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Gauss Stokes



∫∫ f(x,y,z) dz dx dy

  G

∫

a(x,y)

b(x,y)

a

b

  G



x + y = (z-1)2 2 2 1>z>0

∫∫ ∫
0

dz dx dyf



Problem   

Find the VOlume of 
the solid above the 
disc of radius 5 and 
below the graph of 

f(x,y) =(6+sin(x + y ))2 2



This smells like a 
situation
for an other 
coordinate system

david Zhang

Ryan
Grossman



Spherical Coordinates Cylindrical Coordinates

x = ρ sin(φ) cos(θ)
y = ρ sin(φ) sin(θ)

z = ρ cos(φ)
x = r cos(θ)
y = r sin(θ)
z = z

ρ sin(φ)2 r
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-

-

- ---



Problem

Integrate
f(x,y,z) = 14+x

over the solid

z ≤1+
< 1

z ≥-1- x - y2 2

x + y2 2

x + y2 2

r

z



Vector Fields

F = <P,Q>
F=<P,Q,R>



Div and Curl

Curl in 2DQ - Px y
P + Qx y Div in 2D

Q - Px yR - Qy zP - Rz x< >, , Curl in 3D
P + Q + Rx y z Div in 3D



Curl?
Div?



Line Integrals

Measures the
Work of the Vector 

Field  F
Done on the Body 
Along the Path C

r(a) 

r(b) 
Power



Flux Integrals

Measures The
Amount of field

passing through S
in Unit time.



These two integrals is all we need.



FT Lineintegrals
The theorem

Closed Loop

Conservative

Examples

Theorem 1



r(a) 

r(b) 

Fundamental Theorem of Line integrals

.



Problem

The nano car is exposed to a force field 
 

F(x,y,z) = 
<yz cos(xyz),xz cos(xyz),xy cos(xyz)+x>

from the surface and pushed along a path
 

r(t) = <t,cos(t),sin(t)>

where t goes from 0 to π. What work is done on the car?



Properties of Gradient fields

F is gradient 
field

Path 
Independence

Closed Loop 
Property

curl  is 
everywhere

zero
if defined in

simply connected
region

*

*



Greens Theorem
The Theorem

Consequences

Examples

Theorem 2



Greens Theorem

G C



Problem 

2/3 2/3

Find the area of the 
hypercylcoid

|x|    + |y|      < 1



Find the line integral of the vector field 
F(x,y)=< y cos(x) +3y, x+2y  sin(x) >

along the curve C.

2

5

5

C



Stokes Theorem
The Theorem

Consequences

Examples

George Gabriel
Stokes

Theorem 3



Stokes Theorem

C
S

.



Consequence
If Curl(F) = 0 

everywhere, then the 
field has the closed 

loop property. 
The vector field is a 

Gradient Field. 

.



r(s,t) = 
< cos(t) sin(s), sin(t) sin(s), 
cos(3s)+ (2 + cos(5t)) cos(s) >

Problem 8
Find the flux of 
the curl of the 

vector field  
through the 
surface     S

F(x,y,z) = < x+zy,zy,z >9

C

S

7

s=π/2 gives C0≤t<2π
0≤s≤π/2



Orientation 



Divergence Theorem

The Theorem

Consequences

Examples

Carl Friedrich 
Gauss

Theorem 4



Divergence Theorem .



Find the flux of the vector field

F(x,y,z) = < sin(y z), cos(x z), tan(x y) >

Through the Icosahedron

S

S: side length 1
Centered at origin

Problem  9



Problem

Find the flux of the vector field  
F through the cheese both S and 

G oriented outwards

F(x,y,z) = < x -sin(y),y+1,-z(x +y )3+2z>

x + y + z ≤ 1
2 2 2

25

3 3

25
y ≥ 0

---- ----

S

y

G

22



Find the Flux of F through S 
oriented upwards

Area  π

F = <0,0,1> 

S



Derivatives

1

1 1

1 2 1

1 3 3 1

f’

grad(f) curl(F)

grad(f) curl(F) div(F)

1 4 6 4 1



identities
curl grad (f) = 0

div curl (F) = 0

C
∫grad(f) (r(t))  r’(t) dt = 0.
C

∫ curl(F)(r(u,v))  r x r  dudv = 0.
S
∫ u v

S



Overview Theorems

dim=1

dim=2

dim=3

FTC

FTLI

FTLI

Green

Stokes Gauss



Decision Tree for Line integrals

Is F 
a 

gradient
field?

FTLI

yes

Is
the curve

closed?

NO

yes

GREEN
Stokes

NO

direct



Decision Tree for Flux integrals

Is F 
the Curl 

of an other
field?

STOKES

yes

Is
The Surface

closed?

NO

yes

Divergence
Theorem

NO

direct
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