
Vectors and the Geometry of Space

Three-Dimensional Coordinate Systems

1. Find the distance from the point (1,2,3) to the origin (0,0,0).
[ 3 B ) V l 4 C ) \ / 1 5 D ) 4

v 1 7 F ) V I S G ) V l 9 H ) V 2 0
Answer: B)

2. Find the distance between the two points (1,2,3) and (4,5,6).
A ) 3 V 5 B ) 2 V 5 C ) 4 V 5 D ) 5 V 5
E ) 3 V 3 F ) 2 V 3 G ) 4 V 3 H ) 5 V 3
Answer: E)

3. Find the radius of the sphere whose equation is x2 + 2x + y2 + z2 = A.
A ) l B ) V 2 C ) V 3 D ) 2
E ) V 5 F ) V 6 0 ) 7 7 H ) 2 V 2
Answer: E)

4. Find the center of the sphere whose equation is x2 + 2x + y2 - y + z2 = 0.
A ) ( 2 , 1 , 0 ) B ) ( 2 , - l , 0 ) C ) ( - 2 , 1 , 0 ) D ) ( - 2 , - l , 0 )
E ) ( 1 , | , 0 ) F ) ( - 1 , | , 0 ) G ) ( l , - i , 0 ) H ) ( - l , - i , 0 )
Answer: F)

5. Find the distance from the origin to the center of the sphere whose equation is x2+2x+y2+Ay+z2+Qz

A)V6

Answer: G)

B )V7
F) Vl3

C) V8
G) Vl4

6. What region of R3 is represented by the inequality y2 + z2 < 1?
A) points inside a circular cylinder with axis the x-axis
B) points inside a circular cylinder with axis the y-axis
C) points inside a circular cylinder with axis the 2-axis
D) points inside a sphere of radius 1
E) points inside a sphere of radius V2
F) points inside a sphere of radius 2
G) points inside a sphere of radius V3
H) points inside a sphere of radius 3
Answer: A)

D)3
H) Vl5



TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

7. What region of R3 is represented by the equation z = 3?
A) line parallel to the xy-plane B) line parallel to the zz-plane
C) line parallel to the yz-plane D) plane parallel to the rcz-plane
E) plane parallel to the xy-plane F) line perpendicular to the xy-plane
G) line perpendicular to the a^-plane H) line perpendicular to the yz-plane
Answer: E)

8. The center of the sphere x2 + y2 + z2 + Ax - 2y - 6z = 0 is

A ) ( 1 , M ) B ) ( 0 , 0 , 0 ) Q ( 4 , - 2 , 9 ) D ) ( 2 , - 1 , - 3 )
E ) ( - 2 , 1 , 3 ) F ) ( - 2 , - 1 , 3 ) G ) ( 2 , 1 , 3 ) H ) ( - 4 , 2 , 6 )
Answer: E)

9. Find the equation of the sphere, in standard form, one of whose diameters has (-5,2,9) and (3,6,1) as
endpoints.
Answer: x2 + y2 + z2 + 2x + Ay - IO2 + 14 = 0

10. Find the lengths of the sides of the triangle ABC and determine whether the triangle is isosceles, a right
triangle, both, or neither given: A (5,5,1), B (3,3,2), C (1,4,4).
Answer: AB = 3; BC = 3; CA = V26; isosceles but not right

11. Find the equation of the sphere with center C (-1,2,4) and radius r = I.
Answer: (x + I)2 + (y - 2)2 + (z - A)2 = J

12. Describe in words the region of R3 represented by the inequality 1 < x2 + y2 + z2 < 25.
Answer: All points on and between the concentric spheres with radii one and five and center (0,0,0).

13. Write an equation describing the set of points whose distance from the point (3,0, -1) is 6. Describe this
set of points in words.
Answer: (x - 3)2 + y2 + (z + l)2 = 36; sphere of radius 6 centered at (3,0, -1).

14. Determine whether the points A (2,2,4), B (-1,1,2), and C (8,4,8) lie on a straight line.
Answer: Yes

Vectors

15. Find the length of the vector (2,2,3).
A ) V l 3 B ) V l 4 C ) V l 5
: ) V l 7 F ) V l 8 G ) V l 9

Answer: E)
16. Find the length of the vector 2i + j - 2k.

A ) V 2 B ) V 3 C ) 2
E ) V 6 F ) V 7 G ) V 8
Answer: H)

17. Find the length of the vector a + b, where a = (1,2) and b = (3,4).
A ) 3 V 1 9 B ) 4 V 7 C ) 5 V 7
E ) 4 V I 9 F ) 2 V 5 G ) 2 V T 3
Answer: G)

D)4
H) V20

D)V5
H)3

D)5V3
H)3V l7



TEST ITEMS FOR SECTION 9.2 VECTORS

V 18. Find the length of the vector a - b, where a = (1,3) and b = (5,2).
A ) V l 3 B ) V l 7 Q y / 1 9 D ) > / 2 l
E ) 2 \ / l 3 F ) 2 V l 7 G ) 2 > / l 9 H ) 2 > / 5 I
Answer: B)

19. Find the length of the vector 2a + 3b, where a = (1,1) and b = (-1,2).
A ) V 5 l B ) \ / 5 3 Q V 5 7 D ) a / 6 5 '
E ) a / 7 1 F ) a / 7 3 G ) a / 8 2 H ) a / 8 7
Answer: D)

20. Find a unit vector that has the same direction as the vector (3,4).
A ) < y > 8 ) ^ , 1 ) C ) U , J > D ) ( 4 , 3 )«><-«> ^e i ) G><-u> «>( -4 .3>
Answer: B)

21. Find a unit vector that has the same direction as the vector (2,2,1).
A ) ( 1 , 1 , 1 ) B ) ( 1 , 0 , 0 ) C ) ( 0 , 1 , 0 ) D ) ( 0 , 0 , 1 )
E ) ( 1 , 1 , 0 ) F ) < § , | , i ) G ) ( 1 , 1 , 1 ) H ) ( I , i , l >
Answer: F)

r22. Find a unit vector that has the same direction as the vector (2,3,6).A )H . t . - i > BHKH\ , cHvH\ , DMI ' f ' f ) 5x
e ) G , U > F ) H . l i > G ) ( i - i i > H ) ( | , | , - | >
Answer: D)

23. Find a unit vector that has the same direction as the vector (1,1,1).

A) (1,1,1) B) (-1,-1,-1) "Q)()/ j ,)/ i .)/ j) D)(\/^'V^'\/J)
E > < H . i > D < J . i . i > G X j . j . i ) h ) ( i , - i , i )
Answer: C)

24. Givenu = 2i-jandv = 3i + 2j,findu-v.
Answer: —i — 3j

25. Given u = 2i - j and v = 3i + 2j, find |u|.
Answer: V5

26. Given the points P (-2,5) and Q (3, -3), find the unit vector in the direction of the displacement vector

* * * » " * '■ ( w < - ^ k )

r 27. Find the coordinates of the point halfway between the midpoints of the vectors a = 3i - 5j + k and
b = 5i + 3j + k.
Answer: (2,-5,5)
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

28. Given (—1,2) and (5,3), find their sum and illustrate geometrically.
Answer:

29. Given (0,3,2) and (1,0, -3), find their sum and illustrate geometrically.
Answer:

0,3,-1)

30. Find |a|, a + b, a-b, 2a, and 3a + 4b given a = (-1,2) and b = (4,3).
Answer: |a| = V5, a + b = (3,5), a - b = (-5, -1), 2a = (-2,4), and 3a + 4b = (13,18)

31. Find |a|, a + b, a-b, 2a, and 3a + 4b given a = (3,2, -1) and b = (0,6,7).
Answer: |a| = Vl4, a + b = (3,8,6), a-b = (3,-4,-8), 2a = (6,4,-2), and3a + 4b = (9,30,25)

32. Find |a|, a + b, a-b, 2a, and 3a + 4b given a = 2i + 3j and b = 3i - 2j.
Answer: |a| = Vl3, a + b = 5i + j, a - b = -i + 5j, 2a = 4i + 6j, and 3a + 4b = 18i + j

33. Find a unit vector that has the same direction as (3, -5).

34. Find a unit vector that has the same direction as (1, -4,8).
Answer: (i,-|, |>

35. Find a unit vector that has the same direction as 2i - 4j + 7k .
A™^ vfe1 ^-i + ^-k

36. Which two of the following four vectors are parallel?
( a ) ( 0 , 8 , 2 ) ( b ) ( - 1 , 4 , 1 ) ( c ) H > M >
Answer: (b) and (c)
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TEST ITEMS FOR SECTION 9.3 THE DOT PRODUCT

37. Find a unit vector in the direction opposite that ofa= (1,3,-1).
Answer : ( - -£ . , -JL, -A=)

38. Find a vector of length 6 with the same direction as a = (2,2, —1)
Answer: (4,4, —2)

39. Let a be the vector shown below. Find the horizontal component b and the vertical component c of a if
a = 3.

Answer: b= /^Yc = (§

40. Is the quadrilateral ABCD formed by the points A (-1,2,0),
parallelogram?
Answer: Yes

(3,1,1), C(1,2,1), and JD (-3,3,0) a

The Dot Product

41. Find the dot product of the vectors (1,2) and (4,5).
A ) 1 4 B ) 1 5 C ) 1 6 D ) 1 7
E ) 1 8 F ) 1 9 G ) 2 0 H ) 2 1
Answer: A)

42. Find the dot product of the vectors (1,2,3) and (3,0, -7).
A ) - 2 4 B ) - 2 1 C ) - 1 8 D ) - 1 6
E ) 2 4 F ) 2 1 G ) 1 8 H ) 1 6
Answer: C)

43. What value of a: will cause the two vectors (x, 3) and (4,5) to be orthogonal?
A ) - 1 5 B ) _ ^ ^ 3 ™ 2 0
E ) f F ) 4 G ) f 0 H )
Answer: A)

44. Find the cosine of the angle between the two vectors (1,2) and (—2,1).

A ) f 2 B ) i c ) i" t J g F ) 5 G ) 3 " ' 4
Answer: B)

45. Find the cosine of the angle between the two vectors (1,2) and (2,1).

A ) ^ B ) 0 Q ± D ) l
E ) ^ F ) i G ) f H ) J
Answer: G)



TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

46. Find the cosine of the angle between the two vectors (1,2) and (3,4).
A ) 1 3 / \ / U 7 B ) 1 3 / V T I 9 C ) 1 3 / v / 1 2 5 D ) 1 3 / \ / l 3 2
E ) l l / V u f F ) 1 1 / y / m G ) 1 1 / V T 2 5 H ) 1 1 / V I 3 2
Answer: G)

47. Find the cosine of the angle between the two vectors (1,1,1) and (1,4,3).
A ) 8 / \ / 4 l B ) 8 / V § 3 Q 8 A / 6 9 D ) 8 / > / 7 8
E ) 4 / x / 4 l F ) 4 / x / 5 3 G ) 4 / v / 6 9 H ) 4 / > / 7 8
Answer: D)

48. A constant force with vector representation F = i + 2j moves an object along a straight line from the
point (2,4) to the point (5,7). Find the work done in foot-pounds if force is measured in pounds and
distance is measured in feet.
A ) 6 B ) 7 C ) 8 D ) 9
E ) 1 0 F ) 1 1 G ) 1 2 H ) 1 3
Answer: D)

49. A person pushing a lawnmower exerts a force of 30 pounds in the direction of the handle, which makes
an angle of 30° with the ground. How much work is done in moving the lawnmower 20 feet?
A ) 3 0 0 % / 3 B ) S | Q 2 0 0 V 5 D ) 2 j »
E ) 1 0 0 F ) 2 0 0 G ) 3 0 0 H ) 4 0 0
Answer: A)

50. Leta=(0,l,2),b = (-l,-l,3),c = (2,4,-2),andd = (l,3,-3).Finda.d-b.c.
Answer: 9

51. Let a = (0,1,2), b = (-1, -1,3), c = (2,4, -2), and d = (1,3, -3). Find (a • d) b - (b • c) d.
Answer: (15,39,-45)

52. Leta=(0,l,2),b=(-l,-l,3),c = (2,4,-2),andd = (l,3,-3).Find(2a + b).(2c-d).
Answer: —5

53. Determine all values for a such that the vectors x = 2i + j + 2k and y = i + 2j + ak will form a 60°
angle.

-32 ± 9VTlAnswer: a = =7
54. Suppose u = (1,2,3) and v = (1,1, -2). Find two vectors a and b such that u = a + b, a is parallel

to v, and b is perpendicular to v.
Answer: a = <-i,-i,l) and b =(§,§,2)

55. Leta = i + 2j + 3kandx = 2i-j + k. Find |a| and a • b.
Answer: VTI; 3

56. Let a = 3i - 2j + k, b = i - 3j + 5k, and c = 2i + j - 4k. Do these vectors form a right triangle? Show
why or why not.
Answer: Yes, the vectors form a right triangle since the dot product of a and c is 0, and b + c = a.

57. If a = 3i - 2j + k and b = i + 2j - 3k, then a • b is
A ) 2 x / 6 B ) 3 i - 4 j - 3 k C ) 1 0 D ) - 4 E ) 4
Answer: —4
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TEST ITEMS FOR SECTION 9.4 THE CROSS PRODUCT

58. For which values oft are a = (t + 2,t, t) and b = (t — 2, t + 1, t) orthogonal?
Answer: t = — | or t = 1

59. Let a = 3i — j + 2k and b = i — 2j + 3k. Find the scalar projection of a onto b.
Answer: ^j=

60. Find the projection of the vector (2,3, —5) along the vector (—1,1,2).
Answer: (§,-§,— 3)

61. What does the fact that a ■ a = 0 imply about the vector a?
Answer: a = 0

62. Given two distinct nonzero vectors a and b, is it always true that |proja b| = |projb a|?
Answer: No

63. Find a value of a such that the vector (a, 1,1) makes an angle of 45° with the vector (1,2,1), or show
that no such a exists.
. s - i - , / T kAnswer: a =

64. Let a = (—1,2,2) and suppose that b is a vector parallel to a. Find projb a.
Answer: projb a = (—1,2, 2)

65. Suppose that a is perpendicular to both b = (1,2,3) and c = (-1,0,2). What is a • (2b + 3c)?
Answer: 0

66. If a = (x, 2,5) and b = (3, y, A), find a relationship between x and y which guarantees that alb.
Answer: 3x + 2y + 20 = 0

The Cross Product

Q (1,-2,1)
G) (2,-1,2)

67. Find the cross product (1,2,0) x (3,4,0).
A ) ( 0 , 0 , - 2 ) B ) ( 0 , 0 , 2 ) C ) ( 3 , 8 , 0 ) D ) ( 8 , 3 , 0 )
E ) ( 0 , 3 , 8 ) F ) ( 0 , 8 , 3 ) G ) ( 3 , 0 , 8 ) H ) ( 8 , 0 , 3 )
Answer: A)

68. Find the cross product (1,2,0) x (0,2,1).
A ) ( 1 , 2 , 1 ) B ) ( - 1 , - 2 , - 1 ) C ) ( 1 , - 2 , 1 ) D ) ( - 1 , 2 , - 1 )
E ) ( 2 , 1 , 2 ) F ) ( - 2 , - 1 , - 2 ) G ) ( 2 , - 1 , 2 ) H ) ( - 2 , 1 , - 2 )
Answer: G)

69. Find the cross product a x b, where a = -i + 2j + 4k and b = 7i + 3j.
A ) 1 5 i - 8 j + 1 0 k B ) 3 i + l l j - 9 k C ) 7 i + 1 3 j + k D ) 1 4 i + 5 j - 1 2 k
E) -7i - 23j + 33k F) -lOi + 27j + 13k G) -12i + 28j - 17k H)18i + 32j + 7k
Answer: G)

70. Find the length of the cross product of the vectors (1,1,1) and (1,1,2).

, 5 F ) 2 G ) \ / 3 H ) 7 2
Answer: H)

D) (8,3,0)
H) (8,0,3)

D) (-1,2,-1)
H) (-2,1,-2)

D) 14i + 5j - 12k

D>7!
H)v/2



TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

71. Find the area of the triangle whose vertices are (1,2), (4,6), and (-1,0).
A ) i B ) i C ) l D ) | 3 / 2 |
E ) 4 / 3 F ) 2 G ) 3 H ) 4
Answer: C)

72. Find a unit vector orthogonal to both of the vectors (1, -1,0) and (1,2,3).

A ) ( ^ > 7 3 ' V 3 / B ) \ - v l ' v ^ ' A ) C ) ( v l ' " 7 3 ' v l ) D ) ( v l ' v ^ ' ~ v l )
* > < § , § , * > F ) < - M > § > C 3 ) < § , - § , J ) H ) ( f , § , - i >
Answer: D)

73. Find a unit vector orthogonal to the plane through the points (1,0,0), (0,1,0), and (0,2,2).

* > < * • *■ * > * > < - * • & * ) C > ( A . A ' ° ) D > ( - 7 5 . 7 5 . ° )

Answer: H)

74. Find the volume of the parallelepiped determined by the vectors (1,0,1), (2,1,3), and (1,1,1).
A ) l B ) 2 C ) 3 D ) 4
E ) 5 F ) 6 G ) 7 H ) 8
Answer: A)

75. Find the scalar triple product a • (b x c) of the vectors a = (1,2,0), b = (0,3,4), and c = (5,0,6).
A ) 5 8 B ) 6 0 C ) 6 2 D ) 6 4
E ) 6 6 F ) 6 8 G ) 7 0 H ) 7 2
Answer: A)

76. Find the torque vector r of the force F = (1,1,0) acting on a rigid body at the point given by the position
vector r= (2,3,0).
A ) ( - 1 , 0 , 0 ) B ) ( 0 , - 1 , 0 ) C ) ( 0 , 0 , - 1 ) D ) ( - 1 , 1 , 0 )
E ) ( 0 , - 1 , 1 ) F ) ( 1 , 0 , - 1 ) G ) ( - 1 , 1 , 1 ) H ) ( 1 , - 1 , 1 )
Answer: C)

77. Find the cross product a x b, where a = i + 2j + 3k and b = 2i—j + k.
Answer: 5i + 5j — 5k

78. Consider the points P = (1,2,3), Q = (2, -1,0), and R = (-1,4,1). Find the area of the triangle
PQR.
Answer: 2\/l4

79. Find the area of the parallelogram PQRS with P = (0,1,2), Q = (4,1,1), and R = (1, -1,3).
Answer: a/93

80. Find the cross product a x b, where a = i - 3j + 2k and b = 2i-j - 3k.
Answer: a x b = Hi + 7j + 5k

81. Let a and b be vectors. Under what conditions is a x b = b x a? When is (2a) x (3b) = 6 (a x b)?
Answer: a x b = b x a when (1) a = b, (2) a = 0 or b = 0, (3) a and b are parallel; in all cases
a x b = 0; (2a) x (3b) = 6 (a x b) always.
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TEST ITEMS FOR SECTION 9.4 THE CROSS PRODUCT

82. Use the property of the cross product that |u x v| = |u| |v| sin0 to derive a formula for the distance
d from a point P to a line I. Use this formula to find the distance from the origin to the line through
(2,1,-4) and (3,3, -2).
Answer: Let u be a vector from I to P, v be a vector parallel to I and 9 be the angle between u and v.

Note that d = |u| sin0. But |u x v| = |u| |v|sin0. So |u x v| = |v|d = JHiLXl => d=^p-.

83. Given the vectors u = 2i + j — k and w = i + j + 4k, find a vector of length 2 which is orthogonal to
both u and w.

84. Let uxv = i— j + 2k. Find v x u, if it exists.
Answer: vxu = —i + j — 2k.

85. Let u x v = i - j + 2k. Find u • (u x v), if it exists.
Answer: 0

86. Let uxv = i— j + 2k. Find the area A of the parallelogram determined by u and v, if it exists.
Answer: A = y/6

87. Let a = (3,0, -1), b = (4,1, -1), c = (2,1,0) and d = (-1, -2, -2). Find: (a) a x b and (b) c x d.
Answer: (a) (1, -1,3), (b) (-2,4, -3)

88. Find the area of the triangle with vertices (1,0,2), (2,1, -3), and (3, -2,0).
{ A n s w e r : 2 V 1 4

89. For vectors a and b, given that |axb| = |a||b|, which of the following statements is true?
A ) a = b B ) a a n d b a r e p a r a l l e l C ) a a n d b a r e n o t p a r a l l e l
D) a and b are perpendicular E) a and b are not perpendicular
Answer: D)

90. Given u = 3i - 2j + k and v = i + j - 2k. Find u x v and show that u x v is orthogonal to both u and
v.
Answer: u x v = 3i + 7j + 5k; to show orthogonality, show that (u x v) • u = 0 and (v x u) • v = 0.

91. If vector a = 3i + 4j - 2k, and vector b = 2i - j + 5k, find a vector perpendicular to both vectors.
Answer: Any scalar multiple of 18i - 19j - Ilk is perpendicular

92. Find the volume of the parallelepiped spanned by the vectors 2i + 3j + 5k, 3i - j + 4k, and -i - 2j + 3k.
Answer: 64

93. Find the volume of the parallelepiped below given P = (1, -3,2), Q = (3, -1,3), R = (2,1, -4), and
S = (-1,2,1).

r
Answer: 91
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

94. Find the area of quadrilateral ABCD. Note that ABCD is not a parallelogram.

~»a8.7

Answer: #

95. Suppose that a 1 b, and let c = [a x (b x a)]. Which of the following statements is true?

A) c is perpendicular to both a and b B) c is perpendicular to neither a nor b
C) c i s pe rpend icu la r to a D) c i s pe rpend icu la r to b
Answer: C)

96. Compute |a x b| if |a| = 3, |b| = 7, and a ■ b = 0.
Answer: 21

97. If b = (1,0,1), c = (0, -1,1), and a = (2, -3, z), find a value for z which guarantees that a, b, and c
are coplanar.
Answer: z = 5

98. If b = (1, -1,2), c = (2,1,3), and a is any vector, what is [a x (b x c)] ■ a?
Answer: 0

99. If we know that a x b = a x c, which of the following statements is true?
A ) h = c B ) | b | = | c | C ) b a n d c a r e p a r a l l e l
D) a is parallel to b - c E) a is a unit vector
Answer: D)

Equations of Lines and Planes

100.Find a vector v for a vector equation r =r0 + tv of the line passing through the points (1, 2,3) and
(4,5,6).
A X 1 ' 1 * 0 ) B ) ( 0 , 1 , 1 ) C ) ( 1 , 0 , 1 ) D ) ( 1 , 1 , 1 )
E X 0 ' 0 ' 1 ) F ) ( 1 , 0 , 0 ) G ) ( 0 , 1 , 0 ) H ) ( 0 , 0 , 0 )
Answer: D)

lOl.For the line I passing through the points (1,0,1) and (2,4,7), what is the value of c in the following
X - — 1 y Q 2 , 1

symmetric equation for Z? = —

A ) l B ) 2 C ) 3 D ) 4
E ) 5 F ) 6 G ) 7 H ) 8
Answer: F)



TEST ITEMS FOR SECTION 9.5 EQUATIONS OF LINES AND PLANES

V 102.Find the value d for which the plane x + y + 2z = d will pass through the point (1,2,3).
A ) 2 B ) 3 C ) 4 D ) 5
E ) 6 F ) 7 G ) 8 H ) 9
Answer: H)

103.Find a unit vector perpendicular to the plane x + 2y + 2z = 10.
A ) < - § , - § , } > B ) ( 4 , | , | > Q « , § , § > ^ D ) ( | , f , | )
E ' ( * ' * ' ° ) " ( V - A ) G ' { 0 - 7 ! ' * ) H ) ( - 1 , 0 , 0 )
Answer: C)

104.Find the cosine of the angle between the two planes x + 2y = 0 and x + 2z = 3.
A ) f B ) | C ) l D ) ^
E ) ^ F ) i G ) ^ H ) i
Answer: H)

105. Find the cosine of the angle between the two planes x + y + z = 0 and x + 2y + 3z = 1.
A ) 4 / \ / 3 5 6 ) 6 / ^ C ) 7 / V 3 5 D ) 8 A / 3 5
E ) 5 / \ / 4 2 F ) Q / V 4 2 G ) 7 / ^ 4 2 H ) 8 / ^
Answer: F)

106. Find direction numbers o, b, and c for the line of intersection of the two planes x + y + z = l and
x + z = 0.
A ) 1 , 1 , 0 B ) 1 , 0 , 1 C ) 0 , 1 , 1 D ) 1 , - 1 , 1
E ) 1 , 1 , 1 F ) 1 , - 1 , 0 G ) 1 , 0 , - 1 H ) 0 , 1 , - 1
Answer: G)

107. Find an equation for the plane consisting of all points that are equidistant from the two points (1,1,0)
and (0,1,1).
A ) x - z = 0 B ) x - z = l C ) x - y = 0 D ) x - y = l
E ) x + z = 0 F ) x + z = l G ) x + y = 0 H ) x + y = l
Answer: A)

108.Find the point at which the two lines r = (1,1,0) +1 (1, -1,2) and r = (2,0,2) + s (-1,1,0) intersect.
A ) ( 1 , 0 , 1 ) B ) ( 2 , 0 , 2 ) C ) ( 1 , 1 , 1 ) D ) ( 2 , 2 , 2 )
E ) ( 1 , 1 , 0 ) F ) ( 2 , 2 , 0 ) G ) ( 0 , 1 , 1 ) H ) ( 0 , 2 , 2 )
Answer: B)

109.Let A = (2,1,3), B = (1,2, -2), and C = (-1,3,1). Find an equation of the plane through A, B, and
C.
Answer: 8x + 13y + z = 32

110.Give parametric equations for the line through the points P (2, —1, —2) and Q (3,1,4).
Answer: Two sets are: x = 2 +1, y = — 1 + 2t, z = — 2 + 6t and x = 3 + t, y = 1 + 2t, z = 4 + 6t.
Other sets of parametric equations also describe the line.

rill. Let a = 2i + j — k and b = i + 2j + 3k. Find an equation of the line parallel to a + b and passingthrough the tip of b.
Answer: r (t) = (l + 3t)i + (2 + 3t)j + (3 + 2t) k
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

112.Find the cosine of the acute angle between the lines x = 4 - At, y = 3 - t, z = 1 + 5t and x = 4 - t, 'l
y = 3 + 2t, z = 1.
Answer: ^

113.Find symmetric equations of the line passing through (2, -3,4) and parallel to the vector AB, where A
and B are the points (-2,1,1) and (0,2,3).
. x - 2 y + 3 z - AAnswer: —-— = - =2 1 2

114.Find the distance between the following two lines.
X = — t x = 3 + t
y = t a n d y = 3t
z = 2t z = 5-4t

Answer: -7=?\/30

Let I and V be two lines in space given by the equations
x = 3 + t x = -1 + t

I : y = l - t I 1 : y = 2t
z = 2t z=l + kt

Find all values of fc (if any) for which I and /' are parallel.
Answer: No value of fc will work

116. Let I and V be two lines in space given by the equations
x = 3 + t x = z - i + t

I : y = l - t I ' : y = 2 t
z = 2 t z = l + k t

Find all values of fc (if any) for which I and Z' are perpendicular.
Answer: fc = ~

117.Find the equation of the line through the points (1,1, -1) and (2, -1,1).
Answer: x = 1 +1, y = 1 - 2t, z = -1 + 2t

118.Find symmetric and parametric equations of the line that goes through the points P(l,2,4) and
Q(3,-l,6).
Answer: x = 1 + 2t, y = 2 - 3t, z = 4 + 2t: ^—^ = ^—^ = i^i9 2 - 3 2

119.Find an equation of the plane through the point P = (2,1, -4) and perpendicular to the line x = 2 + 3t,
y = 1 - 4t, 2 = 3 + 3t.
Answer: 3# - 4y + 3z = -10

120.Find the intersection point of the line r = (1,0,2) + (2, -2,1) t and the plane 3x + 4y + 6z = 7.
Answer: (-3,4,0)

121.Find the equation of the line containing the points (2, -2,3) and (-5, -2, -3) in symmetric form. ^\
x - 2 z - 3Answer: -y- = ——, y = -2
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TEST ITEMS FOR SECTION 9.5 EQUATIONS OF LINES AND PLANES

V 122.Consider the points P = (1,2,3), Q = (2, -1,0), and R = (-1,4,1). Find an equation for the plane
determined by P, Q, and R.
Answer: 3x + 2y — z = 4

123.Find the equation of the plane containing the points (5,3,1), (1,8,4), and (-1,3, —2).
Answer: x + 2y — 2z = 9

124.Determine an equation of the plane containing the following points: (2,0,2), (4,3,1), and (0,1,3).
Answer: —x + 2y + Az — 6 = 0

125.Find the normal vector to the plane which passes through the points (1,0,0), (0,0,1), and (4,3, -2).
Answer: (-3,1,-3)

126.Let L be the line given by x = 2 - t, y = 1 +1, and z = 1 + 2t. L intersects the plane 2x + y - z = 1
at the point P = (1,2,3). Find the angle L makes with the plane, to the nearest degree.
Answer: 30°

127.Let L be the line given by x = 2 - t, y = 1 +1, and z = 1 + 2t. L intersects the plane 2x + y - z = 1
at the point P = (1,2,3). Find parametric equations for the line through P which lies in the plane and is
perpendicular to L.
Answer: x = 1 + 3t, y = 2 - 3t, z = 3 + 3t

128. Find the equation of the plane containing the lines x = 4 — At, y = 3 — t, 2 = 1 + 5* and x = 4 - t,
y = 3 + 2t,z = l.
Answer: lOx - 5y + Iz - 32 = 0

129.Given the points A = (2,3,1), B = (4, -1,5), and O = (0,0,0), find the distance from O to the line
through A and B.
Answer: ^^-

130. Find the distance between the two skew lines
x - 1 y - 3 z - \ x - 2 y + l z + 2

i * — = — = — ^ L 2 : — = — = —

Answer: 33j^
131. Are the planes 3x - y + 5z = 13 and x + ly - 2z = 4 perpendicular to each other?

Answer: No
132. Find the angle between the lines = = and - = y — Z ~

jff fc* \

Answer: cos""1 £-̂ == « 45.3° or 0.7904 radians
1 3 1 2 - 1 2 "

z + 1 y-2 z + 1133.Find the distance between the point (2,3, -1) and the line
o o — 1

Answer: ^p
134.Let P = (1,3,2) and let L be the line with parametric equations x = 2 -1, y = -1 + 2t, z = 3 +1. Use

the vector cross product to find the distance from P to L.
Answer: ^

x - Z y + l. uic niic wnusc syiiuncuiv; cquauun is —

Answer: r = (3, -1,5) +1 (2, -1,0)

135.Find a vector equation r = ro + tv for the line whose symmetric equation is = , z = 5.
& J .
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

136. Do the two lines

x i ( t ) = ( l , l , 3 ) + t ( - l , 0 , 2 ) a n d x 2 ( s ) = ( - 1 , 1 , 4 ) + s ( 2 , 0 , 1 )
intersect? If so, find the point of intersection.
Answer: Yes; (^, 1, ^)

137.Find the point at which the following three planes intersect:

x - 2y + z = 5
2x - y + z = 1

~2x + y + z - 3
Answer : ( - | , - f , l )

138.Suppose a and b are vectors which lie in the plane 3x + 2y - 5z = 1. Compute (2a + 3b) • (3,2, -5).
Answer: 0

139.The lines h: n = (2,3,1) + t (-1,1,1) and l2: r2 = (3,1,2) + s (-1,2,-1) both contain the point
P (2,3,1). Find the value of s which gives the point of intersection P, and then compute the angle 6
between the two lines.
Answer: s - 1, 6 » 61.9°

140.The planes Pi: x + 2y + 3z = 2 and P2: -2x + 3y + 2z = -A both contain the point P (2,0,0). Find a
vector equation r = OP0 + id for the line of intersection of these planes.
Answer: r = (2,0,0) +1 (-5, -8,7)

Functions and Surfaces

141. Identify the surface x = y2 + 2z2.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: F)

142.1dentify the surface x2 + y2 + z2 = 4.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: E)

143. Identify the surface x2 = y2 + z2.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: G)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)



TEST ITEMS FOR SECTION 9.6 FUNCTIONS AND SURFACES

144. Identify the surface 2 = y2 + z2.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: D)

145.1dentify the surface x2 +y2 + z2 — 3.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: E)

146.1dentify the surface x2 - y2 + z2 = 10.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: B)

147.Identify the surface — x2 + y2 - z2 = 10.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: C)

148. Identify the surface x = y2 + z2.
A) ellipsoid but not a sphere
C) hyperboloid of two sheets
E) sphere
G) cone
Answer: H)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

B) hyperboloid of one sheet
D) cylinder
F) elliptic but not circular paraboloid
H) circular paraboloid (figure of revolution)

149. Identify the trace of the surface x = y2 + z2 in the plane x = 1

Jff^N

A) ellipse but not a circle
C) hyperbola
E) two parallel straight lines
G) point
Answer: D)

B) parabola
D) circle
F) two intersecting straight lines
H) straight line

150.1dentify the trace of the surface x = y2 + z2 in the plane x = 0.
A ) e l l i p s e b u t n o t a c i r c l e B ) p a r a b o l a
C ) h y p e r b o l a D ) c i r c l e
E) two parallel straight lines F) two intersecting straight lines
G ) p o i n t H ) s t r a i g h t l i n e
Answer: G)
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

151.Identify the trace of the surface x = y2 + z2 in the plane y = 0.
A ) e l l i p s e b u t n o t a c i r c l e B ) p a r a b o l a
C ) h y p e r b o l a D ) c i r c l e
E) two parallel straight lines F) two intersecting straight lines
G ) p o i n t H ) s t r a i g h t l i n e
Answer: B)

152. Identify the trace of the surface x = y2 + z2 in the plane z = l.
A ) e l l i p s e b u t n o t a c i r c l e B ) p a r a b o l a
C ) h y p e r b o l a D ) c i r c l e
E) two parallel straight lines F) two intersecting straight lines
G ) p o i n t H ) s t r a i g h t l i n e
Answer: B)

153. Identify the trace of the surface x2 = y2 + z2 in the plane z = 0.
A ) e l l i p s e b u t n o t a c i r c l e B ) p a r a b o l a
C ) h y p e r b o l a D ) c i r c l e
E) two parallel straight lines F) two intersecting straight lines
G ) p o i n t H ) s t r a i g h t l i n e
Answer: F)

154.1dentify the trace of the surface x = y2 + z2 in the plane x = y.
A ) e l l i p s e b u t n o t a c i r c l e B ) p a r a b o l a
C ) h y p e r b o l a D ) c i r c l e
E) two parallel straight lines F) two intersecting straight lines
G ) p o i n t H ) s t r a i g h t l i n e
Answer: D)

155. Identify the trace of the surface x = 2y2 + 3z2 in the plane x = 1.
A ) e l l i p s e b u t n o t a c i r c l e B ) p a r a b o l a
C ) h y p e r b o l a D ) c i r c l e
E) two parallel straight lines F) two intersecting straight lines
G ) p o i n t H ) s t r a i g h t l i n e
Answer: A)

156. Let S be the quadric surface given by x2 + 2y2 + 2x - z = 0. What kind of surface is 5?
Answer: elliptic paraboloid

157.Let S be the quadric surface given by x2 + 2y2 + 2x - z = 0. What are the traces of S in each of the **^
t h r e e c o o r d i n a t e p l a n e s ? '
Answer: xy-plane: ellipse; yz-plane: parabola; a^-plane: parabola
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TEST ITEMS FOR SECTION 9.6 FUNCTIONS AND SURFACES

158. Sketch the graph of z = x2 + y2 in R , and name the surface.
Answer:

paraboloid

. ar159. Sketch the graph of — + y2 — z2 = 1 in R3, and name the surface.

Answer:

elliptic hyperboloid of one sheet

160. Which of the following is not a quadric surface?
A ) x 2 + z 2 = l B ) z = x 2 + y 2
D ) z = x 2 - y 2 E ) x 2 + y 2 + z 2 = l
Answer: C)

C) y = x6 + z

0̂ *

161. Find the coordinates of the point(s) of intersection of the line x = l-t,y = l-t, z = At and the surface
z = x2 + 2y2.
Answer: (-2,-2,12), (§,§,f)

162. Describe the trace of the surface z — Ax2 = 0 in the plane 2 = 1.
Answer: x = +\\ two straight lines

163. Describe the vertical traces x = 0 and the horizontal traces z = -1 (if any) for the surfaces z — x2+y
andz2 = x2 +y2.
Answer: z = x2 + y2: x = 0 =» z = y2,a parabola; z = -1 => x2 + y2 = -1, no trace.
z2 = x2+y2: x = 0 =» 2 = ±y, two straight lines; z = -1 =j> 1 = x2 + y2, a circle
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

164. Sketch and identify the quadratic surface given by x2 + y2 — 2x = 0.
Answer:

circular cylinder
165. Sketch and identify the quadric surface given by the equation z2 - 2z — y = 0.

Answer:

parabolic cylinder

&

G) l

166.Let f(x,y) = xsiny. Find / (2, f).
A ) V 3 B ) V 2 ~

Answer: A)
167.Let /(x,y) =x2 + 2xy + y2. If x = 2, find / (x,2x).

A ) 1 2 B ) 1 6 C ) 2 4
E ) 3 2 F ) 3 6 G ) 4 2
Answer: F)

168. Let / (x,y) = xsiny. If a; = 7r, find / (x,x/2).
A ) f B ) | C ) f
E ) f F ) f G ) t t
Answer: G)

169.Let / (x,y) = (x2 + y)3. If x = 1, find / (x, 2x).
A ) 1 B ) 2 C ) 3
E ) 8 F ) 9 G ) 1 6
Answer: H)
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TEST ITEMS FOR SECTION 9.6 FUNCTIONS AND SURFACES

X 170.Find the domain of the function / (x, y) = y/x-y2.
A) All points on or to the left of x = y2 B) All points on or to the right of x = y2
C) All points to the left of x = y2 D) All points to the right of x = y2
E) All points on or to the left of x = 0 F) All points on or to the right of x = 0
G) All points to the left of x = 0 H) All points in the xy-plane
Answer: B)

171.Find the range of the function / (x,y) = y/x - y2.
A ) ( 0 , o o ) B ) [ 0 , o o ) C ) ( - o o , 0 ) D ) ( - o o , o o )
E ) ( 1 , o o ) F ) [ 1 , o o ) G ) ( x / 2 , o o ) H ) [ V 5 , o o )
Answer: B)

172. Find the domain of the function / (x, y) = ex ~ y2.
A) All points on or to the left of x = y2 B) All points on or to the right of x = y2
C) All points to the left ofx = y2 D) All points to the right of x = y2
E) All points on or to the left of x = 0 F) All points on or to the right of x = 0
G) All points to the left of x = 0 H) All points in the xy-plane
Answer: H)

173.Find the range of the function / (x, y) = ex~y2.
A ) ( 0 , o o ) B ) [ 0 , o o ) C ) ( - o o , o o ) D ) ( - o o , 0 )
E ) ( 1 , o o ) F ) [ 1 , o o ) G ) ( x / 2 , o o ) H ) [ ^ 2 , o o )
Answer: A)

174.Find the domain of the function / (x, y) = In (x — y2).
A) All points on or to the left of x = y2 B) All points on or to the right of x = y2
C) All points to the left of x = y2 D) All points to the right of x = y2
E) All points on or to the left of x = 0 F) All points on or to the right of x = 0
G) All points to the left of x = 0 H) All points in the x-y plane
Answer: D)

175.Find the range of the function / (x, y) = In (x - y2).
A ) ( 0 , o o ) B ) [ 0 , o o ) C ) ( - o o , o o ) D ) ( - o o , 0 )
E ) ( 1 , o o ) F ) [ 1 , o o ) G ) ( V 2 , o o ) H ) [ y / 2 7 o o )
Answer: C)

176.Identify the graph of the function / (x,y) = 3 — x2 — y2.
A ) C o n e B ) P a r a b o l o i d
C ) E l l i p s o i d D ) H y p e r b o l o i d o f o n e s h e e t
E) Hyperboloid of two sheets F) Hyperbolic cylinder
G ) E l l i p t i c c y l i n d e r H ) P a r a b o l i c c y l i n d e r
Answer: B)
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TEST ITEMS FOR CHAPTER 9 VECTORS AND THE GEOMETRY OF SPACE

177. For the function z = \Jx2 + y2 — 1, sketch the portion of the surface in the first octant,
i A n s w e r : r *

178. Describe the vertical traces x = k and y = k and the horizontal traces z — k for the function
f(x,y) =x2-y2.
Answer: x = k: z = k2 — y2, parabola; y = k: z = x2 — k2, parabola; z = k: x2 — y2 — k, hyperbola

Cylindrical and Spherical Coordinates

179.Convert (1,7T, 1) from cylindrical coordinates to rectangular coordinates.
A ) ( 1 , 1 , 1 ) B ) ( - 1 , 1 , 1 ) C ) ( 1 , - 1 , 1 )
E ) ( - 1 , 0 , 1 ) F ) ( 0 , - 1 , 1 ) G ) ( 1 , 1 , - 1 )
Answer: E)

180.Convert (2, |,3) from cylindrical coordinates to rectangular coordinates.

A ) ( 1 , 1 , 3 ) B ) ( 0 , 2 , 3 ) Q ( 2 , 0 , 3 )
E ) ( - 1 , - 1 , 3 ) F ) ( 0 , - 2 , 3 ) G ) ( - 2 , 0 , 3 )
Answer: D)

D) (1,1,-1)
H) (0,1,1)

H)(-v/2,-V2,3)

D ) ( l , f , l )
HM1,;

181.Convert (1,1,1) from rectangular coordinates to cylindrical coordinates.
A ) ( A f , l ) B ) ( V 5 , f , l ) Q ( l , f , l ) D ) ( 1 , 1 , 1 )

] , V 2 ) F ) ( l , f , v ^ ) G ) ( l , f , 2 ) H ) ( l , f , 2 )
Answer: B)

182.Convert (l, -v/3, y/3) from rectangular coordinates to cylindrical coordinates.

A ) ( l . f . v ^ B ) ( l , f , x / 3 ) C ) ( V 3 , f , l ) D ) ( A | , 1 )
E) (2,f,V3
Answer: E)

F) (2,1,^) 3,f,2) H) (73,1, 2)

183.Convert (1,7T, ir) from spherical coordinates to rectangular coordinates.
A ) ( 0 , 0 , - 1 ) B ) ( 0 , 0 , 1 ) C ) ( 0 , 1 , - 1 ) D ) ( 1 , 0 , - 1 )
E ) ( 1 , 1 , - 1 ) F ) ( 1 , 0 , 1 ) G ) ( 0 , 1 , 1 ) H ) ( 1 , 1 , 1 )
Answer: A)



TEST ITEMS FOR SECTION 9.7 CYLINDRICAL AND SPHERICAL COORDINATES

\ 184.Convert (l, ^, |) from spherical coordinates to rectangular coordinates.

A ) V 2 > 2 > 2 ) B ) ( 5 ' 2 ' ^ J ^ ) ( 2 ' 7 5 ' 2 J ^ ) ^ 7 5 ' 2 ' 2 J

E> (0 ' 75 '75 ) F> ITS '1 ' * ) G> ( * 'A ' ° ) H^1 '0 ' 0 )
Answer: B)

185.Convert (l, 1, y/2) from rectangular coordinates to spherical coordinates.

A ) ( V 5 , f , f ) B ) ( 2 , f , f ) C ) ( v ^ , f , f ) D ) ( 2 , f , f )
E ) ( V 2 , f , f ) F ) ( 2 , f , f ) G ) ( v / 2 , f , | ) H ) ( 2 , f , f )
Answer: B)

186.Convert (l, \/3,2) from rectangular coordinates to spherical coordinates.
A ) ( 2 , f , f ) B ) ( 4 , f , f ) Q ( A f , } ) D ) ( V 8 , f , f )
E ) ( 2 , f , f ) F ) ( 4 , f , f ) G ) ( V 2 , § , f ) H ) ( A f , f )
Answer: H)

187.Describe the surface whose equation in cylindrical coordinates is r = 3.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: A)

jP^ 188. Describe the surface whose equation in cylindrical coordinates is z = 3.
^ A ) Cy l i nde r w i t h ve r t i ca l ax i s B ) Cy l i nde r w i t h ho r i zon ta l ax i s

C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: E)

189. Describe the surface whose equation in cylindrical coordinates is 9 = 3.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: D)

190.Describe the surface whose equation in cylindrical coordinates is z = Ar.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: G)

191.Describe the surface whose equation in cylindrical coordinates is z = r2.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e

0®^ E ) Ho r i zon ta l p l ane o r ha l f - p l ane F ) Pa rabo lo id
v G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis

Answer: F)
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192.Describe the surface whose equation in spherical coordinates is p = 3.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: C)

193.Describe the surface whose equation in spherical coordinates is 9 = 3.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: D)

194.Describe the surface whose equation in spherical coordinates is <f> = 3.
A) Cylinder with vertical axis B) Cylinder with horizontal axis
C ) S p h e r e D ) V e r t i c a l p l a n e o r h a l f - p l a n e
E) Horizontal plane or half-plane F) Paraboloid
G) Cone or half-cone with vertical axis H) Cone or half-cone with horizontal axis
Answer: G)

195.1f P = (l, 1, \/2) in rectangular coordinates, find the spherical coordinates of P.
A n s w e r : ( 2 , f , f ) " * )

196.1f Q = (l, §, 3) in cylindrical coordinates, find rectangular coordinates of Q.
Answer: (0,1,3)

197.Convert the point (l, -\/3, -2) to cylindrical and spherical coordinates.
Answer: Cylindrical coordinates: (2, ^, -2); spherical coordinates: (2a/2, =f-, ^)

198.Convert the point (0, -5,0) to cylindrical and spherical coordinates.
Answer: Cylindrical coordinates:(5, ^,0); spherical coordinates: (5,4f, f)

199.Find rectangular and cylindrical equations for the surface whose equation in spherical coordinates is
p = 3. Describe the surface.
Answer: Rectangular: x2 + y2 + z2 = 9; cylindrical: r2 + z2 = 9

200.Find rectangular and spherical equations for the surface whose equation in cylindrical coordinates is
9 = \. Describe the surface.
Answer: Rectangular: x = y;spherical: 9 = f

201.Find cylindrical and spherical equations for the surface whose equation in rectangular coordinates is
x = 2. Describe the surface.
Answer: Cylindrical: rcos0 = 2;spherical: psin</>cos0 = 2

202.Describe in words the solid represented in spherical coordinates by the inequality 2 < p < 5.
Answer: solid sphere of radius 5 centered at origin, with hollow ball inside of radius 2
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TEST ITEMS FOR SECTION 9.7 CYLINDRICAL AND SPHERICAL COORDINATES

203. Describe in words or sketch the solid represented in cylindrical coordinates by the inequalities | < 9 < |,
0 < r < 2, -1 < z < 1.

A n s w e r : z

J ^ ^ \

wedge of a circular cylinder with axis the z-axis

204. Describe the surface whose equation in cylindrical coordinates is 9 = |.
Answer: Vertical plane

205. Describe the surface whose equation in cylindrical coordinates is r = sin 9.
Answer: Circular cylinder with axis the z-axis

206.Describe the surface whose equation in spherical coordinates is sin (j) — cos (j>.
Answer: Half-cone with axis the 2-axis
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Vector Funct ions

Vector Functions and Space Curves

1. Find lim/2i,cost,e*V

A) (2,1,0)
E) (1,1,1)
Answer: H)

B) (0,0,1)
F) (1,1,0)

2. Find lim [(2t + 1) i + et j + arctan

A ) i + e j + f k B ) i + e j + f k
E)3 i + e j + fk F)3 i + e j + fk
Answer: E)

G) (1,0,1)

C) i + | k
G) 3 i + 5 k

D) (2,1,1)
H) (0,1,1)

D) i + f k
H) 3 i + \ k

3. Let r (t) = 2t2 i + —-^ j. Find corresponding parametric equations.

Answer: x = 2t2,y = —=•y 3 t 3

4. The position of a particle at time t is given parametrically by y — t2 and x = | (t3 - 3t). Show that the
particle crosses the y-axis three times.
Answer: The particle crosses the y-axis when x = 0. That occurs at t = -\/3, 0, and s/i

5. Consider the curve in the xy-plane defined parametrically by x — t3 - 3t, y = t2, z = 0. Sketch a rough
graph of the curve.

Answer:

t= +V3

V I

(-2, 1)
(= -1
(2,1)

unit tangent vector

6. Find a space curve which parametrizes the intersection of the paraboloid z = -x2 - y2 and the plane
y = x.



TEST ITEMS FOR CHAPTER 10 VECTOR FUNCTIONS

7. The graphs of which three of the following four vector functions lie along the line y = A — xl
A) x = 6 - t2, y = t2 - 2 B) x = cos2 t,y = sin21 + 3
C) x = 2e', y = 2e* - 8 D) x3 = In (1/t), y = In (e4t)
Answer: A), B), and D)

8. Consider the paraboloid z = x2 + y2. Which of the following space curves have as their range points
lying on this paraboloid?
A)r(t) = (t sin i,i cos t,t),i eK B) r (t) = (i2, t sin t,t cos t), t 6 R
C) r(t) = (t cos t,t sin t,t2),i eR D) r (t) = (\/tsint,t, v^cost), t > 0
E) r(i) = (v^sint, V^cost,t),t> 0
Answer: C) and E)

9. Find a space curve which parametrizes the intersection of the paraboloid z = x2 + y2 and the plane
y-z = 0.
Answer: r (t) = (5 cost, \ + 5 sint, | + 1 sint), 0 < t < 27r

Derivatives and Integrals of Vector Functions

10. Find the derivative of the vector function r (t) = (t, 1/t, et) when t = 1.
A ) ( 0 , 1 , 1 ) B ) ( 1 , 0 , 1 ) C ) ( l , l , e )
E ) ( - l , l , e ) F ) ( l , - l , e ) G ) ( 1 , 1 , - 1 )
Answer: F)

D)(0,0,e)
H) (1,1,1)

11. Find the derivative of the vector function r (t) = t i + sint j when t = 0.
A ) i B ) j C ) - i D ) - j
E ) - i + j F ) i - j G ) - i - j H ) i + j
Answer: H)

12. Find the tangent vector r' (t) of the function r (t) — (t, t2,t3) when t = 1.
A ) ( 1 , 0 , 0 ) B ) ( 0 , 0 , 1 ) C ) ( 0 , 1 , 0 ) D ) ( 1 , 2 , 3 )
E ) ( 0 , 2 , 3 ) F ) ( 1 , 2 , 6 ) G ) ( 0 , 1 , 1 ) H ) ( 1 , 1 , 1 )
Answer: D)

13. Find the tangent vector r' (t) of the function r (t) = sint i - cost j when t = |.

A ) i i + ^ j

Answer: A)

B)|i-f J
F)£i-iJ

1 ; _l V3O-^i + ^j
G)-4 i+^j

D ) - ^ i - ^ j

14. Find the unit tangent vector T (t) to the curve r (t) = (sin t,
2 L 0

,75' V^'Uy
.75' V^'U/

C)(-v%'^°
G ) - 1 2 n \

Answer: H)

d)(t5.7j.°;
V5' V5 '



TEST ITEMS FOR SECTION 10.2 DERIVATIVES AND INTEGRALS OF VECTOR FUNCTIONS

\ 15. Find the unit tangent vector T (t) to the curve r (t) = t i +12 j when t = 0.
A ) i B ) j O T S i + ^ J ^ v M - ^ J
^ - ^ j F > A i + A j G ) * 1 " ^ H ) * 1 " ^
Answer: A)

16. Evaluate the integral J0 (ti — 2t2j) dt.
A ) i B ) j C ) i - j D ) i - i j
E ) i i - j F ) i i - i j G ) ± i H ) i i - | j
Answer: H)

17. Find r (1) if r' (t) = t2 i +13 j and r (0) = i.

A ) | i + i j B ) | i + 3 J C ) I i + 3 J D ) i + ? j
E ) | i + | j F ) | i + | j G ) | i + f j H ) i + | j
Answer: B)

18. Find the unit tangent vector to the curve r (t) = (e2t cos t, e2t sin £, e2t) at the point where t = |.

A ) \ 3 ' ~ 3 ' 3 / B ) \ 3 > " ' 3 / C ) \ ~ 3 ' 3 ' 3 / D ) \ 3 ' 3 > ~ 3 /
E) \7 i4 '7 i4 ' "~"7i4/ F) \~7i4 '7T4'7T4/ G) \7 i4 ' "7 i4 '7 i4/ H) \7e' Te'Te,
Answer: C)

19. Let r (t) = (i3, t4 + 3). At the point (1,4), the unit tangent vector is

A ) 3 i + 4 j B ) ^ i - ^ j O fi + $ j D ) ^ i - ^ j E ) - | i + f j
Answer: C)

20. Letr(t) = 2t2i + -^j. Findr'(t).

Answer: r' (t) = At i —j j

21. Let u (t) = 2ti + sintj - costk and v (t) = i +12 j - tk. Find — [u (t) x v (t)].
t i l /

Answer: — [u (t) x v (t)] = (t cos t - sin t - t2 sin t) i + (4t + sin t)j + (6t2 - cos t) k

22. Find an expression for — [(u (t) x v (t)) • w (t)].

Answer: (u' (t) x v (t)) • w (t) + (u (t) x V (t)) • w (t) + (u (t) x v (t)) - w' (t)

23. Let x = t3 and y = 3t2. Find the point on the curve closest to (0,3).
Answer: (± (>/l5 - 3)3/2 , 3^ - 9)

24. Find the point(s) on the curve described by the vector function r (t) = (t2 + 2t, t3 - I2t) where the
tangent vector is horizontal or vertical.
Answer: Horizontal at (0,16) and (8, -16), vertical at (-1,11)

r25. Let r (t) = (cos 2t, sin 2t, 3). Compute the tangent vector r' (t) and show that it is always orthogonal tor(t).
Answer: r' (t) = (-2 sin 2t, 2 cos 2t, 0); r' (t) • r (t) = 0
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26. Given r (t) = (t2,t6,t), find the unit tangent vector at t = 1 and parametric equations for the tangent
line through the tip of r (1).
Answer: T (1) = -4= (2,6,1); x = 1 + 2t, y = 1 + 6t, z = 1 +1

27. Ifu(t) = <-x/t sin t,t,t2/3) and v(t) = (-^t sint, cos21, -t1/3), compute — (u(t)-v(t)) and

Answer: — (u (t) • v (t)) = 0, — (u (t) • u(t)) = sin21 + 2t sin tcos t + 2t + ft1^

Arc Length and Curvature

28. Find the length of the curve r (t) = (2t, sin t, cos t), 0 < t <
A ) 2 i r V 2 B ) t t n / I O C ) 2 7 r \ / 3
E ) 4 t t F ) 3 t t V 2 G ) 2 t t ^ 5
Answer: G)

29. Find the length of the curve r (t) = (t, 2t, 2t), 0 < t < 2.
A ) 4 B ) 6 C ) 8
E ) 1 2 F ) 1 4 G ) 1 6
Answer: B)

D)10
H)18

30. Find the unit tangent vector T (t) to the curve r (t) = (sin t, t, cos t) when t = 0.
A ) ( - 1 , 0 , 0 ) B ) ( 0 , 0 , - 1 ) C ) ( 1 , 0 , 0 ) D ) ( 0 , 0 , 1 )
E ) ( o , 3 = , ^ \ V ) ( ± A l * ) G ) / 4 - , 4 . , 0 \ H ) / 4 = , 4 - , ^ \E ) ( ° ' 7 1 ' 7 2
Answer: G)

>/2' ' V5 v^' 72:

31. Find the unit tangent vector T (t) to the curve r (t) = (t, 2t, t2) when t = 1.

A X i l > ! > B ) ( 1 , 0 , 0 ) C ) ( 0 , 1 , 0 )

E ) { ° > 7 2 ' 7 2 ) F ) ( 7 2 ' 0 ' A ) G ) ( 7 5 > 7 2 ' ° )
Answer: A)

v/3' V3' V3/

D) (0,0,1)
H) \72'72'72

32. Find the unit normal vector N (t) to the curve r (t) = (sin t, t, cos t) when t = 0.
A ) ( - 1 , 0 , 0 ) B ) ( 0 , 0 , - 1 ) C ) ( 1 , 0 , 0 ) D ) ( 0 , 0 , 1 )

E ) ( ° ' 7 ! ' 7 3 ) F ) ( ^ ° ' 7 l ) G ) ( 7 1 ' 7 5 ' 0 ) H >
Answer: B)

33. Find the unit normal vector N (t) to the curve r (t) = (t, 2t, t2) when t = 1.

V3' V3' V3

E ) ( ° ' 7 1 ' 7 5
Answer: D)

B) (1,0,0)

F)(75'0>75

C) (0,1,0)
~ s / 1 1-±- — 0

U ; \ 3 x / 5 ' 3 v

H^ \72'72'72



Jjffl^N

A ^ \

/0^K

g C ) 1 2 ^ 6 D ) 2 3 .
T G ) | ( 7 V 7 - 2 ) H )
9 V 2 7 ^ ' 91 9 < - \ 4 / ~ m o ^ X J \ 2 2

TEST ITEMS FOR SECTION 10.3 ARC LENGTH AND CURVATURE

34. Find the curvature k of the curve y = 2x2 at x = 0.
A ) 0 B ) | C ) i D ) I
E ) 1 F ) 2 G ) 4 H ) 8
Answer: G)

35. Find the curvature k of the curve r (t) = (2 sin £, 2,2 cos £) when i = §.
A ) 0 B ) | C ) i D ) i
E ) 1 F ) 2 G ) 4 H ) 8
Answer: D)

36. Find the curvature k of the curve r (t) = (sin 2t, 3t, cos 2t) when t = ^.
A ) £ B ) ^ Q A D ) A
E ) | F ) | G ) | H ) |
Answer: B)

37. Find the length of the curve r (t) = (sin 2t, cos 2t, 2t3/2), 0 < t < 1.

A ) ^ ( 1 3 ^ - 8 ) B )
E ) ^ ( v / 1 3 - 2 ) F )
Answer: A)

38. Find the unit tangent and the unit normal to the graph of the vector function r (t) = (t2 — 2,2t — t3) at
t = l.
Answer: Unit tangent: -4 (2, —1); unit normal: -4= (1,2)

39. Find the curvature of r (t) = (t, t2,t3) at t = 2.

40. Consider the curve in the xy-plane defined parametrically by x = t3 — 3t, y = t2, z = 0. Find the unit
tangent vector at t = — 1.
Answer: T (t) = -j

41. Consider the curve in the xy-plane defined parametrically by x = t3 - 3t, y = t2, z = 0. Find all points
where the curve has vertical or horizontal tangents.
Answer: Horizontal tangent at (0,0); vertical tangents at (2,1) and (-2,1)

42. Suppose C is the curve given by the vector function r (t) = (t, £2,1 - t2). Find the unit tangent vector,
the unit normal vector, and the curvature of C at the point where t = 1.
Answer: T (1) = ± (1,2, -2), N (1) = ^L (-4,1, -1), k = *$

43. Find the length of arc along the curve x (t) = (5t, sin t, cos t) from t = 0 to t = 2.
Answer: 2\/26

44. Find the length of the circular helix described by x = 2 cos t, y = 2 sin t, z = y/Et, 0 < t < 2ir.
Answer: Sir

45. Find the center of the osculating circle of the parabola y = x2 at the origin.
Answer: (0, ^)

46. Find the center of the osculating circle of the curve described by x = 4 sin t, y = 3t, z = A cos t at
(0,0,4).
Answer: (0,0,-2.25)
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47. Consider r (t), the vector function describing the curve shown below. Put the curvatures at A, B, and C
in order from smallest to largest.

Answer: B, A, C

48. Show that if r' (t) and r" (t) are parallel at some point on the curve described by r (t), then the curvature
at that point is 0. Give an example of a curve r (t) for which r' (t) and r" (t) are always parallel.

Ir x fAnswer: r' and r" are parallel =4> r'xr" = 0 ^ k = - g—*■ = 0. Example: r = (t, t, t)

49. Consider y = sinx, — n < x < n. Determine graphically where the curvature is maximal and minimal.
Answer: Minimal at x = 0, maximal at x = ±5

50. Find the equation of the plane normal to r (t) = (e£ sin ft, el cos ft, t2) when t — 1.
Answer: ex — |y + 2z = e2 + 2.

Motion in Space

51. Let the position function of a particle be r(t) =(t2,2t, e*). Find the velocity of the particle when t = 1.
A ) ( 2 , 2 , 1 ) B ) ( 2 , 2 , e ) C ) ( 2 , 0 , 1 ) D ) ( 2 , 0 , e )
E ) ( 1 , 1 , 1 ) F ) ( l , l , e ) G ) ( 1 , 0 , 1 ) H ) ( l , 0 , e >
Answer: B)

52. Let the position function of a particle be r(t) =(t2,2t, e*). Find the acceleration of the particle when

A) (2,2,1) B)(2,2,e) C) (2,0,1) D)(2,0,e)
E) (1,1,1) F ) ( l , l , e ) G) (1,0,1) H)(l,0,e)
Answer: C)

53. Let the position function of a particle be r(t) =(t2,t,t2). Find the speed of the particle when t = 1
A ) 1 B ) 2 C ) 3 D ) 4
E ) V 8 F ) ^ G ) v ^ H ) V i a
Answer: C)

H)V14



TEST ITEMS FOR SECTION 10.4 MOTION IN SPACE

\ 54. Let the acceleration of a particle be a(t) = ti, and let its velocity when t = 0 be v (0) = i + k. Find its
velocity when t = 1.
A ) ± i + k B ) 2 i + k C ) 3 i + k D ) | i + k
E ) | i F ) 2 i G ) 3 i H ) | i
Answer: D)

55. Let the acceleration of a particle be a(t) = ti, and let its velocity when t = 0 be v (0) = i + k. Find its
speed when t = 2.
A ) y / E B ) x / 6 C ) ^ / 7 D ) x / 8
E ) 3 F ) v ' l O G ) v T l H ) x / 1 2
Answer: F)

56. Let the velocity of a particle be v(t)= i + tj, and let its position when t = 0 be r (0) = j + 2k. Find its
position when t = 2.
A) 3i + 3j + 2k B) 2i + 3j + 2k C) 3i + 2j + 2k D) 3i + 3j + 2k
E) 3i + 4j + 2k F) 2i + 4j + 2k G) 4i + 2j + 2k H) 4i + 3j 4- 2k
Answer: B)

57. Let the position function of a particle be r(t) =(t2,1 - 2£, t). Find the value of t at which its speed is
\ s m a l l e s t .

A ) - 2 B ) - § C ) - l D ) - i
E ) 0 F ) i G ) 1 H ) f
Answer: E)

58. Let the position function of a particle be r(t) =(t2,1 - 2£, t). Find the smallest value of its speed.

A ) 0 B ) l C ) % / 2 D ) x / 3
E ) 2 F ) y / E G ) V 6 H ) y / l
Answer: F)

59. Let the position function of a particle be r (t) = ti+t2j. Find the tangential component of the acceleration
vector when t = 1.

A ) - k B ) ^ = Q - f e D ) 4 -

yj | !P^\

7 5 " ' y / % ^ V E " > V 5
B ) V 5 F ) ^ G ) ^ H ) ^
Answer: D)

60. Let the position function of a particle be r (t) —ti + t2j. Find the normal component of the acceleration
vector when t = 1.
A ) 4 ? B ) 4 j C ) 4 = D ) - 4 -7 E D > 7 E ^ > 7 5 " > T %
£ ) ^ F ) ^ Q ) f . H ) ^
Answer: B)
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61. Suppose a particle moves in the plane according to the vector-valued function r (t) = 2e*i + e~*j, where
t represents time. Find v (t), |v (t)\, and a (t), and sketch a graph showing the path taken by the particle
indicating the direction of motion.

Answer: v (t) = 2eH - e~*j, |v (t)\ = y/Ae2t + e~2t,
a(t) = 2e*i + e-*j

62. An object's position vector at time t is given by the vector-valued function r (t) = (t3 - t, 2t2 + t). At
t = 2, find its velocity vector and its speed.
Answer: v (2) = (11,9); speed is \/202

63. Suppose a particle is moving in the xy-plane so that its position vector at time t is given by r (t) =
(t3 — t,t — t2). Find the velocity, speed, and acceleration of the particle at time t = 2.
Answer:v (2) = (11, -3); speed= \/l30; a (2) = (12, -2)

64. Let a (t), v (t), and r (t) denote the acceleration, velocity, and position at time t of an object moving in
the xy-plane. Find r (t), given that a (t) = (e2t + 2i, e2t - 3>, v (0) = (§, \>, and r (0) = (f, §).
Answer: r (t) = (\e2t + ±t3 +1 + 1, \e2t - \t2 + 3t + 2)

65. A paper carrier is traveling 60 miles per hour down a straight road in the direction of the vector i when
he throws a paper out the car window with a velocity (relative to the car) in the direction of j and of
magnitude 10 miles per hour.
(a) Find the velocity of the paper relative to the ground when the paper carrier releases it.
(b) Find the speed of the paper at that time.
Answer: (a) v = 60i + lOj; (b) \/3700 « 60.83 miles per hour

66. A particle has velocity given by v (t) = e*i + 2j. At time t = 0 it is at the origin. Find
(a) its speed
(b) its distance from the origin at time t = 1.
Answer: (a) Ve2 + 4; (b) Ve2 - 2e + 5

67. A cannon sits on top of a vertical tower 264 feet tall. It fires a cannonball at 80 ft/s. If the barrel of the
cannon is elevated 30 degrees from the horizontal, find how far from the base of the tower the cannonball
will land (assuming the ground around the tower is level).
Answer: 220\/3 ft

68. A person is standing 80 feet from a tall cliff. She throws a rock at 80 feet per second at an angle of 45°
from the horizontal. Neglecting air resistance and discounting the height of the person, how far up the
cliffdoesithit?
Answer: 48 ft
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\^ 69. If r (t) = (t2 + 3) i + (2t2 - 3t + 5) j describes the motion of a particle, find
(a) the particle's velocity when t = 3
(b) the particle's speed when t = 3
(c) the particle's acceleration when t = 3.
Answer: (a) v (3) = 6i + 9j; (b) Sx/13; (c) a (3) = 2i + 4j

70. For r (t) = t2\ + tj, find ar and a ,̂ the tangential and normal components of acceleration.

Answer:aT = 7̂ T;a7V = ̂ PTT

71. Suppose the curve C is given by the following vector function: r(t) = (sint,cost,*2), where t is
between 0 and 1.
(a) Find the velocity vector at t = f.
(b) Find the acceleration vector at t = |.
Answer: (a) v (f) = (f, -£, f ); (b) a (f) = (-^, -^, 2)

72. A particle is moving along the curve described by the parametric equations x = 5t, y = 2t3, z = |t5.
Determine the velocity and acceleration vectors as well as the speed of the particle when t = 3.
Answer: v (3) = 5i + 54j + 243k; a (3) = 36j + 324k; |v (3)| = ^61^90

73. Suppose that a dove is flying so that its acceleration vector at time t is given by a (t) = (tA,t3,t2), its
initial velocity is v (0) = (1,2,3), and its initial displacement is s (0) = (7,6,5). Find the position
vector s (t) at time t.
Answer: s (t) = <^t6 +1 + 7, ^t5 + 2t + 6, ^t4 + 3t + 5)

74. If r (t) = t2 i + 3t j + e* k, find the acceleration vector and the tangential component of the acceleration
vector.

4t + e2*

JfpPN

Answer: a (t) = 2 i + e* k; a^ =
V4t2 + 9 + e2t

75. Let r (t) = (5t, sin 3t, cos 3t). Show that the velocity vector is perpendicular to the acceleration vector.
Answer: v (t) = (5,3 cos 3t, -3 sin 3t); r (t) • v (t) = 0

76. Let r (t) = cos 2t i + 2t j + sin 2t k. Show that the acceleration vector is parallel to the normal vector
N ( * ) . ^ _ _
Answer: v (t) = |v (t)| = J A (cos2 2t + sin2 2t) + 2 = y/E, so aT = v' (t) = 0 and thus a (t) = aNN
is parallel to N.
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Parametric Surfaces

77. Find a parametric representation for the surface consisting of the upper half of the ellipsoid x2+5y2+z2 =
1.
A) x = x, y = y, z =
C) x = x, y = y, z =
E) x = x, y = y, z =
G) x = x, y = y, z =

/l +xl + 5y2
/l-x2 + 5y2
lx2 + 5y2 - 1
l-x2 + 5t/2-1

B) x = x, y = y, z =
D)x = x,y = y,z =
F) x = x,y = y,z =
H) x = x,y = y,z =

= y/1 + x2 - 5y2
= \/l — x2 — by2
= \Jx2 — 5y2 — 1
= \/-x2 — by2 — 1

Answer: D)
78. Find a parametrization in cylindrical coordinates for the surface z = x2 + y2.

A) x = r sin0, y = rsin<9, z = r B) x = rsin0, y = rsin9,z = r2
C) x = rcos0, y = rcos9, z = r D) x = rcos9,y = rcos0,z = r2
E) x = cos/9, y = sin0, z = r F) x = cos9, y = sin0, z = r2
G) a: = r cos 0, y = r sin 0, z = r H) x = r cos 0, y = r sin 0, z = r2
Answer: H)

79. Find a parametric representation for the surface consisting of that part of the hyperboloid -x2 -y2 + z2 =
1 that lies below the rectangle [-1,1] x [-3,3].
Answer: x = x, y = y, z = -a/1 + x2 + y2 where -1 < x < 1 and -3 < y < 3.

80. Find a parametric representation for the surface consisting of that part of the elliptic paraboloid
x + y2 + 2z2 = A that lies in front of the plane x = 0.
Answer: x = 4 - y2 - 2z2, y = y,z = z where y2 + 2z2 < 4 since aj > 0.

81. Find a parametric representation for the surface consisting of that part of the cylinder x2 + z2 = 1 that
lies between the planes y = — 1 and y = 3.
Answer: x — sin 0, y = y, z = cos 0, 0 < 0 < 2ix, -1 < y < 3.

82. Find a parametric representation for the surface consisting of that part of the plane z = x + 3 that lies
inside the cylinder x2 + y2 = 1.
Answer: x = x, y = y, z = x + 3, where 0 < x2 + y2 < 1.

83. Identify the surface with the vector equation r (u, v) = cos u sin v i + sin u sin w j + cos v k, 0 < u < 2ir,
0 < v < f. (M«/: First consider x2 + y2.)
Answer: Top half of the unit sphere

84. Identify the surface with the vector equation r(u,v) = (1 + 2ti + dv) i + (5 - u + Av) j +
(3 + 5n - 7v) k.
Answer: Plane

85. Find a parametric representation for the surface consisting of that part of the hyperboloid -x2 - y2 + z2 =
1 that lies below the disk {(x,y) | x2 + y2 < 4}.
Answer: x = r cos 0, y = r sin 0, z = -\/l + r2, 0 < 9 <2ir,0 < r < 2



Part ia l Der ivat ives

Functions of Several Variables

Let / (x, y) = x sin y. Find / (2, f).

A ) y / 3 B ) > / 2
E ) \ F ) \
Answer: A)

o f
G ) l

2. Let / (x,y) = x2 + 2xy + y2. If x = 2, find / (x, 2x).
A ) 1 2 B ) 1 6 C ) 2 4
E ) 3 2 F ) 3 6 G ) 4 2
Answer: F)

3. Let/(x,y) =xsiny. Ifx = tt, find /(x,x/2).
A ) § B ) | C ) §
E ) f F ) f G ) t t
Answer: G)

4. Let / (x,y) = (x2 + yf. Ifx = 1, find / (x, 2x).
A ) 1 B ) 2 C ) 3
E ) 8 F ) 9 G ) 1 6
Answer: H)

D)28
H)48

D)4
H)27

5. Find the domain of the function / (x, y) = \Jx - y2.
A) All points on or to the left of x = y2 B) All points on or to the right of x = y2
C) All points to the left of x = y2 D) All points to the right of x = y2
E) All points on or to the left of x = 0 F) All points on or to the right of x = 0
G) All points to the left of x = 0 H) All points in the xy-plane
Answer: B)

D) (—00,00)
H) k/2,00)

6. Find the range of the function f(x,y) = \Jx - y2.
A ) ( 0 , o o ) B ) [ 0 , c o ) C ) ( - o o , 0 )
E ) ( l , o o ) F ) [ l , c o ) G ) ( V 2 , o o )
Answer: B)

7. Find the domain of the function / (x, y) = ex y .
A) All points on or to the left of x = y2 B) All points on or to the right of x = y2
C) All points to the left of x = y2 D) All points to the right of x = y2
E) All points on or to the left of x = 0 F) All points on or to the right of x = 0
G) All points to the left of x = 0 H) All points in the xy-plane
Answer: H)
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8.

9.

Find the range of the function / (x, y) = ex ~ y
A ) ( 0 , o o ) B ) [ 0 , o o )
E ) ( l , o o ) F ) [ l , o o )
Answer: A)
Find the domain of the function / (x, y) = In (x - y2).

C) (-oo, oo)
G)(V5,oo)

D)(-oo,0)
H)[V2,oo)

B) All points on or to the right of x = y2
D) All points to the right of x = y2
F) All points on or to the right of x = 0
H) All points in the x-y plane

D)(-oo,0)
H)[V5,oo)

A) All points on or to the left of x = y2
C) All points to the left of x = y2
E) All points on or to the left of x = 0
G) All points to the left of x = 0
Answer: D)

10. Find the range of the function / (x, y) = In (x - y2).
A ) ( 0 , o o ) B ) [ 0 , o o ) C ) ( - 0 0 , 0 0 )
E ) ( l , o o ) F ) [ l , o o ) G ) ( v 5 , o o )
Answer: C)

11. Describe the level curves of the function / (x, y) = x2 + y2 + 3x - Ay + 73.
A) Concentr ic c i rc les B) Non-concentr ic c i rc les
C) Concentric ellipses (not circles) D) Non-concentric ellipses (not circles)
E) Parabolas with the same vertex F) Parabolas with the same focus
G) Hyperbolas with the same vertices H) Hyperbolas with the same foci
Answer: A)

12. Describe the level curves of the function / (x, y) = yjl -x2 -2y2.
A) Concentr ic c i rc les B) Non-concentr ic c i rc les
C) Concentric ellipses (not circles) D) Non-concentric ellipses (not circles)
E) Parabolas with the same vertex F) Parabolas with the same focus
G) Hyperbolas with the same vertices H) Hyperbolas with the same foci
Answer: C)

13. Identify the graph of the function / (x, y) = 3 - x2 - y2.
A ) C o n e B ) P a r a b o l o i d
C ) E l l i p s o i d D ) H y p e r b o l o i d o f o n e s h e e t
E) Hyperboloid of two sheets F) Hyperbolic cylinder
G ) E l l i p t i c c y l i n d e r H ) P a r a b o l i c c y l i n d e r
Answer: B)

14. The temperature at a point (x, y) of a flat metal plate is T (x, y) = 9x2 + 16y2 where T (x, y) is measured
in degrees. Draw the isothermals for T (x, y) = 0, 9,16, and 144 degrees.
Answer:

7*0c,y)=144

'<sm\̂
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15. Sketch the domain of the function z = ^x2 +y2 —
Answer:

16. For the function z = \Jx2 + y2 — 1, sketch the level curves z — k for k = 0,1, 2, and 3.
Answer:

17. For the function z = \Jx2 + y2 - 1, sketch the portion of the surface in the first octant.
Answer:

18. Suppose the point (2,3) is on a curve C which is a level curve of the surface z = x2 + 2y. Can it be
concluded that the point (4, —3) is also on C? Explain.
Answer: Yes, given that C is a level curve of z — x2 + 2y means C has equation x2 + 2y = k for some
constant k. The fact that (2,3) lies on C gives k = 10, so C has equation x2 + 2y = 10 which does
contain the point (4, —3).

19. Describe the level surfaces of the function / (x, y, z) = z - x2 - y2.
Answer: Paraboloids with vertices along the z-axis



TEST ITEMS FOR CHAPTER 11 PARTIAL DERIVATIVES

20. Describe the level surfaces of the function / (x, y,z) = z-2x - 3y.
Answer: Parallel planes

21. Find the domain of the function f (x,y,z) = —.
t/3x + y - z

A) All points above 3x + y — z = 0
B) All points below 3x + y — z = 0
C) All points above 3x + y — z = 1
D) All points below 3x + y — z = 1
E) All points below 3x + y - z = 0 but not above the plane 3x + y - z = 1
F) All points above 3x + y - z = 1 but not above the plane 3x + y - z = 0
G) All points below 3x + y - z - 1 or between 3x + y-z = 0and3x + y-.z = l
H) All points in the xy-plane
Answer: E)

22. Describe the difference between the horizontal trace in z = k for the function z = f (x, y) and the contour
curve / (x, y) = k.
Answer: The contour curve / (x, y) = k is the horizontal trace of z = f (x, y) in z = k projected down
to the xy-plane.

23. Describe the vertical traces x = k and y = k and the horizontal traces z = k for the function
/ (x ,y ) =x2-y2 .
Answer: x = k: z = k2 -y2, parabola; y = k: z - x2 -k2, parabola; z = k: x2 - y2 = k, hyperbola

24. Describe the level surfaces k = 1, k = 0, k = — 1 for the function / (x, y, z) = 1 - x2 - ^y2 - ^z2.
Answer: k = 1: point (0,0,0); k = 0: ellipsoid x2+\y2+\z2 = l;k = -1: ellipsoid x2+^y2+|z2 = 2

25. Describe how the graph of g (x,y) = 2/ (x - 1, y - 1) is obtained from the graph of z = f (x, y).
Answer: The graph of g is the graph of / shifted 1 unit in the positive x-direction, shifted 1 unit in the
positive y-direction, and stretched vertically (that is, in the z-direction) by a factor of 2.

Limits and Continuity

26. Evaluate lim (x2 -
(*,wMi,2)v

A)0
E) 4
Answer: F)

27. Evaluate l im (x5
(*,»M-1,1) V

A ) l
E) 8
Answer: E)

D)3
H) Does not exist

C)3
G)16

D)4
H) Does not exist
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Jr1

JfP^v

28. Evaluate lim xsiny.
(s,2/)-(0,0)

A ) 0 B ) 1
E ) 4 F ) 5
Answer: A)

29. Eva luate l im -—.
(x,j/)-K0,0) siny

A ) 0 B ) 1
E ) 4 F ) 5
Answer: H)

30. Evaluate lim (x2 +x3y2 + y4).
(*,y)-(-i,i) V

B ) l
F)5

x2 —y2

A)0
E) 4
Answer: B)

31. Evaluate lim
(x,j/H(i,-i) x + y

A ) 0 B ) 1
E ) 4 F ) 5
Answer: C)

tan (x — v)
3 2 . E v a l u a t e l i m ^ ^ .

(z,j/)-+(2,2) x - y
A ) 0 B ) 1
E ) 4 F ) 5
Answer: B)

33. Evaluate lim [(x + y) cos (x - y)}.

A)0 B ) l
E) 4 F)5
Answer: C)
T 7 x r Q l n o f < » l i m xy" (x,yy>io,o) x2 + xy + y2'

A ) 0 B ) 1
E ) \ F ) \
Answer: H)

35. Evaluate lim
x2 — y2

(*,v)-»(o,o) x2 + y2"
A ) 0 B ) 1
E ) - \ F ) i
Answer: Does not exist

36. Evaluate l im ±-z t t -
(*,»)-»(o,o) x2 + y2

A ) 1 B ) 0
E ) 2 F ) 4
Answer: H)

C)2
G)6

C)2
G)6

C)2
G)6

C)2
G)6

C)2
G)6

C)2
G)6

C)f

C ) - l
G ) - l

C ) i
G)8

D)3
H) Does not exist

D)3
H) Does not exist

D)3
H) Does not exist

D)3
H) Does not exist

D)3
H) Does not exist

D)3
H) Does not exist

D ) |
H) Does not exist

D ) i
H) Does not exist

D)oo
H) Does not exist
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2 _ Q™,. _l „,2

(*,»)-»(0,0) x2 + 2y2 '
A)0
E) i
Answer:H)

B)oo C) -oo D ) l
H) Does not exist

xy38. Let / (x, y) = 2,2 anci let ^m ^e the curve with equation 2/ = mx9 where m is a constant. The value
X t J /

of the limit of F (x, y) as (x, y) approaches (0,0) along Cm is

A ) 0 B ) \ C ) l D ) - 2 L - E ) ™ 22 ' y l + m 2 w l + m 2
Answer: D)

{x4 + y4
(x2+y2)2 ^,y^ ^ ' ^ Does this function have a limit at the origin? If so,
0 i f ( x , y ) = ( 0 , 0 )

prove it. If not, demonstrate why not.
Answer: Approaching the origin along y = 0, the limit equals 1; approaching the origin along y = x,
the limit equals \. Thus, this function does not have a limit at the origin.

xy40. Prove that the following limit does not exist: lim / (x, y), where / (x, y) = 0
( x , 2 / ) - > ( o , o ) x 2 + y 4

Answer: / is defined everywhere in R2 except at (0,0). Let S\ = {(0, y)}; then (0,0) G Si, and taking
the limit of/ as y-> 0 gives 0. LetS2 = {(x,x)}; then (0,0) G S2 and taking the limit of / as x -> 0
gives 1. Since these limits are not equal, the limit does not exist.

2x2 — y241. Show that the limit lim -r—-^77 does not exist.
(*,yH(o,o) x2 + 2y2

Answer: Approaching (0,0) along the x-axis, we have y = 0, so the limit (if it exists) equals 2.
Approaching (0,0) along the y-axis we have x = 0, so the limit (if it exists) equals -\. Since these
limits are different, the limit does not exist.

«-If/(-.v) = ^T?*-(J)%i0)/(-.!')
A) exists B) does not exist C) is equal to 0 D) is equal to \ E) is equal to 1
Answer: B)

{ X - r - X V

x2 + y2 l {x>y> ^ \ •> > is everywhere continuous, and if not, locate
1 i f ( x , y ) = ( 0 , 0 )

the point(s) of discontinuity.
Answer: / is continuous everywhere its denominator does not equal zero. The limit does not exist at
(0,0), and thus / is discontinuous at (0,0).

{3x2 - 2y2
x 2 + y 2 l f ( * ' y ^ ( ° ' ° ) i s c o n t i n u o u s a t ( 0 , 0 ) . ^ %

0 i f ( x , y ) = ( 0 , 0 ) )
Answer: The function is discontinuous at (0,0)
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45. Consider / (x,y) =
— i f (x ,y )

xA + y"2^onsiaer/ <x,yj = <- x'+y'
I 0 .1 i f (x ,y) = (0,0)

Answer: Continuous everywhere except at (0,0)

Where is f continuous?

46. Find lim -5—^-j if it exists, or show that the limit does not exist.

/ £ W * x — 1
Answer: Along y = 1, lim —5 7 = lim -=—- = -

(«,y)-»(l,l) a:3 ~ 2T a;-*1 ^ " 1 3

l i m - 3 7
(x,i,)-.(i,i) x3 - y4

1 - y 4n j+i 1 - y4

l i m - 5 7
(a,»)-(i,i) a:J - y4

does not exist.

Partial Derivatives

A)0
E) 4
Answer: C)

48. Let / (x ,y )
A)0
E) 4
Answer: E)

49. Let / (x ,y )
A )0
E) 4
Answer: C)

50. Le t / ( x , y )
A )0
E) 4
Answer: C)

51. Let / (x ,y )

= x2y3. Find the value of the partial derivative fx(l,l).

B ) 1 C ) 2
F ) 5 G ) 6

= x3y4. Find the value of the partial derivative fy (1,1).
B ) 1 C ) 2
F ) 5 G ) 6

= (x + y)2. Find the value of the partial derivative fxx (3, T

A)0
E) 4
Answer: G)

(x3 + x) y2. Find the value of the partial derivative fxy (0,1).
B ) 1 C ) 2 D ) 3
F ) 5 G ) 6 H ) 7

x3y2. Find the value of the partial derivative fyxy (1,7).
B ) 1 C ) 2 D ) 3
F ) 5 G ) 6 H ) 7

sin (2x • y). Find the value of the partial derivative fxy (7

B ) — v / 2 C ) 2 ^ / 2
F ) - 2 G ) 2

Answer: F)
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53. Let / (x,y) = e2x+y\ Find the value of the partial derivative fxyy (0,0).
A ) l B ) 2 C ) 4 D ) 2 e
E ) 4 e F ) e 2 G ) 2 e 2 H ) 4 e 2
Answer: 4

54. How many third-order partial derivatives does a function / (x, y) have?
A ) 3 B ) 4 C ) 5 D ) 6
E ) 7 F ) 8 G ) 9 H ) 1 0
Answer: F)

55. If all the third-order partial derivatives off (x, y) are continuous, what is the largest number of them that
can be distinct?
A ) 3 B ) 4 C ) 5 D ) 6
E ) 7 F ) 8 G ) 9 H ) 1 0
Answer: B)

56. Let / (x,y) = (x3 + y4)5. Find the value of fxy - fyx at the point (1,2).

A ) - 3 2 B ) - 1 6 C ) - 8 D ) - 4
E ) 0 F ) 4 G ) 8 H ) 1 6
Answer: E)

57. Let / (x, y) = xey/x. Find the value of the partial derivative fx (2,4).
A ) - 2 e 2 B ) - e 2 C ) 0 D ) e / 2
E ) e 2 / 2 F ) e 2 G ) 2 e 2 H ) 4 e 2
Answer: B)

58. Let / (x, y) = tan-1 (x/y). Find the value of the partial derivative fy (1,2).
A ) - l B ) - i C ) 4 D ) - I
E ) ^ F ) i G ) i H ) l
Answer: D)

59. Let / (x, y, z) = zxy, z>0. Find the value of the partial derivative fy (2,1, e).
A ) 0 B ) l C ) e D ) 2 e
E ) 2 e 2 F ) ± G ) l n 2 H ) 2
Answer: E)

60. Let / (x, y, z) = xyz, x > 0. Find the value of the partial derivative fz (2,3,0).
A ) 0 B ) 2 C ) 3 D ) 8
E ) l n 2 F ) l n 3 G ) 2 1 n 2 H ) 3 1 n 2
Answer: H)

61. If / (r, 9) = r sin 9 + r2 tan2 9, find the partial derivative of / with respect to r and the partial derivative
with respect to 9, both at the point (-4, f).

Answer: -7^-o r 6 ' 89
( - 4 . 7 T / 6 ) u v ( - 4 . 7 T / 6 )
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62. Let/(x,y)== <

TEST ITEMS FOR SECTION 11.3 PARTIAL DERIVATIVES

*2 i f ( x , y ) ^ (0 ,0 )
x + y

0 if(x,y) = (0,0)

(a) Find g and g.

(b) Find the values of the above derivatives at (0,0), if they exist.

Answer: (a) ^ = ^±S, % = 7-^75; (b)/, (0,0) = 1,/, (0,0) = 0wdx (x + y)2 dy (x + y)2
2x — 3v

63. Find both partial derivatives if / (x, y) = .

A d f b y d f _ - 5 xAnSWCr: 9x " (3x - 2y)2' dy (3x - 2y)2

* m , n 9 1 2 £ , d w d w - d w64. If w = x2z + xy2 - yz2, find —, —, and —.

d w 9 d w 9 d w 2Answer: — = 2*x + y^, — = 2xy - z2, — = xl - 2yz
d y d y d z

65. Given / (x,y) = 2x3y2 - 3x3 + 8y4, find fx and /y and evaluate each at (1,2).
Answer: fx = 6x2y2 - 9x2, fx (1,2) = 15; fy = 4x3y + 32y3, fy (1,2) = 264

x
66. Let / (x,y, z) = x2y3 + ex lny. Find fx, fy, and fz.

f A n s w e r : f x = 2 x y 3 \ - e x \ n y, f y = 3 x 2 y 2 H , / 2 = - o

67. Given / (x, y) = x2 sin (xy), find /x, fy, and /xj,.
Answer: /* = 2xsin (xy) + x2y cos (xy); /y = x3 cos (xy); /Iy = 3x2 cos (xy) - x3y sin (xy)

68. Let / (x, y, z) = (xyz)2. Find all second-order partial derivatives of /.
Answer: fxy = Axyz2, fyx = Axyz2, fzx = Axy2z, fxz = Axy2z, fyz = Ax2yz, fzy = Ax2yz,
/** = 2y2z2, /„, = 2x2z2, fzz = 2x2y2

69. Find fxx, fyy, and fyx if / (x,y) = sinx2y.
Answer: fxx = 2ycosx2y - 4x2y2sinx2y; fyy = -x4sinx2y; fxy = 2xcosx2y - 2x3ysinx2y

70. If / (x, y,z)=x In (yz2), find fxy, fxz, and fyz.

Answer: fxy = -,fxz = -, fyz = 0
y z

„ , o . , „ ^ d z d z d 2 z d 2 z , d 2 z7 1 . I f z = x 2 S i n y + y ^ fi n d - ) - , ^ , ^ ^ , a n d ^ .

Answer: ^p = 2xsiny + yex, ^ = x2cosy + ex, ^-J- = 2siny + yex, ^-J- = 2xcosy + ex,

d 2 z o .
7? = —XSVDlV

dy2
d2f72. Let / (xy) = x3y - xy2 + y4 + x. Find

(2,3)<9y<9x
Answer: 6
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73. Show that / (x,y) = ey cosx - 2xy satisfies Laplace's Equation fxx + fyy = 0.
Answer: fx = -e^sinx - 2y, fy = ey cosx - 2x =» fxx = -e^cosx, fyy
fxx + fyy = U

74. Ifg fay) =
r 4 _ L j , 2

. 4 * ( * , * ) * ( 0 , 0 ) fi n d ^ fl n ) a n d ^ r i .xz + y4 v "" ' v ' '
0 i f f a y ) = ( 0 , 0 )

Answer: || (1,0) = 2, | (1,0) = 0

75. If g is a differentiable function and / (x, y) = g (x2 + y2), show that yfx - x/^ = 0.
Answer: fx = g> (x2 + y2) (2x), fy = 5' (x2 + y2) 2y =▶ y/, - xfy = 0

Tangent Planes and Linear Approximations

76. Find an equation of the tangent plane to the surface z = x2 at the point (1,2,1).
A ) z = x B ) z = x + 2 y - A C )
E ) z = x + y - l F ) z = 2 x + y - 3 G )
Answer: C)

77. Find an equation of the tangent plane to the surface z
A ) z = x B ) z = 3 x - 2 C )
E)z = x + y-l F) z = 3x + y - 4 G)
Answer: B)

78. Find an equation of the tangent plane to the surface z ■
A ) z = x + l B ) z = x + 2 y - 1 C )
E) z = x + y F) z = 2x + y - 1 G)
Answer: D)

79. Find an equation of the tangent plane to the surface z ■■
A ) z = x + y + l B ) z = x + 2 y C )
E) z = 2x + 2y - 1 F) z = 2x + Ay - 3 G)
Answer: F)

80. Find an equation of the tangent plane to the surface z ;
A ) z = x + y + l B ) z =
C ) z = 2 x + 2 y + 1 D ) z =
E ) z = 4 x + 4 y - 7 F ) z =
G) z = 2e2x + 2e2y - 4e2 + 1 H) z --
Answer: A)

81. Find an equation of the tangent plane to the surface z •■
A ) z = x + y + l B ) z - .
C ) z = 2 x + 2 y + 1 D ) z =
E ) z = 4 x + 4 y - 7 F ) z =
G) z = 2e2x + 2e2y - 4e2 + 1 H) z =
Answer: C)

z - 2x - 1 D) z = 2x + 2y - 5
z = 2x-y + l H)z = 2x-2y + 3

= x3 at the point (1,2,1).
z = 2 x - l D ) z = 3 x + 2 y -
z = 3x - y H) z = 2x - 2y + 3

x2 + y2 at the point (1,1,2).
= 2 x D ) z = 2 x + 2 y - 2
= 2x - y + 1 H) z = 2x - 2y + 2

= x2 + 2y2 at the point (1,1,3).
z = x-y + 3 D) z = x — 2y + 4
z = 2x - 2y + 3 H) z = 2x - 4y + 5

■ex + y at the point (0,0,1)
ex + ey — 2e + 1

= 2ex + 2ey - 4e +1
= e2x + e2y - 2e2 + 1
= 4ex + 4ey — 8e + 1

= e2x + 2y at the point (0,0,1).
= ex + ey — 2e + 1
= 2ex -I- 2ey - 4e +1
= e2x + e2y - 2e2 + 1
= 4ex + 4ey — 8e + 1
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82. Find the differential of z = 3x + 2y.
A) 3xdx + 2y dy B) 3x2dx + 2y2dy C) 2xdx + 3y dy D) 2x2dx + 3y2dy
E ) 3 y d x + 2 x d y F ) 2 y d x + 3 x d y G ) 2 d x + 3 d y H ) 3 d x + 2 d y
Answer: H)

83. Find the differential of z = 3x + y2.
A ) 3 r f x + 2 y d y B ) 3 x d x + 2 y 2 d y C ) 2 d x + 3 y d y D ) 2 x d x + 3 y 2 d y
E ) 3 y d x + 2 x d y F ) 2 y d x + 3 x d y G ) 2 d x + 3 d y H ) 3 d x + 2 d y
Answer: A)

84. Find the differential of z = 2xy.
A) 2xdx + 2y dy B) 2y dx + 2xdy C) 2x2dx + 2y2dy D) 2y2 dx + 2x2dy
E ) x d x + y d y F ) y d x + x d y G ) x 2 d x + y 2 d y H ) y 2 d x + x 2 d y
Answer: B)

85. Find the differential of z = 2x2y.
A ) 2 x d x + d y B ) 2 y d x + d y C ) 4 y d x + 2 d y D ) 2 y 2 d x + x d y
E) xdx + ydy F) ydx + xdy G) 4xy dx + 2x2 dy H) 2xy dx + x2 dy
Answer: G)

86. Find the differential of z = « at the point (x, y) = (1,1).x + y1
A ) - d x - d y R ) - \ d x - \ d y C ) - d x - \ d y D ) — \ d x — d y
E ) d x + d y F ) \ d x + \ d y G ) d x + \ d y H ) \ d x + d y
Answer: B)

87. Find the differential of ti; = xeysinz at the point (x, y, z) = (1,1,0).
A ) d x B ) d y C ) d z D ) d y + d z
E ) d x + d z F ) d x + d y G ) d x + d y + d z H ) 0
Answer: E)

88. Use differentials to approximate \/26.
A ) 5 . 0 5 B ) 5 . 0 6 C ) 5 . 0 7 D ) 5 . 0 8
E ) 5 . 0 9 F ) 5 . 1 0 G ) 5 . 1 1 H ) 5 . 1 2
Answer: F)

89. Use differentials to approximate y/2A + y/E.
A ) 6 . 8 5 B ) 6 . 9 0 C ) 6 . 9 5 D ) 7 . 0 0
E ) 7 . 0 5 F ) 7 . 1 0 G ) 7 . 1 5 H ) 7 . 2 0
Answer: G)

90. Use differentials to approximate ^ 2 8

A \ 1 5 4 p \ 1 5 5 p \ 1 5 6 n \ 1 5 7
m i l m U B ™ H 2 m l^ 1 6 2 r > 1 6 2 ^ 1 6 2 * * ' 1 6 2
Answer: B)
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91. A boundary stripe 3 inches wide is painted around a rectangle whose dimensions are 100 feet by 200 feet. '
Use differentials to approximate the number of square feet of paint in the stripe.
A ) 1 2 0 B ) 1 3 0 Q 1 4 0 D ) 1 5 0
E ) 1 6 0 F ) 1 7 0 G ) 1 8 0 H ) 1 9 0
Answer: D)

92. Use differentials to estimate the amount of metal in a closed cylindrical can that is 10 cm high and 4 cm
in diameter if the metal in the wall is 0.05 cm thick and the metal in the top and bottom is 0.1 cm thick.
A ) 2 . 0 t t B ) 2 . 4 t t Q 2 . 8 t t D ) 3 . 2 t t
E ) 3 - 6 t t F ) 4 . 0 ? r G ) 4 . 4 t t H ) 4 . 8 t t
Answer: C)

93. Find an equation of the tangent plane to the surface z = In (2x + y) at the point (-1,3,0).
A)2x + y-z = l B)x + 2y + z = 5 C)x-2y + z = 7 D)3x + 2y + z = 3
E)2x + 3y + z = 7 F)x + 2y + 3z = 5 G)3x + y-z = 0 H)x + 3y + 2z = 8
Answer: A)

94. Find an equation of the tangent plane to the surface z = xy at the point (-1,2, -2).
A ) x + y + z + l = 0 B ) 2 x - y - z + 2 = 0
C ) x + 2 y + z = l D ) 2 x + y - z = 2
E ) x + y - 2 z = 5 F ) 3 x + 2 y + z + 1 = 0
G ) 2 x + 3 y + 2 z = 0 H ) x + y + 3 z + 6 = 0
Answer: B)

95. Find an equation of the tangent plane to the surface z = tan-1 (y/x) at the point (-2,2, -f).

A ) x + y + z = 7 T B ) x + y + 4 z + ? r = 0
C) 4x + 4y + z + t t = 0 D) 2x - 2y + z = f
E ) 2 x - 2 y + 4 z = 7 r F ) 4 x - 2 y - z + 7 r = 0
G) x + 2y + Az = 2 - tt H) x + 2y - 4z = 2 + tt
Answer: B)

96. Find an equation of the tangent plane to the surface z = x2 + 4y2 at the point (2,1,8).
A ) 4 x + 8 y - z = 8 B ) 4 x + 8 y + 2 z = 3 2
C ) 6 x + 2 y + z = 2 2 D ) 2 x + 6 y - z = 2
E ) 4 x - y + 2 z = 2 3 F ) 6 x + 4 y - z = 8
G ) 4 x + 2 y - z = 2 H ) 8 x + 2 y + z = 2 6
Answer: A)

97. A right triangle has leg A with length 4, leg B with length 3, and hypotenuse with length 5. Use a total
differential to approximate the length of the hypotenuse if leg A had length 4.2 and leg B had length 2.9.
Answer: 5.10

98. Find the total differential of to if w = f (x,y, z) = xy2z3 - exzy.
Answer: dw = (y2z3 - yzexz) dx + (2xyz3 - exz) dy + (3xy2z2 - xyexz) dz

99. Use the total differential to approximate y/2l>^/Yf.
Answer: 5.95

lOO.Find an equation of the plane tangent to the surface xyz = 2 at (1, -1, -2). ■■
Answer: 2x — 2y — z = 6
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101.If / (x, y) = yexy, find the values x0 for which / (xo, 5) = 5, and then find an equation of the plane
tangent to the graph off at (xo, 5,5).
Answer: xq = 0; z = 25x + y

102.Find an equation of the tangent plane to the parametric surface x = u, y = v, z = u2 + v at the point
(1,2,3).
A)x + y + z = 6 B)x + y-z = 0 C)x + y + 2z = 9 D)x + y-2z = -3
E)x + 2y + z = 8 F) x - 2y + z = 0 G)2x + y + z = 7 H) 2x + y - z = 1
Answer: H)

103.Find an equation of the tangent plane to the parametric surface x = u — v, y = u + v, z = u2 at the point
(0,2,1).
A)x + y + z = 3 B)x + y-z = l C)x + y + 2z = 4 D)x + y-2z = 0
E)x + 2y + z = 5 F)x-2y + z = -3 G)2x + y + z = 3 H) 2x + y - z = 1
Answer: B)

104. Find an equation of the tangent plane to the parametric surface x = u2, y — u — v2, z = v2 at the point
(1,0,1).
Answer: x — 2y — 2z + l = 0

105.Find an equation of the tangent plane to the surface given by r (u, v) = (u + v) i + u cos v j + v sin u k
at the point (1,1,0).
Answer: (sin 1) x — (sin 1) y — z = 0

106. Find an equation of the tangent plane to the surface with parametric equations x = cos u sin v,

y = sinusin v, z = cos v at the point f ^, |, 4= J.
Answer: x + y + \/2z = 2

107. Find an equation of the tangent plane to the surface with parametric equations x = 1 + 2u + 3v,
y = 5 - u + Av, z = 3 + 5-u - 7v at the point (3,4,8).
Answer: -13x + 29y + llz = 165

108. Find a normal vector to the surface with parametric equations x = 2uv, y = u2 — v2, z = u2 + v2 at the
point (1,0,1).
Answer: ( —

The Chain Rule

109.Let z = xy, and let x and y be functions of t with x (1) = 1, i
dz/dt when t = 1.
A ) 5 B ) 6 C ) 7
E ) 9 F ) 1 0 G ) 1 1
Answer: F)

= 2, x' (1) = 3, and y' (1) = 4. Find

D)8
H)12



TEST ITEMS FOR CHAPTER 11 PARTIAL DERIVATIVES

I lO.Let z = x2y, and let x and y be functions of* with x (1) = 1, y (1) = 2, x' (1) = 3, and y' (1) = 4. Find
dz/dt when t = 1.
A ) 3 B ) 4 C ) 6 D ) 8
E ) 9 F ) 1 0 G ) 1 2 H ) 1 6
Answer: H)

II l.Let z = sin (xy), and let x and y be functions oft with x (1) = 0, y (1) = 1, x' (1) = 2, and y' (1) = 3.
Find dz/dt when t = 1.
A ) 0 B ) l C ) 2 D ) 3
E ) 4 F ) 5 G ) 6 H ) 1 2
Answer: C)

U2.Letz = xy2+x3y, and let xandy be functions of twithx(l) = l,y(l) = 2,x'(l) = 3,andy'(l) = 4.
Find dz/dt when t = 1.
A ) 3 8 B ) 4 0 C ) 4 2 D ) 4 4
E ) 4 6 F ) 4 8 G ) 5 0 H ) 5 2
Answer: G)

113.Let z = e*2 siny, and let x and y be functions oft with x (1) = 0, y (1) = 0, x' (1) = 3, and y' (1) = 4.
Find dz/dt when t = 1.
A ) 0 B ) l C ) 2 D ) 3
E ) 4 F ) 5 G ) 6 H ) 7
Answer: E)

114.Let z = x + y, and let x and y be functions of s and t with x (0,0) = 1, y (0,0) = 2, dx/ds = 3, and
dy/ds = 4 at (s, t) = (0,0). Find dz/ds when (s, t) = (0,0).
A ) 5 B ) 6 C ) 7 D ) 8
E ) 9 F ) 1 0 G ) 1 1 H ) 1 2
Answer: C)

115.Letz = xy + x2y, and letxandybe functions of sand i with x (0,0) = l,y(0,0) = 2,dx/ds = 3, and
dy/ds = 4 at (s, t) = (0,0). Find dz/ds when (s, t) = (0,0).
A ) 2 1 B ) 2 2 C ) 2 3 D ) 2 4
E ) 2 5 F ) 2 6 G ) 2 7 H ) 2 8
Answer: F)

116.Let z = ex sin y, and let x and y be functions of s and t with x (0,0) = 0, y (0,0) = 0, dx/ds = 3, and
dy/ds = 4 at (s, t) = (0,0). Find dz/ds when (s, t) = (0,0).
A ) 0 B ) l C ) 2 D ) 3
E ) 4 F ) 5 G ) 6 H ) 7
Answer: E)

117.Let x3 + y3 = x2y2. Use implicit differentiation to find dy/dx when (x,y) = (2,2).
A ) - i B ) i C ) - i D ) i
E ) - 1 F ) 1 G ) - 2 H ) 2
Answer: E)
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118.Let ex = 3 sin y. Use implicit differentiation to find dy/dx when (x, y) = (1,0).
A ) - ± e B ) \ e C ) - \ e D ) ± e
E ) - e F ) e G ) - 2 e H ) 2 e
Answer: B)

119.Let x + y + z — sin (xyz) = 3. Use implicit differentiation to find dz/dy when (x, y, z) = (1,0,2).
A ) - 3 B ) - 2 C ) - l D ) 0
E ) 1 F ) 2 G ) 3 H ) 4
Answer: E)

dz120.Use implicit differentiation to find — on the surface given by x3y + y2z2 + xz3 = 3.
ox

3x2y + z3Answer: — -
2y2z + 3x22

d2z121.If z3 + xz — y = 0, find in terms of x,y and 2.
axay

3z2 - x
Answer:

(3z2 + x)3
122. One side of a rectangle is increasing at 4 ft/min and another at 7 ft/min. At the time when the first side is

24 ft long and the second is 32 ft long, find
(a) how fast the area is changing.

^^ (b) how fast the diagonal is changing.
Answer: (a) 296 ft2/min (b) 8 ft/min

dz123. Suppose that z = u2 + uv + v3, and that u = 2x2 + 3xy andv = 2x-3y + 2. Find — at (x,y) = (1,2).
Answer: 180

124. Given / = x2y3, x = u2 + v2, and y = 2u + 3v, the partial derivative of/ with respect to v is
A) (lAu2 + 29^2 + 36m;) (2v + 3)
B) (u2 + v2) (2u + 3v)2 (8uv + 2\v2 + 9^2)

C) 2 \(u2 + v2) (2u + 3v)3 + v\+3 Uu2 + v2)2 (2u + 3v)2 + I

D) 2v (2u + 3v)3 + 3 (u2 + v2)2
E) A (u2 + v2) (2u + 3vf u + 6 (u2 + v2)2 (2u + 3v)2
Answer: B)

125.1f / is a function of x and y, and y is a function of x, then indirectly / depends only on x: g (x) =

/ (x, y (x)). Use the Chain Rule to write an expression for -f- in terms of -J- and -/-.d x o x o y
d g d f d f d yAnswer: jf- = -^- + ^-f-
o x o x o y d x

126. If / is a function of x and y, and y is a function of x, then indirectly / depends only on x: g (x) =

/ (x, y (x)). If / (x, y) = sin x + y/l-y2 and y (x) = cos x, calculate -^.dx
dgAnswer: — = 2 cos xax
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dz
127.Suppose that z = x - y, x = 4 (t3 - l), and y = Int. Find —.v ' d t

Answer: 12i2

128. The radius of a right circular cylinder is increasing at a rate of 2 cm/min and its height is decreasing at
4 cm/min. At what rate is the volume changing at the instant when the radius is 4 cm and the height is
10 cm?
Answer: 967T cm3/min

129. Where does the equation x2 + \y2 + \z2 = 1 define z as a function of x and y?
Answer: On or inside the ellipse x2 + \y2 = 1

130.Show that at (4=, 0), the equation x2 + \y2 + \z2 = 1 defines z implicitly as a function of x and y, and

then compute -J (^, 0, ^/|) and -£ (^, 0, ^/§).

Answer: z = w3 (l — x2 — ^y2) for 1 - x2 - \y2 > 0, which is true at (-75,0].

131. Find dz/dx and dz/dy given that z is defined implicitly as a function of x and y by the equation
sin xyz + In (x2 + y2 + z2) = 0.

dz — (x2yz + y3z + yz3) cos xyz — 2xdz — (x3z + xy2z + xz3) cos xyz — 2yA n s w e r * ^ ^ , . . z ^ z ^ '
dx (x3y + xy3 + xyz2) cos xyz + 2z ' dy (x3y + xy3 + xyz2) cos xyz + 2z

Directional Derivatives and the Gradient Vector

132. Find the directional derivative of the function f (x,y) = x2 + y2 at the point (1,2) in the direction 9 = |.
A ) 0 B ) 1 C ) 2 D ) 3
E ) 4 F ) 5 G ) 6 H ) 7
Answer: E)

133. Find the directional derivative of the function / (x, y) = x2 + y2 at the point (1,1) in the direction 9 = |.

A ) y / 2 B ) 2 ^ C ) 4 ^ D ) 4 -
E ) 1 F ) 2 G ) 4 H ) I
Answer: B)

134.Find the directional derivative of the function f(x,y) — x2 + y2 at the point (l,\/3) in the direction
9 = 1.
A ) > / 3 6 ) 2 ^ C ) 4 ^ / 3 D ) ^ =
E ) 1 F ) 2 G ) 4 H ) I
Answer: B)

135.Let / (x, y) = 3x + 2y. Find the gradient vector V/.
A ) 3 x i + 2 y j B ) 3 x 2 i + 2 y 2 j C ) 2 x i + 3 y j D ) 2 x 2 i + 3 y 2 j
E ) 3 y i + 2 x j F ) 2 y i + 3 x j G ) 2 i + 3 j H ) 3 i + 2 j
Answer: H)

0)4^3
G)4

D>A

D) 2x2i + 3y2j
H) 3i + 2j



TEST ITEMS FOR SECTION 11.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR

136.Let / (x,y) = 2xy. Find the gradient vector V/.
A) 2x i + 2y j B) 2y i + 2x j C) 2x2 i + 2y2 j D) 2y2 i + 2x2 j
E ) x i + y j F ) y i + x j G ) x 2 i + y 2 j H ) y 2 i + x 2 j
Answer: B)

137.Let / (x, y) = ^• Find the gradient vector V/ (1,1) at the point (x, y) = (1,1).x + y
A ) - i - j B ) - i i - I j Q - i - i j D ) - i i - j
E ) i + j F ) i i + ± j G ) i + | j H ) | i + j
Answer: B)

138.Let f(x,y,z) = xe«sinz. Find the gradient V/(1,1,0) at the point (x,y,z) = (1,1,0).
A ) i B ) j C ) k D ) j + k
E ) i + k F ) i + j G ) i + j + k H ) 0
Answer: E)

139.Find the largest value of the directional derivative of the function / (x,y) = xy + 2y2 at the point
(x,y) = (l,2).
A ) V 5 3 B ) ^ C ) ^ D ) V 7 4
E ) ^ F ) V 9 0 G ) y / W f H ) y / m >
Answer: E)

140.Find the direction 9 in which the directional derivative of the function / (x,y) = xy + y2 at the point
(1,1) is maximum.
A ) c o t " 1 2 B ) c o t - x 3 C ) c o s " 1 i D ) c o s " 1 \
E ) s i n - 1 \ F ) s i n - 1 ± G ) t a n " 1 2 H ) t a n - 1 3
Answer: H)

141.Find a normal vector to the surface xyz = 8 at the point (1,2,4).
A)2i + 4j + k B)i + 4j + 2k C)4i + 2j + k D)i + 2j + 4k
E ) 4 i + j + 2 k F ) 2 k + j + 4 i G ) i + j + k H ) i + 2 j + 2 k
Answer: C)

142.Find an equation of the tangent plane to the surface x2 + y2 + z2 = 9 at the point (1,2,2).
A ) 2 x + y + z = 4 B ) x + y + z = 5
C) x + 2y + 2z = 9 D) x + 4y + 4z = 17
E)2x2 + y2 + z2 = 10 F)x2 + y2 + z2 = 9
G) x2 + 2y2 + 2z2 = 17 H) x2 + 4y2 + 4z2 = 33
Answer: C)

143.Find the directional derivative of the function / (x, y, z) = y/xyz at the point (2,4,2) in the direction of
the vector (4,2,-4).
A ) - £ B ) " l Q - 3 D ) 0
E > 5 F ) i G ) i H ) |
Answer: G)
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144.Find the directional derivative of the function / fay, z) = xexylz in the direction u = -\i + |j + |k at
the point (3,0,1).
A ) ^ B ) 6 C ) f D ) f
E ) 7 F ) f G ) f H ) 8
Answer: A)

145.Find the direction of maximum increase of the function / (x, y) = xe~y + 3y at the point (1,0).
A ) ( 1 , 1 ) B ) ( l , 2 ) C ) ( 2 , l ) D ) ( 2 , 2 )
E ) < 1 , 3 ) F ) ( 3 , l ) G ) ( 2 , 3 ) H ) ( 3 , 2 )
Answer: B)

146.Find the direction of maximum increase of the function / (x, y, z) = x2 - 2xy + z2 at the point (1,1,2).
A ) ( 1 , 0 , - 2 ) B ) ( 4 , 1 , 2 ) Q ( 2 , 1 , - 4 ) D ) ( 0 , - 2 , 4 )
E ) ( 2 , 0 , 3 ) F ) ( 3 , 1 , 2 ) G ) ( 0 , 2 , 1 ) H ) ( 5 , - 1 , 6 )
Answer: D)

147. Find an equation of the tangent plane to the hyperboloid x2 + y2 - z2 - 2xy + Axz = A at the point
(1,0,1).
A) 3x - y + z = 4 B) 2x - Ay + z = 3 C) x + 2y + 3z = 4 D) 2x + y - z = 1
EJI 3x + 2y - z = 2 F) 4x - y + 2z = 6 G) x + y - z = 0 H) 5x + 3y - 2z = 3
Answer: A)

148.Find an equation of the tangent plane to the surface y/x + ̂ /y + yfz = 4 at the point (4,1,1).
A) 2x + y - z = 1 B) x + 2y + 3z = 9 C) x - 2y + Az = 0 D) 4x - y + 6z = 1
E) x + 2y + 2z = 8 F) 3x + 2y + 2? = 1 G) x + y + z = 6 H) 2x + y + 2 = 10
Answer: E)

149.Find the directional derivative of / (x,y) = x2 - 3xy + 2y2 at (—1,2) in the direction of i + \/3j-
Answer: n^"8

150.Consider / (x,y, z) = x2y + y3z + xz3 at the point P = (2,1, —1). Find the directional derivative at P
in the direction of (1,2,3).
Answer: ^

151.Consider /(x,y,^) = x2y + y32 + xz3 at the point P = (2,1, -1). Find a vector in the direction in
which / increases most rapidly at P.
Answer: (3,1,7)

152.Consider / (x, y, z) = x2y + y3z + xz3 at the point P = (2,1, -1). Find the rate of change of / in the
direction in which / increases most rapidly at P.
Answer: V̂ 59

153.For / (x,y) = x2y3, u = (|, -|), the directional derivative of / in the direction u at the point (x,y) is

A ) ^ - ^ B ) ^ - ^ c ) 6 ^ _ l V D ) 2 r c y 3 + 3 x V E ) V 4 x 2 y 6 + 9 x VO D O
Answer: A)

154.Find the directional derivative of f(x,y,z) = x2 + y2 - z at the point (1,3,5) in the direction of
a = 2i-j + 4k.
Answer: =^
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\ 155.Let the temperature in a flat plate be given by the function T (x, y) = 3x2 + 2xy. What is the value of the
directional derivative of this function at the point (3, -6) in the direction v = 4i - 3j? In what direction
is the plate cooling most rapidly at (3, -6)?
Answer: |; the plate is cooling most rapidly in the direction — i — j

156.Find the directional derivative of / (x,y) = x3 + xy2 at the point (1, -2) in the direction toward the
origin.
Answer: — 3\/5

157.Find the directional derivative of / (x,y) = 3x2 + xy -y3 in the direction 9 = |.

Answer: (^) x + \y - ^y2

158.Let / (x, y, z) = x2 +y2 + xz. Find the directional derivative of / at (1,2,0) in the direction of the
vector v = (1,-1,1).
Answer: —4=

159.Find the directional derivative of / (x,y, z) = x3 + y2 — z at the point (1, —1,2) in the direction of the
vector v= (-1,2,2).
Answer: —3

160. Calculate the directional derivative of the function / (x,y) = 4-x3 -y3 at the point (1,1) in the direction
given by the vector v = (1,1).

/ ^ ^ \ A n s w e r : — 3 v 2
^ 161.Find the directional derivative of the function / (x, y) = x2y5 + x3 at the point (—1,2) in the direction

toward (2,3).
Answer: — ̂ j=-

162.Find the directional derivative of / (x,y) = x2y + lny (y > 0) at the point (1,1) in the direction of the
origin.
Answer: — 2\/2

163. A bug is crawling on the surface z — x2 + xy + 2y2. When he reaches the point (2,1,8) he wants to
avoid vertical change. In which direction should he head? (He wants the directional derivative in the
^-direction to be zero.)
Answer: u = ±-ir (—6,5)

164.Given / (x,y) = x2y, Pq = (3,2), let u be the unit vector for which the directional derivative Duf (Pq)
has maximum value. This maximum value is

A ) ^ f B ) l C ) 6 D ) ^ ^ E ) 1 5
Answer: E)

165.Let / (x,y) = 3x3 + y2 — 9x + 4y. Find the direction at the origin in which / (x,y) is decreasing the
fastest.
Answer: 9i — 4j

166.Given / (x,y) = \xAy3, at the point (—1,2). Find (a) the maximum value of the directional derivative
and (b) the unit vector in the direction in which the directional derivative takes on its maximum value.
Answer: (a) V73; (b) (-^,^)

463



TEST ITEMS FOR CHAPTER 11 PARTIAL DERIVATIVES

167.1f / (x, y) = 2x2 + 4y2 — xy, find the gradient at the point (2,1). Also find the rate of change of / (x, y)
in the direction 9 = § at (2,1).
Answer: V/ (2,1) = (7,6); Duf (2,1) = 7-±$&

168. The surface of a certain lake is represented by a region in the xy-plane such that the depth under the point
corresponding to (x, y) is / (x, y) = 300 - 2x2 - 3y2. Zeke the dog is at the point (3,2).
(a) In what direction should Zeke swim in order for the depth to decrease most rapidly?
(b) In what direction would the depth remain the same?
Answer: (a) i + j; (b) i - j and -i + j

169.Find an equation of the tangent plane to the surface 4x2 -y2 + 3z2 = 10 at the point (2, -3,1).
Answer: 16x + 6y + 6z = 20

170.Find an equation of the tangent plane to the surface z = / (x,y) = x3y4 at the point (-1,2, -16).
Answer: 48x - 32y - z + 96 = 0

171.Given / (x,y) = xe"2y, at the point (4,0) find the equation of the tangent plane to the graph of/. Also,
find a normal vector to the graph of /.
Answer: z = x — 8y; two normal vectors are (1, —8, —1) and (—1,8,1)

172.Consider the surface given by z = xy3 - x2y. Find an equation for the tangent plane to the surface at the
point (3,2,6). Also, find parametric equations for the normal line to the surface at the point (3,2,6).
Answer: tangent plane: 4x - 27y + z = -36; normal line: x = 3-At,y = 2 + 27t, z = 6-t

173.Find the equation of the tangent plane to the surface xy2 - 3xz = -3 at the point (-3, -2,1).
Answer: x + 12y + 9z + 18 = 0

174.Find an equation of the plane tangent to the surface z = x2y - xy + 2 at the point P (2,1,4).
Answer: -3 (x - 2) - 2 (y - 1) + (z - 4) = 0
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175.Consider the equation x2 +y2 + z2 = 49.
(a) Sketch this surface.

(b) Find an equation of the tangent plane to the surface at the point (6,2,3).
(c) Find a symmetric equation of the line perpendicular to the tangent plane at the point (6,2,3).
Answer:
(a)

(7,0,0)

The surface is a sphere with radius 7, centered at the origin,
(b) 6x + 2y + 3z = 49
/ x x - 6 y - 2 z — 3
( c ) - 6 - = - 2 - = —

176. Let S be the surface x2y + 4xz3 - yz = 0. An equation of the tangent plane to S at (1,2, -1) is
A ) y + 5 z = - 3 B ) 2 x - 3 y + z = 3 C ) x - 3 z = 4
D ) x - y + z = 1 E ) 2 x + y + 5 z = - l
Answer: A)

177.For the surface given by 2x2 - 3y2 + xz - 6 = 0, find the equation of the tangent plane at (2, -2,5).
Answer: 13x + 12y + 2z - 12 = 0

178.Find the unit vectors u and v for /(x,y) = x3 + 3y2 which describe the direction of maximal and
minimal increase at (2,1) on the level curve / (x, y) = 11.

A n s w e r : u = ( ^ , ^ ) , v = ( J = , - - | )

179.1n what direction does the directional derivative for / (x,y) = x2y at (1,1) have value 1? Value -2? Is
there a direction for which the value is 4?
Answer: Value 1 in direction of u = (0,1) and u = (|, -§); value -2 in direction of u = (-1,0) and
u = H>5>;*o

180. What is the direction of maximal decrease for / (x, y, z) = xy + yz + xz at (1,1,1)?
Answer: Any vector u perpendicular to (2,2,2), for example, (-1, -1,2)
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181.Find the directional derivative of / fa y) = x2 + xy + y2 at (2,1) in the direction pointing toward (1,2)
Answer:

Maximum and Minimum Values

182.The function / (x, y) = x2 - 2y2 has one critical point. Determine its location and type.
A ) ( 2 , 1 ) , s a d d l e p o i n t B ) ( 2 , 1 ) , m i n i m u m p o i n t
C) (2,1) , maximum point D) (a/2, l ) , saddle point
E) (a/2, l), minimum point F) (a/2, l), maximum point
G ) ( 0 , 0 ) , s a d d l e p o i n t H ) ( 0 , 0 ) , m i n i m u m p o i n t
Answer: G)

183.The function f(x,y) = x2 + y2 + xy has one critical point. Determine its location and type.
A ) ( 2 , 1 ) , s a d d l e p o i n t B ) ( 2 , 1 ) , m i n i m u m p o i n t
C) (2,1) , maximum point D) (a/2, l ) , saddle point
E) (a/2, l), minimum point F) (a/2, l), maximum point
G ) ( 0 , 0 ) , s a d d l e p o i n t H ) ( 0 , 0 ) , m i n i m u m p o i n t
Answer: H)

184.The function / (x, y) = x2 + y2 + 3xy has one critical point. Determine its location and type.
A ) ( 2 , 1 ) , s a d d l e p o i n t B ) ( 2 , 1 ) , m i n i m u m p o i n t
C) (2,1) , maximum point D) (a/2, l ) , saddle point
E) (a/2, l), minimum point F) (a/2, l), maximum point
G ) ( 0 , 0 ) , s a d d l e p o i n t H ) ( 0 , 0 ) , m i n i m u m p o i n t

A) (2,1), saddle point
C) (2,1), maximum point
E) (a/2, l), minimum point
G) (0,0), saddle point
Answer: G)

185.The function / (x,y) = x2 + y2
, .. ■, I), saddle point

C) (~ 1) |) > maximum point

■ x has one critical point. Determine its location and type.

B) (—|, 5). minimum point
D) (|, |), saddle point
F) (|, |j, maximum point
H) (5, — 1) s minimum pointG) (I, — §), saddle point H) (|, — |), minimum point

Answer: B)
186.Determine how many critical points the function / (x,y) = x2 + y2 + 2x2y + 3 has.

A ) 0 B ) 1 C)2 D)3
E ) 4 F ) 5 G)6 H)7
Answer: D)

187. Find the minimum value of the function / (x ,y) = 2x2 + 3y2
A ) 0 B ) 1 C)2 D)3
c , > y 3 r ) v 2 G ) - | H ) - |
Answer: A)

188. Find the minimum value of the function / (x, y) =x2+y2 + 2x--2y.
A ) - 2 B ) - 1 C) -0 D ) l
E ) 2 F ) 3 G)4 H)5
Answer: A)



TEST ITEMS FOR SECTION 11.7 MAXIMUM AND MINIMUM VALUES

f 189.Find the shortest distance from the origin to the surface z2 = 2xy + 2.
A ) i B ) ^ C ) l D ) V 2
E ) 2 F ) 2 a / 2 G ) 4 H ) 4 a / 2
Answer: D)

190. A cardboard box without a lid is to have volume 100 cubic inches, with total area of cardboard as small
as possible. Find its height in inches.
A ) 2 B ) 5 / 2 C ) 4 D ) 5
E ) 2 5 1 / 3 F ) 2 5 2 / 3 G ) 2 0 0 1 / 3 H ) 2 0 0 2 / 3
Answer: E)

191.Find the point at which the function / (x, y) = xy — x2y - xy2 has a local maximum.
A ) ( 0 , 0 ) B ) ( l , l ) C ) ( 0 , 2 ) D ) ( 2 , 0 )
E ) ( - 1 , 0 ) F ) ( 0 , - 1 ) G ) ( ± , ± ) H ) Q , i )
Answer: G)

192.Find the local maximum and minimum values and saddle points of the function / (x,y) = 3x3 + y2 —
9x + 4y.
Answer: / (1, —2) = —10 is a local minimum; (—1, —2) is a saddle point.

193.Find the local maximum and minimum values and saddle points of the function / (x, y) = x3 + 3xy2 —
3x2 - 3y2 + 4.
Answer: / (0,0) = 4 is a local maximum; / (2,0) = 0 is a local minimum; (1,1) and (1, —1) are saddle
points.

194.The function z = xy + (x + y) (120 — x — y) has a maximum. Find the values of x and y at which it
occurs.
Answer: x = y = 40

195. Find the local maximum and minimum values and saddle points of the function / (x, y) = x3 - 3xy - y3.
Answer: (0,0) is a saddle point; / (—1,1) = 1 is a local maximum

196.Find the local maximum and minimum values and saddle points of the function / (x, y) = 3x2 — 6xy +
6y2 + 3x - 9y + 10.
Answer: / (j, l) = 2£ is a local minimum

197.Find the local maximum and minimum values and saddle points of the function / (x,y) = x2 + y2 —
xy + x — 5y.
Answer: / (1,3) = —7 is a local minimum

198.Find the local maximum and minimum values and saddle points of the function / (x, y) = —x4 + 4xy -
2y2 +1.
Answer: / (—1, —1) = 2 is a local maximum; (0,0) is a saddle point; / (1,1) = 2 is a local maximum

199.Find the local maximum and minimum values and saddle points of the function / (x, y) = 2x3 + 4y3 +
3x2 - 12x - 192y + 5.
Answer: /(—2, —4) = 537 is a local maximum; (-2,4) is a saddle point; (1,-4) is a saddle point;
/ (1,4) = —514 is a local minimum
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200.Find the local maximum and minimum values and saddle points of the function / (x,y) = x3 + y3 —
3xy + 5.
Answer: (0,0) is a saddle point; / (1,1) = 4 is a local minimum

201.Find the local maximum and minimum values and saddle points of the function / (x,y) = 4xy - x4 -
u4 + -l-y -r 16.
Answer: (0,0) is a saddle point; / (1,1) = f| is a local maximum; / (-1, -1) = f| is a local maximum

202.Examine the function / (x,y) = x2 + y2 - 4x + 6y + 25 for maximum or minimum points. At such
points, give the maximum or minimum function values.
Answer: / (2, —3) = 12 is a minimum

203. Compute the minimum value of z and sketch a portion of the graph of z = 3x2 + 6x + 2y2 — 8y near its
lowest point.

Answer:

^(-1,2,-11)

z (—1,2) = -11 is the absolute minimum.
204. For each of the following functions, find the critical point, if there is one, and determine if it is a local

maximum, local minimum, saddle point, or otherwise.
(a) / (x,y) = 4x2 + 3x - 5y2 - 8y + 7
(b) / (x, y) = -2x2 + 7x - 7y2 + 4y + 9
(c) /(x,y) = 3x2 - 5y + 4y2 + 12x - 11
(d) / (x,y) = 2y2 + 7x + 17y + 12
Answer: (a) / (—§, —|) = ̂  is a saddle point.

(b) / (|, |) = ^ is a local maximum.
(c) / (-2, |) = -^ is a local minimum.
(d) No critical point

205.Find the critical points (if any) for / (x, y) = - H h xy and determine if each is a local extreme valuex y
or a saddle point.
Answer: / (1,1) = 3 is a local minimum.
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TEST ITEMS FOR SECTION 11.8 LAGRANGE MULTIPLIERS

Lagrange Multipliers

206.In using Lagrange multipliers to minimize the function f (x,y) = x2 + y2 subject to the constraint that
x + y = 3, what is the value of the multiplier A?
A ) i B ) l C ) | D ) 2
E ) § F ) 3 G ) | H ) 4
Answer: F)

207.1n using Lagrange multipliers to minimize the function / (x,y) = x2 + y2 subject to the constraint that
xy = 2, what is the value of the multiplier A?
A ) J B ) l C ) | D ) 2
E ) § F ) 3 G ) | H ) 4
Answer: D)

208.Find the minimum value of the function / (x,y) = x2 + y2 subject to the constraint that xy = 2.
A ) I B ) l C ) | D ) 2
E ) § F ) 3 G ) I H ) 4
Answer: H)

209.Find the minimum value of the function / (x, y) = 2x2 + y2 subject to the constraint that xy = 2.

A ) | B ) ^ C ) l D ) a / 2
E ) 2 F ) 2 ^ 2 G ) 4 H ) 4 a / 2
Answer: H)

210.Find the minimum value of the function / fay) = xy subject to the constraint that x2 + y2 = 2.
A ) I B ) l C ) | D ) 2
E ) - \ F ) - 1 G ) - \ H ) - 2
Answer: F)

211.Find the maximum value of the function / (x, y) = xy subject to the constraint that x2 + y2 = 2.
A ) i B ) l C ) | D ) 2
E ) - i F ) - 1 G ) - | H ) - 2
Answer: B)

212.Solve completely, using Lagrange multipliers: Find the dimensions of a box with volume 1000 which
minimizes the total length of the 12 edges.
Answer: x = y = z = 10

213. Find the greatest product three numbers can have if the sum of their squares must be 48.
Answer: 64

214.Optimize / (x,y) = x2 + y2 + 2 subject to xy = A.
Answer: / (2,2) = 10 is a local minimum; / (—2, —2) = 10 is also a local minimum

215.Find the point on the plane x — 2y + z = 3 where x2 + Ay2 + 2z2 is minimum.
Answer: (f,-§,f)

216.Maximize 3x — y + 1 on the ellipse 3x2 + y2 = 16.
Answer: / (2, -2) = 9
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217. Compute the minimum value of/ (x, y, z) = x2+y+z2 subject to the condition that g (x) = 2x+y+Az =
6.
Answer: /(1,-4,2) = 1

218.Find the maximum and minimum values of the function / (x, y) = xy on the ellipse given by the equation
v2x2 + V- = l.A

Answer: Maximum value is 1, minimum value is —1
219.Find two positive numbers whose sum is eighteen and whose product is a maximum, using the method of

Lagrange multipliers.
Answer: 9 and 9

220. Use the method of Lagrange multipliers to find points on the surface x2 + y2 + z2 = 3 where the function
/ (x, y, 2) = x + y + 2 has (a) a minimum, (b) a maximum.
Answer: (a) (-1,-1,-1); 0>) (1,1,1)

221.Find the extreme values of / (x, y) = xy + 2y2 + x4 - y4 on the circle x2 + y2 = 1.
Answer: Maximum value is / (-^, -^) = / (^, *f) = §, minimum value is / (-^, ^) =

J \ 2 ' 2 J — 2

222. What is the shortest distance from the origin to the surface xyz2 = 2?
Answer: 2

223. What point on the surface -H h- = l,x>0, y > 0, 2>0is closest to the origin?
x y z

Answer: (3,3,3)
224.Find the maximum value of z = 2x + 3y + A on the circle x2 + y2 = 1.

A n S W e r : / ( v % ' v % ) = ^ + 4

*^\ .
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Multiple Integrals

Double Integrals over Rectangles

1. Let / (x,y) = x2y, and let R = {(x,y) \ 0 < x < 1, 0 < y < 1}. Let R be its own partition, and let
(x\, yl) be the center of R. Calculate the double Riemann sum of /.
A ) | B ) | C ) | D ) &
E ) l F ) J G ) J H ) 4
Answer: G)

!. Let / (x,y) = x, and let R = {(a;,y) | 0 < x < 1, 0 < y < 1}. Let R be partitioned into two

subrectangles by the line x = \, and let (a;*,^ J be the center of Rij. Calculate the double Riemann
sum of f.
A ) & B ) | C ) A D ) j
E ) J F ) | G ) | H ) |
Answer: F)

3. Let / (x,y) = x2, and let R = {(x,y) \ 0 < x < 1, 0 < y < 1}. Let R be partitioned into two

subrectangles by the line x = \, and let lx*,y*A be the center of Rij. Calculate the double Riemann
sum of /.
A ) 4 B ) | C ) f D ^
E ) 5 F ) 1 G ) }
Answer: C)

O f
G ) f

4. Let f (x,y) = xy, and let R = {(x,y) \ 0 < x < 1, 0 < y < 1}. Let i? be partitioned into four

subrectangles by the lines x = \ and y = \, and let (x* ,y*j be the upper right corner of Rij. Calculate
the double Riemann sum of/.

A ) ^ B ) | C ) | ™ 3 -
E ) 1 6 F ) j G ) J g i i y 8
Answer: G)

5. Let / (x,y) = xy, and let R = {(x,y) \ 0 < x < 1, 0 < j/ < 1}. Let .R be partitioned into four

subrectangles by the lines x = \ and y = \, and let \x\,y*-\ be the upper left corner of Rij. Calculate
the double Riemann sum of/.

- ) S F ) J G ) | H ) |
Answer: A)
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6. Calculate the double Riemann sum of / for the partition of R given by the indicated lines and the given
choice of (x*,., y*.). / fay) = x2 + Ay, R = {fay) | 0 < x < 2, 0 < y < 3}, x = 1, y = 1, y = 2;

(xij>y*j) = center of Rij.
Answer: ^■

7. Calculate the double Riemann sum of / for the partition of R given by the indicated lines and the given
choice of (a$,y$). f fay) = 2x + x2y, R = {fay) | -2 < x < 2, - 1 < y < 1} , a; = -1, x = 0,

x = l,y = -\,y = 0,y = \; (xfay^) = lower left corner of Rij.
Answer: —11

8. Use the Midpoint Rule to estimate ffR (x2 + y2) dA over R = {(x,y) | 0 < x < 2,0 < y < 2}
partitioned by the lines x = 1 and y = 1. Then estimate the average value of / (x,y) = x2 + y2
over iL
Answer: //^ (x2 + y2) dA m 10; average value w ^

9. Give an example of a non-constant function /(x,y) such that the average value of / over R =
{fay) I -1 < x < 1,-1 < y < 1} isO.
Answer: Possible functions include / (x,y) = x and / (z,y) = y. Any linear function of x and y with
no constant term will work, as will many other functions.

10. Use the Midpoint Rule to estimate JfR (7 - 2x - y) dA over R = {(x,y) \ -1 < x < 2, -1 < y < 2}
partitioned by the lines x = 0, x = 1, y = 0, and y = 1 into nine subrectangles.
Answer: 49.5

Iterated Integrals

11. Evaluate the iterated integral f^ f^ x2y dx dy.
A ) I B ) I
E ) ! F ) I
Answer: F)

12. Evaluate the iterated integral f^ f2 (x + y) dx dy.
A ) I B ) 2
E ) § F ) 3
Answer: F)

13. Evaluate the iterated integral fQ fQ

Answer: G)

! L1 (x2 y) dx dy.



TEST ITEMS FOR SECTION 12.2 ITERATED INTEGRALS

14. Evaluate the iterated integral f£ f0 xsinydxdy.

A ) i B ) - i C ) i D ) - i
E ) 2 F ) - 2 G ) 1 H ) - 1
Answer: G)

15. Evaluate the iterated integral J02 /03 (x2 - y) dx dy.
A ) 2 B ) 3 C ) 4 D ) 6
E ) 9 F ) 1 2 G ) 1 8 H ) 2 4
Answer: F)

16. Evaluate the double integral ffR (x + 2y) dA, where R = {(x,y) \ 0 < x < 1, 0 < y < 1}.

A ) | B ) i C ) | D ) l
E ) f F ) | G ) J H ) 2
Answer: F)

17. Evaluate the double integral ffR (x2 + y) dA, where R = {(x,y) | 0 < x < 1, 0 < y < 1}.
A ) i B ) | C ) | D ) |
E ) | F ) | G ) | H ) l
Answer: G)

18. Evaluate the double integral JfRxydA, where R = {(x,y) | 0 < x < 1,1 < y < 2}.

A ) | B ) i C ) | D ) l
E ) | F ) | G ) | H ) 2
Answer: C)

19. Evaluate the double integral ffR (x + siny) dA, where R = {(x,y) | 0 < x < 2, 0 < y < 7r}.
A ) 2 + t t B ) 4 + t t C ) ( 2 + t t ) / 2 D ) 4 + 2 t t
E ) _ 2 - t t F ) - 4 - t t G ) - ( 2 + t t ) / 2 H ) - ( 4 + t t ) / 2
Answer: D)

20. Evaluate the double integral ffRex~ydA, where R = {(x,y) | 0 < x < 1, 0 < y < 1}.

A) e2 + e~2 + 2 B) e2 -e~2 + 2 C) e2 + e~2-2 D) e2 - e"2 - 2
E) e + e-1 + 2 F) e - e"1 + 2 G) e + e"1 - 2 H) e - e~l - 2
Answer: G)

21. Evaluate the double integral ffR y cos (xy) dA, where jR = {(x, y) | 0 < x < 1, 0 < y < 7r}.
A ) - 3 B ) - 2 C ) - 1 D ) 0
E ) 1 F ) 2 G ) 3 H ) 4
Answer: F)

22. Find J2 f (x, y) dy and £ / (x, y) dx for / (x, y) = 2xy - 3x2.
Answer: f2 f (x, y) dy = Ax - 6x2, J^ / (x, y) dx = y - 1

23. Calculate the iterated integral J0 J0 ex~ydydx.
Answer: e2 — e"1 — 1 + e~3

24. Calculate the iterated integral f0 J^ (x4 — y2) dx dy.
Answer: ||

25. Calculate the iterated integral f£' f£' sin (x + y) dy dx
Answer: 2
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■. Calculate the double integral / / (xy2 + ^\ dA, where R = {fa y) | 2 < x < 3, - 1 < y < 0}

Answer: § + In

Ir Lt-y
Answer: | In 2

28. Compute the average value of / (x, y) = x2 + y2 over R = {(x,y) | 0 <
A . . . SAnswer

29. Show that the average value off (x,y) = ax + by over i? = {(x,y) | -1 < x < 1,
all values of a and b.
Answer: Average value = \f\f\ (ax + by) dydx=\ \\ [axy + \by2] \ dx

1 n l _ - 1 r . / \ i 1= |/_! 2axdx = j [ax2]i r ^ 2 - | i _

30. Compute / / V& ndxdy.
Jo 7-i 1 + x2

Answer: \it (e4 — l)

31. Compute /0 JQ xy2exy dxdy.
Answer: i (e — 2)

32. Describe the shape of the solid whose volume is given by the integral f3 f22 ^9 - y2 dx dy.
Answer: Quarter-cylinder of radius 3 and height 4

Double Integrals over General Regions

33. Evaluate the iterated integral f^ f~ dx dy.

Answer: A)
34. Evaluate the iterated integral L J dy da

Answer: A)
35. Evaluate the iterated integral f0 f~ x dx dy.

Answer: F)
36. Evaluate the iterated integral f^ f y dy da

A ) \ B ) |
E ) | F ) |
Answer: B)



TEST ITEMS FOR SECTION 12.3 DOUBLE INTEGRALS OVER GENERAL REGIONS

37. Evaluate the iterated integral /„ f\, x dx dy.
A ) 0 . 1 B ) 0 . 2 C ) 0 . 3 D ) 0 . 4
E ) 0 . 5 F ) 0 . 6 G ) 0 . 7 H ) 0 . 8
Answer: D)

38. Evaluate the iterated integral /„ J^ ydxdy.
A ) i B ) | C ) | D )
E ) | F ) J G ) § H ) l
Answer: C)

39. Evaluate the iterated integral $ Jq (x + y) dx dy.
A ) i B ) i C ) | D ) |
E ) | F ) | G ) f H ) l
Answer: A)

40. Evaluate the iterated integral $ $ ey2 dx dy.
A ) e - 1 B ) ( e - l ) / 2 C ) ( e - 1 ) / 3 D ) ( e - 1 ) / 4
E ) e - 2 F ) ( e - 2 ) / 2 G ) ( e - 2 ) / 3 H ) ( e - 2 ) / A
Answer: B)

41. Evaluate the double integral ffR (x + 2y) dA, where R = {(x,y) | 0 < x < 1, 0 < y < x}.
A ) I B ) i C ) | D ) l
E ) | F ) | G ) | H ) |
Answer: G)

42. Evaluate the double integral ffRxydA, where R = {(x,y) \ 0 < x < y, 0 < y < 2}.

A ) | B ) i C ) | D ) l
E ) | F ) | G ) | H ) 2
Answer: H)

43. Evaluate the double integral JfRydA, where R = {(x,y) \ y < x < 2, 0 < y < 2}.
A ) § B ) | C ) 2 D ) |
E ) f F ) 4 G ) ^ H ) f
Answer: B)

44. Find the volume under the paraboloid z = x2 + y2 above the region
R = { f a y ) \ 0 < x < l , 0 < y < l } .
A ) f B ) | C ) | D ) I
E ) | F ) | G ) | H ) l
Answer: E)

45. Find the volume under the paraboloid z = x2 + y2 above the region bounded by the x-axis, the y-axis,
and the line x + y = 1.

/ f f P K ^ 1 g ) 1 Q i D ) 1
1 E ) | F ) | G ) | H ) l

Answer: A)
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D)28
H)29

46. Find the volume under the paraboloid z = 4a;2 + y2 above the triangle with vertices (0,0,0), (3,0,0)
and (3,1,0).
A ) * f B ) f C ) l i i
E ) # F ) f G ) #
Answer: A)

47. Express the integral f2f*2 (xy2 + x)dydx as an equivalent integral with the order of integration
reversed.
Answer: /04 f^ (xy2 + x)dxdy

48. Evaluate J* /* (x2+y- y2) dy dx and describe the region of integration.
Answer: ±§§; R is bounded below by y = 0, above by y = x3, on the left by x = 0 and on the right by
x = l.

49. Change the order of integration in the following integral and evaluate: /Q9 f3 sin (ttx3) dx dy

Answer: J03 ff sin (irx3) dydx = ±

50. Evaluate the double integral of yeyi over the region bounded by y = y/x, y = 2 and x = 0
e16 -1Answer:

51. Evaluate the double integral JJ,1 f* sin y2 dy dx.
Answer: \ (1 - cos 1)

52. Evaluate the following double integral: /0a f̂ '** (x + y) dy dx, where a > 0
2a3Answer: ——3

53. Write f0 fjx f(x,y)dydx with the order of integration reversed.
Answer: J04 f™ f (x, y) dx dy

54. The region D in R2 shown below is bounded by x = l,y = ex, and y = 1 - x2.

/

(a) Compute JfR x dA by finding J^ /̂  x2 x dy dx.
(b) Write down the integral or integrals needed to compute JJR x dA with the order of integration reversed.
Answer: (a) f; (b) jj J^xdxdy + ft f^xdxdy

s " ^ <
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JflP^

r2 rx2 x
55. Evaluate / / -dydx.

J i J i V
Answer: 2 In 4 - §

56. Evaluate J02 J0y x2y4 dx dy.
Answer: ^

57. Find the missing limits of integration for J09 J^ / (x, y) dx dy = J J f (x, y) dy dx.

Answer: JQ3 jf f (x, y) dy dx
58. Find the volume under the surface / (x, y) = xy over the region bounded by y = 2x, x = 2y, x = 0, and

x = l.
Answer: ^|

59. Use a double integral to find the volume of the solid bounded above by y = 9 - x2, below by z = 0, and
laterally by y2 = 3x.
Answer: ^

60. Find the volume of the solid in the first octant that is bounded by the plane y + z = A, the cylinder y = x2,
and the xy- and yz-planes.
Answer: ^

61. Find the volume of the solid bounded by z = A - x2, y2 = 4x, and the xy-plane.

f A n s w e r : f ^ x / 2
62. Find the volume of the solid under the surface z = x2 + y2 and lying above the region

{ ( x , y ) | 0 < x < l , x 2 < y < V ^ } .
Answer: ^

r 2 r v / x o t63. Evaluate the iterated integral fx Jq/x x2 sin xy dy dx.
Answer: 3

64. Evaluate the iterated integral fi fi2 (2x2y + 7) dy dx.
Answer: ^

65. Evaluate the iterated integral fi'2 fimy ex cosydxdy.
Answer: e — 2

66. Jq1 Jq F (x, y) dy dx is equivalent to

A ) fi j y F ( * > v ) * * < l V B ) t i f t F ( x , y ) d x d y C ) fi  fi  F ( x , y ) d x d y
D ) f i f « y F ( x , y ) d x d y E ) f i f t F ( x , y ) d x d y
Answer: A)

67. Let S be the surface defined by z — 1 - y - x2. Let V be the volume of the 3-dimensional region in the
first octant bounded by S and the coordinate planes. Set up (but do not evaluate) the iterated integrals for
V in two ways:
(a) Integrate first with respect to x and then with respect to y.
(b) Integrate first with respect to y and then with respect to x.
Answer: (a) fif^ (l - y - x2) dx dy; (b) £ £ " *' (l - y - rr2) dy dx
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68. Describe the region sketched below both as a type I and as a type II regi

Answer: Type I: 0 < x < 2, -Lx < y < ^x; type II: 0 < y < y/2, y2 < x <

69. Give good estimates of lower and upper bounds for f2 JQ2 xy^/x2 +y2dx dy.
Answer: Lower bound: 0; upper bound: 16\/2

70. Evaluate the iterated integral J^ f1 ex* dx dy.
Answer: \(e — \)

Double Integrals in Polar Coordinates

71. Evaluate the integral fJR (x2 + y2) dA, where R is the disk with center the origin and radius 1.
A) |
E ) f
Answer: D)

B)f
F ) f

72. Find the volume beneath the cone z = r above the disk with center at the polar coordinates (1,0) and
radius 1.
A) J
E) f
Answer: G)

T>\ H.7T

F)¥
Q 3 2 7 T

G ) f
T~\\ 467T

H ) f

73. Find the volume of the solid bounded by the paraboloid z = x2 + y2 and the plane z = A.
A)4tt
E) 24?r
Answer: B)

B)8tt
F) 32?r G)48vr

D)16tt
H)64tt

74. Find the volume of the solid obtained by intersecting the two paraboloids z =

B ) |F ) %
Answer: B)

C ) |
G ) f



TEST ITEMS FOR SECTION 12.5 APPLICATIONS OF DOUBLE INTEGRALS

Jjf^s

i j fPK

75. Find the volume of the solid obtained by intersecting the two cones z = y/x2 + y2 and z = 1 - y/x2 + y2.
A ) £ B ) | C ) | D ) J
E ) f F ) f G ) f H ) t t
Answer: A)

76. Find the volume of the solid bounded by the paraboloid z = x2 + y2 and the plane z = 1.
A ) 5 B ) f C ) | D ) §
E ) f F ) f G ) f H ) t t
Answer: D)

77. Evaluate the integral ffR y/x2 + y2 dA, where R is the disk with center the origin and radius 2.

A ) f B ) f C ) f D ) ^
E ) % F ) % G ) % £ H ) %
Answer: E)

78. If R is the region inside the circle x2 + y2 = 4, then J/H x y/x2 + y2 dA is equal to

A ) fi fi " r 2 d 9 d r B ) fi fi / 2 r 2 c o s 9 d 9 d r C ) A fi  fi n r 3 s i n 9 d 9 d r
D ) fi fi * r 3 c o s 9 d 9 d r E ) fi 2 fi 2 x y / x 2 + y 2 d y d x
Answer: D)

79. Find the area inside the circle r = 2 cos 9 and outside the circle r = 1.
Answer f + ^

80. Use polar coordinates to evaluate fi f^1 x* e (x2+y2) dydx.

Answer: ——ttAe
f 2 f ° x y81. Convert the integral / / dydx to polar coordinates and evaluate it.

Jo J-yf^x1 y/x2 + y2
Answer: — |

82. Evaluate j\ !-jy=& cos (x2 + ^2) dx d^'
(sin 1) 7TAnswer: -—4

83. A solid is bounded above by the paraboloid z = 1 - x2 - y2 and below by the xy-plane. Compute the
volume of this solid using polar coordinates.
Answer: V = fi" fi (l - r2)rdrd9 = §

84. Evaluate fi2 ff^ ^9 - x2 - y2 dy dx.

( « 5 3 / 2 \Answer: I 9 — tt

85. Use polar coordinates to find the area inside the circle x2 + y2 = 4 and to the right of the line x = 1.
Answer: §7r - ^

86. Find the area common to the two disks bounded by r = sin 9 and r = cos 9.
Answer: \

87. Evaluate JJD cos (x2 + y2) dA, where D = {(x,y) | x2 + y2 < l}, the unit disk.
Answer tt sin 1
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Applications of Double Integrals

88. Find the mass of the lamina that occupies the region D = {fay) | 0 < x < 1, 0 < y < 1} and has
density function p(x,y) = x.
A ) \ B ) } C ) f D ) I
E ) I F ) | G ) j H ) l
Answer: D)

89. Find the mass of the lamina that occupies the region D = {(x,y) | 0 < x < 1, 0 < y < 1} and has
density function p (x, y) = xy.

| B ) j C ) | D ) l- / 3 F ) f G ) | H ) 1
Answer: B)

90. Find the mass of the lamina that occupies the region D = {fay) | 0 < x < 1, x2 < y < 1} and has
density function p(x,y) = x + y.
A ) 0 . 3 5 B ) 0 . 4 0 C ) 0 . 4 5 D ) 0 . 5 0
E ) 0 . 5 5 F ) 0 . 6 0 G ) 0 . 6 5 H ) 0 . 7 0
Answer: G)

9 1 • F i n d t h e y - c o o r d i n a t e
of the center of mass of the lamina that occupies the region D = {(x,y) |0<x<l,0<y<l} and
has density function p(x,y) = x.
A ) | B ) | Q l D ) i
E ) § F ) | G ) | H ) l

y-coordinate

Answer:
9 2 - F i n d t h e x - c o o r d i n a t e

of the center of mass of the lamina that occupies the region D = {(x,y) \ 0 < x < 1, 0 < y < 1} and
has density function p(x,y) = xy.

J ) J C ) I D ) |
- a - 0 I G ) § H ) 1
Answer: E)

9 3 . F i n d t h e ^ - c o o r d i n a t e o f t h e c e n t e r
of mass of the lamina that occupies the region D = {(x,y) \ 0 < x < 1, x2 < y < 1} and has density
function p(x,y) = x + y.

A ) t B ) ? C ) f t D ) 4E ) S F ) g G ) g H ) |

x-coordinate center

Answer: A)
94. Find the moment ofinertiaiyoffhe lamina that occupies the region D = {(x,y) | C

and has density function p (x, y) = x.

A > * B ) * P ) A D ) l
- ) | F ) | G ) | H ) |
Answer: F)

y) | 0 < x < 1, 0 < y < 1}



TEST ITEMS FOR SECTION 12.5 APPLICATIONS OF DOUBLE INTEGRALS

95. Find the moment of inertia Ix of the lamina that occupies the regionD = {(x,y) | 0 < x < 1, 0 < y < 1}
and has density function p (x, y) = x.
A ) A B ) A C ) f 2 D ) I
E ) | F ) J G ) J H ) J
Answer: E)

9 6 . F i n d t h e p o l a r m o m e n t o f
inertia I0 of the lamina that occupies the region D = {(x,y) | 0 < x < 1, 0 < y < 1} and has density
function p (x, y) = 1.
A ) i B ) J C ) | D ) i
E ) | F ) | G ) | H ) l
Answer: E)

97. A phonograph turntable is made in the shape of a circular disk of radius 6 inches with density function
p (x, y) = y/x2 +y2. Find the mass of the disk.
A ) 6 0 ? r B ) 9 6 t t C ) 1 0 8 t t D ) 1 2 0 t t
E ) 1 4 4 t t F ) 1 8 0 t t G ) 1 9 2 t t H ) 2 4 0 t t
Answer: E)

98. A phonograph turntable is made in the shape of a circular disk of radius 6 inches with density function
p (x, y) = y/x2 + y2. Find the polar moment of inertia Iq of the disk.
A ) 2 9 4 5 . 4 t t B ) 3 1 1 0 . 4 t t C ) 3 2 4 5 . 4 t t D ) 3 3 6 2 . 4 t t
E ) 3 4 9 5 . 4 t t F ) 3 5 6 0 . 4 ? r G ) 3 6 3 2 . 4 ? r H ) 3 7 7 5 . 4 ? r
Answer: B)

99. Let R be the region bounded by y = x2, y = 0, and x = 1. Find the center of mass of a lamina in the
shape of R with density function p (x, y) = xy.
Answer: (f ,5)

1 OO.Find the moment of inertia Ix about the x-axis and the moment of inertia Iy about the y-axis for the region
in the first quadrant bounded by y = x and y2 = x3, assuming p = 1.
Answer: Ix = ^; Iy = ^

101.Electric charge is distributed over the unit disk x2 + y2 < 1 so that the charge density at (x,y) is
a (x, y) = 1 + x2 + y2 (measured in coulombs per square meter). Find the total charge on the disk.
Answer: 4f C

1 0 2 . F i n d t h e
mass and center of mass of the lamina that occupies the region D = {(x,y) |0<x<2, 0<y<3}
and has density function p (x, y) = y.
Answer: m = 9, (x,y) = (1,2)

103.Find the mass and center of mass of the lamina that occupies the triangular region with vertices (0,0),
(1,1), and (4,0), and has density function p (x, y) = x.
Answer: m = f; (x,y) = (2.1,0.3)

104.Find the center of mass of the lamina that occupies the part of the disk x2 + y2 < 1 in the first quadrant
if the density at any point is proportional to the square of its distance from the origin.
Answer: (^,y) = (^F,^F)
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105.Find the moments of inertia Ix, Iy, and I0 for the lamina that occupies the region given by D -

{ ( x , y ) \ 0 < x < 2 , 0 < y < 3 } .
Answer: Ix = 18, Iy = 8,10 = 26

Find the average value of f fay) = xy over the region D = {fay) \ x2 + y2 < l,xy > 0}.
Answer: ^

107. The centroid (x, y) of a planar region D is the center of mass with the density function p fa y) = 1. Find
the centroid of D = {(x,y) \x2 + y2 <A,x > 0,y > 0}.
Answer (J- A)

108.Find the center of mass of D = {fay) \x2 + y2 < A,x > 0,y > 0} if pfay) = ^x2 + y2.
Answer: (-,-)

109.Find the centroid of D = \ (x,y) I ~ + ^ < 1.
[ a 1 b 2

ellipse '— + z- = l.a z b l

Answer: I 0, — )

the region enclosed by the upper half of the

Surface Area

110. Find the surface area of the surface z = xy inside the cylinder x2 + y2 = 1.
Answer: ^ (2^ - l)

111. Compute the area of that part of the graph of 3z = 5 + 2x3/2 + Ay312 which lies above the rectangular
region in the first quadrant of the xy-plane bounded by the lines x = 0, x = 3, y = 0, and y = 6.
Answer: ^ (392^ - 789)

112.Find the surface area of the part of the cone z - (x2 + y2)1/2 lying inside the cylinder x2 - 2x + y2 = 0.
Answer: \/2tt

113. Set up, but do not evaluate, the integral to find the surface area of the portion of the sphere x2 + y2 + z2 =
16 between the planes z = 1 and z = 2.

f 2 7 1 [ ^ I 1 6Answer:
/O V-v/12 16 -r ■rdrd9

1 H.Find the area of the surface cut from the cone z = 1 - -jx2 + y2 by the cylinder x2 + y2 = y.
Answer:

115.Find the area of the portion of the surface z = x2 + y2 inside the cylinder x2 + y2 = A.
Answer: f (l7\/l7 - l)



TEST ITEMS FOR SECTION 12.6 SURFACE AREA

V 116.Find the area of that part of the plane 2x + 3y - z + 1 = 0 that lies above the rectangle [1,4] x [2,4].
Answer: 6\/l4

117. Find the area of that part of the surface z = x + y2 that lies above the triangle with vertices (0,0), (1,1),
and (0,1).
Answer: \y/§ — ^\/2

118.Find the area of that part of the paraboloid z = 4 - x2 - y2 that lies above the xy-plane.
Answer: f (17>/17 - l)

119. Find the area of that part of the sphere x2 + y2 + z2 = 4 that lies above the plane z = 1.
Answer: Air

120. Find the area of that part of the sphere x2 +y2 + z2 = Az that lies inside the paraboloid z = x2 + y2.
Answer: Air

121.Find the surface area for the part of the plane 5z = 3x - 4y that lies inside the elliptic cylinder
x2 + 2y2 = 2.
Answer: 2tt

122.Find the surface area of / (x, y) = (2xy)1/2 over the unit box D = {(x, y) | 0 < x < 1,0 < y < 1}.
Answer: ^p

123.Show that the surface areas for the functions / (x,y) = 2x2 + 2y2 and g (x,y) = 4xy over the disk
D = {(x,y) | x2 + y2 < l} are equal.

Answer: -J- = -^ = 4x and -J- = -J^ = Ay, so the surface area integrals ffn y/f2 + fy + l dA and
d x d y o y o x u V y

IId ^9%+9% + ldA are equal.
124. Set up the formula for the surface area of the part of the hyperbolic paraboloid z = x2 - y2 above the

xy-plane and inside the disk of radius 2.
r i r / A r 2

Answer: 4 / / ry Ar2 + \drd9
J o J o

125.Find the area of the part of the plane x + z = 4 that lies above the square with vertices (0,0), (1,0),
(0,1), and (1,1).
A ) l B ) V 2 C ) V 3 D ) 2
E ) y / E F ) V 6 G ) ^ H ) ^
Answer: B)

126.Find the area of the part of the plane x + y + z = 6 that lies above the square with vertices (0,0), (1,0),
(0,1), and (1,1).
A ) l B ) V 2 C ) V 3 D ) 2
E ) V 5 F ) V 6 G ) ^ H ) ^
Answer: C)

127.Find the area of the hemisphere z = y^4 — x2 — y2.
A) (4 - 2>/2) tt B) (6 - 3V2) tt C) (8 - Ay/2) tt D) (6 - 3V3) tt
E ) ( 8 - 4 x / 3 ) t t F ) 6 t t G ) 8 t t H ) 1 6 t t
Answer: G)
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C) (8 - 4V2) tt
G)8tt

D) (6 - 3>/3)
H)16tt

128. Find the area of the part of the hemisphere z = ^jA-x2 - y2 that lies above the area inside the circle
x2 +y2 = 1.
A) (4 - 272) tt B) (6 - 3V2) n C) (8 - A^2) vr D) (6 - 3>/3) vr
E ) ( 8 - 4 v / 3 ) t t F ) 6 t t G ) 8 t t H ) 1 6 t t
Answer: E)

129.Find the area of the surface with parametric equations x = uv, y = u + v, z = u - v, u2 + v2 < 1.

A ) # v r B ) ^ t t Q ^ v r D ) ^ 7 r
E ) 2 ^ = 1 * F ) ^ f ^ T T G ) ^ f ^ T r H ) i 2 ^ r °
Answer: F)

130.Find the area of the part of the surface z = x + y2 that lies above the triangle with vertices (0,0), (1,1),
and (0,1).
Answer: -As h=

V 6 3 \ / 2
131. Find the area of the part of the paraboloid x = y2 + z2 that lies inside the cylinder y2 + z2 = 9.

A ) # , V 6 - 1 „
2V2-1

3

Answer: f (37V37 - L

Triple Integrals

132. Evaluate the iterated integral f̂  JQZ f? dx dy dz.

D)4
Answer: H)

133. Evaluate the iterated integral J^1 Jqz ĵ  y dx dy dz.

A ) T 2 0 " ) 9 0
F ) 3 6 F ) 2 4
Answer: G)

134. Evaluate the iterated integral [^ J* J£ dx dy dz.
A ) 1 2 0 B ) Q Q
F ) 3 6 F ) 2 4
Answer: G)

135. Evaluate the iterated integral Q [* JQy x dx dy dz.

q dxdydz.

D)4
H)J

D)A

H)J
Answer: C)

136 . Eva lua te t he triple integral HIE(x + 2y)
E = {(x,y,z) | 0 <x ■< 1, 0<y < 1, 0<:z< l } ,
A) i B ) | Q f D ) l
E ) | F ) | G ) | H)2
Answer: F)

where



TEST ITEMS FOR SECTION 12.7 TRIPLE INTEGRALS

^ 1 3 7 . E v a l u a t e t h e t r i p l e i n t e g r a l f f f E ( x 2 + 2 y ) d V , w h e r e
E = { ( x , y, z ) | 0 < x < l , 0 < y < l , 0 < 2 < l } .
A ) | B ) J C ) \ D ) f
E ) | F ) l G ) | H ) |
Answer: H)

138.Evaluate the triple integral fffE x dV, where E = {(x, y, z) | 0 < x < y, 0 < y < 1, 0 < z < 1}.

A ) £ B ) I C ) | D ) i
E ) | F ) l G ) | H ) l
Answer: A)

139.Evaluate the triple integral fffE x2 dV, where E = {(x,y, z) | 0 < x < y, 0 < y < 1, 0 < z < 1}.
A ) | B ) i C ) | D ) i
E ) | F ) l G ) | H ) l
Answer: F)

HO.Find the mass of the solid that occupies the region E = {(x,y, ^)|0<x<l50<y<l, 0<^<1}
and has density function p (x, y, z) = x.

J j ^ N

A ) J B ) | C ) § D ) i
E ) | F ) | G ) | H ) l
Answer: D)

141.Find fffR2xdV, where R is the region in the first octant bounded by the cylinders z = 1 - y and
z = l-x2.
Answer: |

142. Find the volume, using triple integrals, of the region in the first octant beneath the plane x + 2y + 3z = 6.
Answer: 6

143.Find fffs x2y dV, where S is the solid bounded by the cylinder y = x2 and the planes z = 0, y = 1, and

Answer: ^

144. Suppose the volume of a solid is given by V — J0 fi ~ z*' J0 ~x dy dx dz.
(a) Sketch the solid whose volume is given by V.
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(b) Evaluate the integral to find the volume of the solid.
Answer: (a) (b) 261

32

145.Find the volume of the solid formed by the intersection of the cylinder y = x2 and the two planes given
by z = 0 and y + z = 4.
Answer: ^nr15

rl r2z r2x + 2z ,146.Evaluate ft //« /* + ^z (a: - 1) dy dx dz.
Answer: i

147. Use the method of iterated integration in order to evaluate the triple integral JJJN x dV where N is the
region cut off from the first octant by the plane defined by x + y + z = 3.
Answer: ^

148. Evaluate JQ JQ z fiz xyz2 dy dx dz
Answer: ±224

149.Evaluate fi fi2 fiy (y + 2x2*) dz dy dx.
Answer: 22

150.Set up the triple integral for / (x, y, z) = irx3 over the solid E with vertices (0,0,0), (0,0,1), (0,1,0),
(0,1,1), (1,1,0), and (1,1,1).
Answer: fQ f0 fi irx2dxdydz

151. The centroid (x,y,z) of a region E in R3 is the center of mass with the density function p(x,y,z) = 1.
Find the centroid of the tetrahedron bounded by the coordinate planes and the plane x + y + z = l.
Answer: {\,\,\)

1 5 2 . T h e a v e r a g e v a l u e o f f ( x , y , z )

region E in space with volume V (E) is . / / / / (x,y, z) dV. Find the average value of
E

f (x, y, z) = xy over the tetrahedron bounded by the coordinate planes and the plane x + y + z = 1.
Answer: ^

153. Set up the volume integral for the solid cylinder x2 + y2 < 1, bounded above by z — x3 + y2 = 9 and
below by z = 2x + 3y + 3.
Answer: fix f^/^ {x3 + y4 - 2x - 3y + 6) dydx

over a

/<aS%v
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TEST ITEMS FOR CHAPTER 12 MULTIPLE INTEGRALS

1 6 1 . F i n d t h e m a s s o f t h e s o l i d t h a t o c c u p i e s
the cylindrical coordinate region E = {(r, 0, z) | 0 < r < 1, 0 < 9 < 2ir, 0 < z < 1} and has density
function p (r, 0, z) = z.

A ) f B ) § C ) f D ) ^
E ) f F ) t t G ) f H ) 2 t t
Answer: C)

1 6 2 . F i n d t h e m a s s o f t h e s o l i d t h a t o c c u p i e s
the cylindrical coordinate region E = {(r,0,z) | 0 < r < 1, 0 < 9 < 2n, 0 < z < 1} and has density
function p (r, 0, z) = r.

A ) f B ) f C ) f D ) f
E ) f F ) t t G ) f H ) 2 t t
Answer: D)

163.Evaluate the triple integral JJJE (x2 +y2 + z2) dV, where E = {(x,y, z) \ x2 + y2 + z2 < l}.

A ) f B ) J O f D ) f
E ) 2 t t F ) f G ) f H ) f
Answer: D)

164. Let E be the solid that lies below the sphere x2 + y2 + z2 = a2 and above the cone (j) = /3, where
0 < /? < f. Find the value of the triple integral fffE z dV.

A ) i r a 2 s i n 0 B ) h t a 2 s i n / ? Q n o 2 s i n 2 0 D ) \ k c ? s i n 2 0
E) \>Ka2 sin2 /? F) \kc£ sin2 ^ G) \naA sin2 ^0 H) ?ra4 sin 0
Answer: G)

165.Use cylindrical coordinates to find fffRzdV, where R is the region bounded by z = y/x2 + y2 and
z = x2 +y2.
Answer: ^

166.Find the volume bounded above by the surface z = x2 - y2, x > 0, below by the xy-plane, and laterally
by the cylinder x2 + y2 = 1.
Answer: \

167. Find the volume of the region inside the cylinder x2 + y2 = 7 which is bounded below by the xy-plane
and above by the sphere x2 +y2 + z2 = 16.
Answer: ^

168. Let R be the three-dimensional region in the first octant that is outside the cylinder r = 1 and inside the
sphere r2 + z2 = A (in cylindrical coordinates). Set up, but do not integrate, the iterated triple integral
for the volume of R, integrating with respect to z, r, and 9, in that order.
Answer: fi'2 fi fi^* r dz dr d9

169. Find the volume of the region above the paraboloid z = x2 + y2 and below the hemisphere z — 9 = ^\
V / 9 - x 2 - y 2 .
Answer: ̂ y21
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TEST ITEMS FOR SECTION 12.8 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES

170.Use spherical coordinates to evaluate fffs (x2 + y2 + z2) dV, where S is the solid in the first octant
bounded by the sphere x2 +y2 + z2 = A.
Answer: ^

171. Evaluate the following
r-5 /V25 - z2 rV25-x2-y'2

- 5 J O J O
Answer: ^p (52/3) tt

integral by
,.2 , 2\ l /3.

changing to spherical coordinates:

(x2+y2 + z2y,Uzdydx

r

172. A region W in R3 is described completely by x > 0, y > 0, z > 0, and x2 + y2 + z2 < A.
(a) Describe or sketch this region.

(b) Write an integral in rectangular coordinates which gives the volume of W. Do not work out this
integral.
(c) Write an integral in spherical coordinates which gives the volume of W. Find the volume of W using
this integral.
Answer: (a) 2 ry/4=a? r^/4-x*-y2o>)Jifov*-~ti dz dy dx

(<0 Jo Jo Jo P2 sin <f>dcj>d9dp=f

(x1V4-x2, 0)

173. Use a triple integral in spherical coordinates to find the volume of that part of the sphere x2 + y2 + z2 = 9
which lies inside the cone z = y/x2 + y2 .
Answer: 187r (1 — 4= j
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174. Find the mass of that portion of the solid bounded above by the sphere x2+y2 + z2 = 3 which lies in the
first octant, if the density varies as the distance from the center of the sphere.

Answer: 9fc?r
I T

175. A sphere of radius k has a volume of |7rfc3. Set up the iterated integrals in rectangular, cylindrical, and
spherical coordinates to show this.
A n s w e r : R e c t a n g u l a r c o o r d i n a t e s : V = fi j ^ ^ f ^ ^ d z d y d x ;

cylindrical coordinates: V = fi* fi J^^rdzdrd9; spherical coordinates: V = fi" fi fi
p2 sin <j) dp d(j) d9

176.Evaluate JJJE z (x2 + y2) dV, where E is the solid bounded by the cylinder x2 +y2 = 4, above by z = 3
and below by z = 0.
Answer: 36tt

177. Sketch the region E whose volume is given by the integral fin fiĵ 6 f2, sin . p2 sin 0 dp dcj) d9.

Answer:

A sphere of radius 2 with a hole of radius 1 drilled through the center

178. Find the mass of a solid ball of radius 2 if the density at each point (x, y, z) is
\ + y/x2 + y2 + z2

Answer: 127rln3
490
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TEST ITEMS FOR SECTION 12.9 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS

179. Give a geometric description of the solid S whose volume in spherical coordinates is given by V

Jo" Jl'l Jo P1 sin ̂  dP d<l> dB-
A n s w e r : » t

A hemisphere with a cone cut out

180.Give a geometric description of the solid S whose volume in cylindrical coordinates is given by

V = f t f?ff%rdzdrd9.
A n s w e r : » tz\

s * * * — ' " .
" ---^^

c ^ ^-^^-H
1 \ , * 1

1 ' \ 1
1 • ' 1 1

A cylinder of radius 2 and height 2\/3 with a hole of
radius 1 cut out in the center along the axis of the cylinder.

Change of Variables in Multiple Integrals

181. Find the Jacobian of the transformation x = u + v, y = 2u — v.
A ) 1 B ) 2 C ) 3
E ) - 1 F ) - 2 G ) - 3
Answer: G)

182. Find the Jacobian of the transformation x = u, y = 2v, z = 3u>.
A ) 1 B ) 2 C ) 3
E ) - 1 F ) - 2 G ) - 3
Answer: D)

183. Find the Jacobian of the transformation x = u2, y = v3.
A ) u v 2 B ) 2 u v 2 C ) 3 u v 2
E ) - u v 2 F ) - 2 u v 2 G ) - 3 u v 2
Answer: D)

D)4
H ) - 4

D)6
H ) - 6

D) 6uv2
H) -Guv2



TEST ITEMS FOR CHAPTER 12 MULTIPLE INTEGRALS

184.Find the Jacobian of the transformation x = u sin v, y = u cos v.
A ) - u B ) - u 2 C ) u D ) u 2
E) —u2 sin v cos v F) u2 sin v cos v G) —2u2 sin v cos v H) 2-u2 sin v cos v
Answer: A)

185.Find the Jacobian of the transformation x = u + v, y = 2u-v when u = 1 and v = 2.
A ) l B ) 2 C ) 3 D ) 4
E ) - 1 F ) - 2 G ) - 3 H ) - 4
Answer: G)

186. Find the Jacobian of the transformation x = u, y = 2v, z = 3w when u = 1, v = — 1, and iu = \.
A ) l B ) 2 C ) 3 D ) 6
E ) - 1 F ) - 2 G ) - 3 H ) - 6
Answer: D)

187. Find the Jacobian of the transformation x = u2, y = v3 when ix = \ and i> = 1.
A ) l B ) 2 C ) 3 D ) 6
E ) - 1 F ) - 2 G ) - 3 H ) - 6
Answer: C)

188. Find the Jacobian of the transformation x = usmv, y = ucos v when u = 3 and v = 5.
A ) 3 B ) 5 Q 7 . 5 D ) 1 5
E ) - 3 F ) - 5 G ) - 7 . 5 H ) - 1 5
Answer: E)

189. Under the transformation x = u + v, y = v — 2u, the image of the circle x2 + y2 < 1 is an ellipse. What
is the area of that ellipse?

A ) f B ) | C ) f D ) f
E ) t t F ) 4 f G ) 2 t t H ) 3 t t
Answer: B)

190. Find the area of the region whose image under the transformation x = u + v, y = v — 2u is
D = {(x,y) |- l<x<l,0<y<l-x2}.
A ) i B ) | C ) J D ) |
E ) | F ) | G ) | H ) |
Answer: D)

r r x + u
191.Evaluate the integral / / dA, where R is the triangular region with vertices (1,0), (0, -1), and

J j R X - y
(0,0).
A ) 0 B ) J C ) i D ) |
E ) 1 F ) | G ) 2 H ) - 2
Answer: A)

192.Evaluate the integral ffR ex2 + y2 dA, where R is the circle with center (0,0) and radius 1

A)f
E) 7re
Answer: G)

A ) f B ) t t C ) ^ D ) 2 t t
E ) T r e F ) 2 7 r e G ) t t ( e - 1 ) H ) 2 t t ( e - 1 )
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TEST ITEMS FOR SECTION 12.9 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS

f? 193. Use the change of variables u = 2x — y, v = x + y to evaluate JJR (6x — 3y) dA where R is the region
bounded by 2x — y = 1, 2x — y = 3, x + y = 1, and x+ y = 2.
Answer: 4

194.Find the Jacobian of the transformation x = u — v2,y = u + v2.
Answer: Av

195.Find the Jacobian of the transformation x = sel, y = se~l.
Answer: —2s

196.Find the Jacobian of the transformation x = 2u, y = 3v2, z = Aw3.
Answer: lAAvw2

197. Use the change of variables x = 2u + 3v, y — 3u — 2v to evaluate ffR (x + y) dA, where R is the square
with vertices (0,0), (2,3), (5,1), and (3, -2).
Answer: 39

198.Use the change of variables x = y/2u - \j\v, y = y/2u + J^v to evaluate jjR (x2 — xy + y2) dA,
where R is the region bounded by the ellipse x2 — xy + y2 = 2.
Answer: ^=

199.Use the change of variables u = xy, v = xy2 to evaluate JfR y2 dA, where R is the region bounded by
the curves xy = 1, xy = 2, xy2 = 1, and xy2 = 2.
Answer: |

200.Use the change of variables x = au,y = bv,z = cw to evaluate ffjE y dV, where E is the solid enclosed
X V z

by the ellipsoid — + — + — = 1.a z b l c l
Answer: 0

201. Evaluate JfR sin (9x2 + 4y2) dA by making an appropriate change of variables, where R is the region in
the first quadrant bounded by the ellipse 9x2 + 4y2 = 1.
Answer: ^ (1 — cos 1)

202.Compute the Jacobian of the transformation T given by x = -y=(u — v),y = -j=(u + v), and find the
image of S = {(u,v) \ 0 < u < 1,0 < v < 1} underT.
Answer: J = 1, image of 5 = |(x,y) | -^= < x < ^, |x| < y < \/2 - |x| |

203. Compute the Jacobian of the transformation T given by x = y/2u - \v, y = 4=^ + ^/2v. Compute the
area of the image of S = {(u,v) \0 <u<l,Q <v <1} and compare it to the area of S.
Answer: J = |, area of image = \

204.Compute the Jacobian of the transformation T given by x = ^cos27ru, y = i>sin27T'u. Describe the
image of S = {(u, v) \ 0 < u < 1,0 < v < 1}, and compute its area.
Answer: J = tt, image of S = {(x,y) | x2 + y2 < l}, area of image = n

205.Describe the image R of the set S = {(u,v) \ 0 < u < 1,0 < v < 1} under the transformation x =
3u + v, y = u + 2v, and then compute JJR (xy + y2) dA.
Answer: R is a parallelogram with vertices (0,0), (3,1), (4,3), and (1,2); jjR (xy + y2) dA=^-

493



Vector Calculus

Vector Fields
1. Find the gradient vector field of the function / (x, y) = xy2.

A ) i + 2 j B ) i - 2 j C ) x i + y 2 j D ) x i - y 2 j
E ) i + 2 y j F ) i - 2 y j G ) y 2 i + 2 x y j H ) y 2 i - 2 x y j
Answer: G)

2. Find the gradient vector field of the function f (x,y) = x + y2.
A ) 2 j B ) i + 2 j C ) i + 2 y j D ) x i + 2 y j
E ) - 2 j F ) - i - 2 j G ) - i - 2 y j H ) - x i - 2 y j
Answer: C)

3. Find the value of the gradient vector field of the function / (x, y) = exyl at the point (1,1).
A ) e i B ) e j C ) 2 e i D ) 2 e j
E ) e i + e j F ) e i + 2 e j G ) 2 e i + 2 e j H ) 2 e i + e j
Answer: F)

4. Find the gradient vector field of the function / (x, y) = x sin y.
A) siny i + cosyj B) siny i + x cosyj C) xsinyi + cosyj D) xsiny i + xcosyj
E) siny i — cosyj F) siny i — xcosyj G) xsiny i - cosy j H) xsiny i — xcosyj
Answer: B)

5. Find the value of the gradient vector field of the function f(x,y) = x2y3 at the point (1,1).
A ) 2 i - 3 j B ) 2 i + 3 j C ) 3 i - 2 j D ) 3 i + 2 j
E ) 6 i - 6 j F ) 6 i + 6 j G ) i - j H ) i + j
Answer: B)

6. Find the value of the gradient vector field of the function f(x,y) = -^
xl + y

B) -0.08i - 0.16j C) 0.04i + 0.08j
F) -0.02 - 0.04J G) O.Oli + 0.02J

A) 0.08i + 0.16j B) -0.08i - 0.16j C)
E) 0.02i + 0.04j F) -0.02 - 0 .04J G)
Answer: B)

7. Sketch the vector field F where F (x, y) = xi - yj.
v , A n s w e r

2 at the point (1,2).

D) -0.04i - 0.08J
H) -O.Oli - 0.02J



8. Sketch the vector field F where F (x, y) =

TEST ITEMS FOR CHAPTER 13 VECTOR CALCULUS

y i - x j
V^+y2

Answer:

9. Sketch the vector field F where F (x, y, z) = zk.
Answer:

10. Sketch the vector field F where F (x, y, z) = j + k.
Answer:

11. Find the gradient vector field of / (x, y) = sin (2x + 3y).
Answer: V/ = 2 cos (2x + 3y) i + 3 cos (2x + 3y) j

12. Find the gradient vector field of / (x, y, z) = xyz.
Answer: V/ = (yz,xz,xy)

13. Find the gradient vector field of / (x, y, z) = x In (y - z)
Answer: V/ = (In (y - z), x/ (y - z), -x/ (y - z))

14. Sketch the vector field F (x, y) = —xi + yj.
Answer:

y>

/ / / '
y / / ■

\ \ \

\ \ \ ,
■ / / /
■ I / /
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TEST ITEMS FOR SECTION 13.8 THE DIVERGENCE THEOREM

142.Use Stokes' Theorem to evaluate Jc F • dr where F(x,y,z) = z2i + y2j + xyk and C is the triangle with
vertices (1,0,0), (0,1,0), and (0,0,2).
Answer: |

143.Use Stokes' Theorem to evaluate Jc F • dr where F (x,y, z) = x2z\ + xy2] + z2k and C is the curve of
intersection of the plane x + y + z = 1 and the cylinder x2 + y2 = 9.
Answer: ^p

t * i I ? / i I y \ c
144.Let F(x,y,z) = Trpr. Evaluate the line integral [CF ■ dr, where C is the curve of

(x2 +y2 + z2) '
intersection of the paraboloid x2 + y2 = 2z and the cylinder x2 + y2 = 2x.
A ) 1 B ) - 1 C ) y / 2 D ) - V 2
E ) V 3 F ) - V 3 G ) 2 H ) 0
Answer: H)

145.Let S be the parametric surface x = ?-cos6>, y = rsm9, z = 9, 0 < r < 1, 0 < 9 < |. Use Stokes'
Theorem to evaluate JJS curl F • dS, where F (x, y, z) = —yi + xj + zk.
Answer: |

146.Consider the surfaces Si: \x2 + |y2 + \z2s = 1, z > 0, and 52: 4z = 9 - x2 - y2, z > 0,
and let F be a vector field with continuous partial derivatives everywhere. Why do we know that

ffSi curlF • dS = [jS2 curlF • dS?
Answer: The boundary curves C\ and C2 for S\ and 52 are the same

147. Parametrize the boundary curve C of the surface S: \x2
orientation with S.
Answer: x = 2 cos 9, y = 3 sin 9, 0 < 9 < 2n

iy2 + iz2 = l,z

The Divergence Theorem

1 4 8 . L e t F ( x , y , z ) = i a n d
surface of the solid E = {(x,y, z)\0<x<l, 0<y

J/5F.dS.
A ) 0 B ) j C ) 1
E ) f F ) | G ) l
Answer: A)

1 4 9 . L e t F ( x , y , z ) = x i a n d
surface of the solid E = {(x,y, z)|0<x<l, 0<y

JJSF-dS.
A ) 0 B ) I C ) i
E ) f F ) | G ) l
Answer: G)

l e t 5 b e t h e b o u n d a r y
., 0 < z < 1}. Evaluate the surface integral

i a n d l e t S b e t h e b o u n d a r y
<l>0<y<l,0<z<l}. Evaluate the surface integral



TEST ITEMS FOR CHAPTER 13 VECTOR CALCULUS

1 5 0 . L e t F ( x , y , z ) = x 2 i a n d l e t S b e t h e b o u n d a r y
surface of the solid E = {(x,y,z) |0<x<l,0<y<l, 0<z<l}. Evaluate the surface integral
JJ5F-dS.
A ) 0 B ) I C ) i D ) i
E ) | F ) | G ) l H ) |
Answer: G)

1 5 1 . L e t F ( x , y , z ) = x y i a n d l e t S b e t h e b o u n d a r y
surface of the solid E = {(x,y,z) | 0 < x < 1, 0 < y < 1, 0 < z < 1}. Evaluate the surface integral
JLF-dS.
A ) 0 B ) | C ) I D ) i
E ) f F ) | G ) l H ) §
Answer: D)

1 5 2 . L e t F ( x , y , z ) = x y 2 i a n d l e t S b e t h e b o u n d a r y
surface of the solid E = {(x,y,z) | 0 < x < 1, 0 < y < 1, 0 < z < 1}. Evaluate the surface integral
J^F-dS.
A ) 0 B ) j C ) i D ) ±
E ) | F ) f G ) l H ) |
Answer: C)

153.Let F (x, y, z) = i and let S be the boundary surface of the solid E = {(x, y, z) \ x2 + y2 + z2 < 1}. ^
Evaluate the surface integral JJS F ■ dS.
A ) 0 B ) f C ) f D ) f
E ) f
Answer: A)
E ) ^ F ) % G ) i H ) \

154.Let F(x,y,2:) = xi + yj + zk and let S be the boundary surface of the solid E =
{(x,y, z) | x2 + y2 + z2 < l}. Evaluate the surface integral Jfs F • dS.
A ) 0 B ) | C ) t t D ) ^
E ) ^ F ) f G ) 2 t t H ) 4 t t
Answer: H)

155.Let F(x,y,2) = xi + zj + zk and let S be the boundary surface of the solid E =
{(x,y, z) | x2 + y2 + z2 < l}. Evaluate the surface integral ffs F • dS.
A ) 0 B ) f C ) t t D ) f

F ) f G ) 2 t t H ) 3
Answer: F)

156.Evaluate the flux integral JJS (2xi - yj + 3zk) • n dS over the boundary of the ball x2 + y2 + z2 < 9.
Answer: lAAir

157.Evaluate ffQF • ndS, where S is the cube bounded by the planes x = ±1, y = ±1, and z = ±1,
F = x 2 y i + x y j + y 2 z 3 k , a n d n i s t h e o u t w a r d n o r m a l . ;
Answer: |
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TEST ITEMS FOR SECTION 13.8 THE DIVERGENCE THEOREM

f 158.Define the vector function F by F (x, y, z) = (2x - z) i + x2yj + xz2k . Use the Divergence Theorem
to evaluate the surface integral JJS F • dS, where S is the surface enclosing the unit cube with n the
outward-pointing unit normal.
Answer: ^

159.Let F (x,y, z) = x2y\ — x2z$ + z2yk and let S be the surface of the rectangular box bounded by the
planes x = 0, x = 3, y = 0, y = 2, z = 0, and z = 1. Evaluate the surface integral ffs F • dS.
Answer: 24

160.Let F (x,y, z) = 3xyi + y2j - x2y4k and let S be the surface of the tetrahedron with vertices (0,0,0),
(1,0,0), (0,1,0), and (0,0,1). Evaluate the surface integral ffs F • dS.
Answer: ^

161.Let F (x,y,£) = (x + eyt*nz) i + 3xexzj + (cosy - z) k and let S be the surface with equation
x4 + y4 + zA = 1. Evaluate the surface integral JJS F • dS.
Answer: 0

162.Let F (x,y, z) = x3i + 2x22j + 3y2zk and let S be the surface of the solid bounded by the paraboloid
z = A — x2 — y2 and the xy-plane. Evaluate the surface integral fjs F • dS.
Answer: 32-7T

163.Let F (x, y, z) = (x3 +yz)i + x2yj + X22k and let S be the surface of the solid bounded by the spheres
x2 + y2 + z2 = 4 and x2 +y2 + z2 = 9. Evaluate the surface integral JJS F • dS.

{ * . ^ s w e r : S f f L
164.Let F (x,y, z) = (x2 + yez) i + (y2 + zex) j + (z2 + xey) k and let S be the boundary surface of the

solid E = {(x,y, z) \ x2 + y2 < 1, 0 < z < x + 2}. Evaluate the surface integral JJS F • dS.
Answer: ^

165.Let F(x,y,2:) = xi + yj + 2zk and let S be the boundary surface of the solid E =

{(x,y, z) | x2 + y2 < z < 4}. Evaluate the surface integral JJS F • dS.
Answer: 2tt

Z \ I f 7 * l I 7 / W
166.Let F(x ,y,z) = ^r and le t S be the boundary sur face of the so l id E =

(x2+y2 + z2y/l
{(x,y, z) | 1 < x2 + y2 + z2 < 4}. Evaluate the surface integral JJ5 F • dS.
Answer: 0

167.Evaluate JJSF • dS, where 5 is the boundary surface of the solid sphere E: x2 + y2 + z2 < A and
F = 3xi + 4yj + 5zk.
Answer: 96ir

168.Evaluate Jfs F • dS, where S is the boundary surface of the region outside the sphere x2 +y2 + z2 = 1
and inside the ball x2 + y2 + z2 < A and F = ey2\ + (by + e*2) j + (-3* + 2x) k.
Answer ^
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