem: show that all the medians in a 
triangle intersect in one point 

w v
u

a=(v+w)/2-u
b=(u+w)/2-v

c=(u+v)/2-w

u+(2/3) a = v+(2/3) b = w + (2/3) cCentroid
check it!
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P = (-5,1)

x

y

Q = (3,-1)PQ = <8,-2> 

The length of 
a vector PQ

is defined as 
the distance 

d(P,Q) 

=v

|PQ |= √68

 |v| 
We write
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2. Dot Product
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v  = < 3,4,5> 
v .w = -6+4+15  w  = < -2,1,3> 

We define the dot product algebraically as the 
sum of the product s of all components. 

v w . = <v , v , v >   <w , w , w >1 2 3 1 2 3
. v= w1 1

v w2 2
+ v w3 3

+

We will use this Product  to introduce more 
geometry. 

Definition: 
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v w . w v .=
v v . = |w|2 We can compute 

length

u (v+w) . u v+ u w  .= .
many rules from usual 

multiplication hold

Note that we can not 
“divide vectors”

v |v| unit vector
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Cos-Theorem

a

b

c
α

b sin(α )

c-b cos(α )

a = (b sin(α ) c-b cos(α ))  + ( )22 2

c + b  - 2 b c cos(α)2 2=

We used Pythagoras and got a 
genearlization of the Pythagorean  Theorem
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4. Angle Formula

v

w

v-w

Compare a  =(v-w) (v-w).2 = v-v -2 v-w w-w+
= c + b 2 2 v w- 2 .

a2 c + b  - 2 b c cos(α)2 2=with
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v

w

|v| |w| cos(α) v w.= 

We get: 

This motivates to 
DEFINE the angle 

between two vectors 
as 

cos(α) =  v w
|v| |w| 

.

This defines the geometric concept “angle” from 
an algebraic definition.
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5. Projections
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Definition: Projection

v

w
vP (w) =  v w

|v|

.
v 2

P (w)  
v C (w) =  

v

v w
|v|

.

component
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Two vectors are Called 
perpendicular  (orthogonal), if  their 
dot product is zero. 

The dot product of two vectors is 
positive if the angle between them is 
acute. 

The dot product is negative, if the 
angle between them is obtuse. 

<a,b> <-b,a> 
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Problem

?

1000 Lb
1000 Lb

1000 lb

to illustrate that these things
are useful, here is a problem

for an engenier.

30 

45 

o 

o 
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1000 Lb

We have here
to pull with

500 Lb to keep
the Wagon at rest

500 Lb

The Force vector 
pulling the wagon down 
is the projection of the 

gravitational force 
vector onto a vector 
parallel to the roof.
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1000 lb

500 500  √2

(a,b)
(c,d)

a + b = 5002 2 2

c + d = 5002 2 2 2
a+c=0
b+d=1000

Eliminate c, subtract 
first 2 equations 

d - b = 5002 2 2

b+d=250b=375, d=625
a=-125 √7
c=125 √7
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5. Results
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1) Pythagoras: If  two vectors are 
perpendicular, then 

v . v  + w . w = (v-w) . (v-w) 

2) Cauchy-Schwarz inequality 

|v . w| ≤ |v| |w| 

3) Triangle inequality

|v-w| ≤ |v| + |w|
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Given a dot product on a vector 
space, we can define angle, length 

and Derive  basic things like 
Pythagoras.

While we have used Pythagoras to 
motivate the notion of angle, this 

could have Been avoided: 

first verify the  Cauchy-Schwarz 
inequality. This assures that the 

definition of angle with the angle 
formula makes sense. Then 

Pythagoras follows.  

PS: Only For the mathematically inclined: 
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5. History
1700BC  Babilonians: Cases of                                                                                                  

500BC   Pythagoras

1400         Al Kashi,  cos-Theorem  (?)

1812           Concept of Vector

1843          Hamilton, Moebius: Dot Product 

1847          Grassmann: inner product in  general 

1888          Peano: Abstract  Vector Space

Pythagorean theorem
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Pythagoras (580-500BC)
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Al Kashi (1380-1429)
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Augustin-Louis
Cauchy

(1789-1857)
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Hermann
Schwarz

(1843-1921)
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