MATH 21A Vectors & The Dot Product SPRING, 2009

Are the following better described by vectors or scalars?

(a) The cost of a Super Bowl ticket.

(b) The wind at a particular point outside.
(¢) The number of students at Harvard.
(d) The velocity of a car.

(e) The speed of a car.

Bert and Ernie are trying to drag a large box on the ground. Bert pulls the box toward the
north with a force of 30 N, while Ernie pulls the box toward the east with a force of 40 N.
What is the resultant force on the box?

Definition. The dot product v - w of two vectors v and w is defined as follows.

e If v and w are two-dimensional vectors, say v = (vy,v) and w = (wy, wy), then their dot
product is vywy + vows.

e If v and w are three-dimensional vectors, say v = (vq, o, v3) and w = (wy, we, w3), then their
dot product is viwy + vowsy + v3ws.

It is not possible to dot a two-dimensional vector with a three-dimensional vector!

Compute the following dot products.

(c) 6j- 4k (d) i-(G+k)

Basic Properties: Here are some basic algebraic properties of the dot product. If u, v, and w
are vectors of the same dimension and c is a scalar, then

l.v.-w=w-v.
2.u-(V+w)=u-v+u-w.

3. (ev) - w=c(v-w)=v-(cw).

True or false: if u, v, and w are vectors of the same dimension, then u- (v-w) = (u-v) - w.



What is the relationship between v - v and |v|?

Main Property: Often there is an alternate definition of the dot product given. Two vectors v
and w determine an angle # in their common plane, and then their dot product is simply

v-w = |v| |w|cos(f).

Look back at Problems 3(cd) and 5. In each problem, what is the angle 7 Does that make sense
for your answer?

@ Find the angle between (1,2,1) and (1,—1,1).

Find the vector projection of (0,0, 1) onto (1,2, 3).

True or false: If v and w are parallel, then |v — w| = |v| — |w].

[ 9 | If v and w are vectors with the property that [v + w[* = |v|? + |w|?, which of the following
must be true?

(a) v=w (b) v=0

(¢) v is orthogonal to w (d) v is parallel to w



Vectors & The Dot Product — Answers and Solutions

(a)
(b) Vector — the wind has both a speed and a direction.
(¢c) Scalar.

)

(d) Vector. The velocity is defined to be both the speed of the car (how fast it’s going) and
the direction it’s going.

Scalar — the cost is just a number.

(e) Scalar. The speed refers only to how fast the car is going; it is the magnitude of the
velocity vector.

The force Bert is applying can be described by the vector (0,30), while the force Ernie is
applying is (40, 0). Therefore, the resultant force is (40, 30).

(a) (1,2)-(3,4) =1-3+2-4=11

(b) (1,2,3)-(4,-56) =1-44+2--5+3-6=12
(c) 6j-4k = (0,6,0)-(0,0,4) =0-0+6-0+0-4=0
(d) i-(j+k)=(1,0,00-(0,1,1)=1-04+0-140-1=0

Completely false. In fact, the statement doesn’t even make sense! v -w is a scalar, and we
can’t dot a vector with a scalar.

v - v is equal to |v|?. Again, this is easy to see from the component definition. For a two-
dimensional vector v = (vj,v9), v-v = v +v3 = |v|?2. For a three-dimensional vector

_ N B R S )

v = (v1,V9,03), V-V =07 + 03 + 05 = |V|*.

@ Let v =(1,2,1) and w = (1, —1, 1), and let # be the angle between v and w. Then, we know
that v-w = |v||w]| cos . We calculate that v-w =1-1+2-—14+1-1=0, s0 0 = |v||w|cos.

Since the lengths |v| and [w| are both positive, cosf = 0, so 0 = 7.
Let v =(0,0,1) and w = (1, 2,3). We saw in class that the projection of % onto wis >%w. In

this case, v-w = 3 and w-w = 12+ 22+ 3% = 14, so the projection is = (1 2,3) = <14, e 14>

False. For example, let v = (1,0,0) and w = —(1,0,0,). Then, v —w = (2,0,0}, which has
length 2. On the other hand, v and w both have length 1, so |v| — |w| = 0.

9] ().

We can rewrite the left-hand side of the equation |v +w|? = |v|? 4 |w|? using the relationship
between lengths and dot products. Then, we have

v+wPP=Fv+w) - vV+w) =v-v+2v-wrtw-w= v +2v-w+ |w]
Plugging this into our original equation and cancelling like terms on both sides, we get 2v-w =
0 or v-w = 0. This is exactly what it means for v and w to be orthogonal.

You could also think about this problem geometrically. If v and w are not parallel, then v,
w, and v + w form a triangle:

>

A%

The equation |v+w|? = |v|? +|w|? says that the sides of the triangle satisfy the Pythagorean
Theorem, so the triangle must be a right triangle with v 4w as the hypotenuse and v and w
as the two legs. In other words, v and w must be orthogonal.



MATH 21A The Cross Product SPRING, 2009

Definition: The cross product of two vectors a and b is the vector a x b with

e length |a x b| = |a| |b| sin(é), where 6 is the (smaller) angle between a and b, and

e direction n, where n is the unit vector orthogonal (perpendicular) to both a and b so that
{a,b,n} is oriented by the right-hand rule.

Use this definition to compute the following cross products. I've tried to make the vectors
simple so you can find |a|, |b|, n and § without much work.

(a) ix] (b) ix (i+]j) (c) jxi (d) (i+j)x(@i-j)

What is the relationship between a x b and b x a? Are they the same? Are they a scalar
multiple of each other (what scalar?)? Or are they not parallel at all?

(a) Calculate i- (i x j). (You should have found i x j = k in Problem 1, so this asks you to
compute i - k.)

(b) Calculate (i4j) - [i x (i4+j)]. (You should have found i x (i+ j) = k in Problem 1 as
well, so this asks you to find (i+j) -k .)

In Problem 2, you were meant to notice that axb # bxa (in fact the relationshipisaxb = —bxa).
In Problem 3, the conclusion is that a x b is orthogonal (perpendicular) to both a and b. But
that’s obvious from the definition, isn’t it?

More generally, we can compute a cross product in component form as follows. Let u = (uy, ug, us)
and v = (v, vg,v3). Then we usually write this using determinants (as they simplify the formulas
tremendously):

i j k
U2 U3|. Uy usf|. Uy U9
uxv=|u u; ugl = 3li— 3J—|— k
Vg Us V1 Vs V1 Vg
U1 V2 Us

= (U2U3 — Ugvz)l — (ulvg — U3Ul)J + (u1'U2 — UQUl)k
= (UgV3 — UzVa, U3V] — UV3, U1V — UnV1).
You have your choice: remember the determinant expression (fairly simple) or remember the last

expression (ick!).

Practice a few cross products where it isn’t straightforward to find the angle between the
original vectors or the proper orthogonal vector (so the methods above won’t work). Here are
a few:

(a) (1,2,1) x (0,—1,3) (b) (2,-2,1) x (2,1, 1)



Any two non-zero vectors v and w determine a parallelogram (left) and triangle (right):

A%

v v

(a) What is the relationship between the area of the parallelogram and v x w?

(b) What is the relationship between the area of the triangle and v x w?

@ If the triple scalar product (u x v) - w is 0, what can you say about the vectors u, v, and w?

Does the expression u x v x w make sense? Pick vectors u, v, and w; then compute both
(uxv)xw and ux(vxw).

(Choose wisely so that you've already done some of the work!) Did you get the same thing
in both computations?

Two true-false questions:

(a) True or false: If u X v =u X w, then v =w.

(b) True or false: If v x w =0 and v-w = 0, then one of v and w is 0.



The Cross Product — Answers and Solutions

(1] (a) ixj=k (b) ix(i+j) =k
(c) jxi=—k (d) (i+3)x (i-j)=—2k

axb and b xa have the same length but opposite directions, so we have simply bxa = —axb.

Both of these (scalar) quantities are zero. One can see this either from doing the computation,
or noticing simply that the cross product a x b is chosen to be orthogonal to both vectors a
and b. Thus their dot product must be zero.

(a) <77 _37_1> (b) <17476>

(a) The area of the parallelogram is |v x w|. Here’s a picture that might help explain:
v

P
C

v
By simple trigonometry, we have that the height is h = |w|sin(@), so the area of the
parallelogram is (the base times the height) |v|h = |v| |w|sin(d), or [v x w]|.

(b) The area of the triangle is %|V x w| as the triangle is precisely half of the parallelogram
of part (a).

@ This means the u, v, and w are coplanar. The dot product vanishing implies that w is
perpendicular to u x v. By the definition of the cross product, both u and v are perpendicular
to u x v as well. Thus u, v, and w all have a common perpendicular, so they all lie on the
same plane.

The expression u X v X w doesn’t make sense, since the two expressions
(uxv)xXw and ux (vxw)
can be different than each other. For example, if u = v =i and w = j, then
(uxv)xw=(ixi)xj=0xj=0 but ux (vxw)=ix(ixj=ixk=-j.
(a) This is false. For example, u X (u+v) = u x v for any u and v. This was done in
Problem 1(a): ixj=1ix (i+j) =k.
(b) This is true. An easy way to see it is to write the two equations as |u| |v|sin(f) = 0 and

|u| |v|cos(f) = 0. We can’t have both sin(f) = 0 and cos(f) = 0, so we must have either
|lu| = 0 or |v| = 0. Hence one of u or v is the zero vector.
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Lines in Space How can we express the equation(s) of a line through a point (xg,yo, 20) and
parallel to the vector u = (a, b, c)? Many ways: as parametric (scalar) equations:

r=u1x+ta Yy =1+t z = 29+ tc;
as a parametric vector equation:
r(t) =ro+tu (where r = (z,y, z) and ro = (x0, Yo, 20));

or by symmetric equations:
T—To Y —Y _ = %0

a b c

Let L be the line which passes through the points (1, —2,3) and (4, —4,6).

(a) Find a parametric vector equation for L.

(b) Find parametric (scalar) equations for L.

(c) Find symmetric equations for L.

How could we write symmetric equations for a line with, say, ¢ = 0?7 Try this for the line
through the points (5,2,2) and (3, —1,2).

Planes in Space The equation of a plane through the point (z¢,yo, 20) and perpendicular (or
normal or orthogonal) to the vector n = (a, b, ¢) also has many (equivalent) equations:

n-(r—ry) =0 or n-r=n-r,
(where again r = (z,y, z) and ro = (xg, Yo, 20)); OF
alx —xo) +b(y —yo) +c(z—20) =0 or ar+by+cz+d=0

(where d is a constant).

Find an equation describing the plane which goes through the point (1,3,5) and is perpen-
dicular to the vector (2,1, —3).



Find an equation describing the plane which passes through the points P(2,2,1), Q(3,1,0),
and R(0,—2,1).

Let L, be the line with parametric vector equation ry(¢t) = (7,1,3) +¢(1,0,—1) and L, be the
line described parametrically by x = 5,y = 1 4+ 3t, z = t. How many planes are there which
contain L, and are parallel to L;? Find an equation describing one such plane.

Distances Between Points, Lines, and Planes

@ Find the distance from the point (0, 1,1) to the plane 2z + 3y + 4z = 15.

Find the distance from the point (1,3, —2) to the line § =y — 1 =2z + 2.

Two true-false questions:

(a) True or false: The line z = 2t, y = 143t, z = 2+4t is parallel to the plane x —2y+2z = 7.

(b) True or false: Let S be a plane normal to the vector n, and let P and @ be points not
on the plane S. If n - @ =0, then P and () lie on the same side of S.



Lines and Planes — Answers and Solutions

(a’> I‘(t) = <17—273>+t<37_273>
(b) x=1+3t,y=—-2—-2t, z=3+3t
r—1 y+2 2z-3
() Tt =2
3 -2 3

The parameterization involves simply z = 2, so the symmetric equation reduces to

x—5:y—2 Lo
-2 -3

Many possibilities:
(2,1,-3) - (z—1,y—3,2—=5) =0
<27 17 _3> ' <:L‘,y,z> = <27 ]-7 _3> ° <17375>
2 —1)+(y—3)—3(z—5)=0
20 +y—324+10=0

Any one is fine.

Here we need an extra step to find the normal n. We find this by finding two vectors in the

plane and computing their cross product. We will write n = Pﬁ X ﬁ, SO

n= PO x PB=(1,-1,—1) x (—2, —4,0)

i j k
i & S A s
= (—4,2,—6).
Thus the plane is
(—4,2,—6) - (z — 2,y —2,2—1)=0 or —4x 42y — 62+ 10 = 0.

Observe that L; goes through the point (7,1,3) and is parallel to the vector (1,0, —

Lo goes through (5,1,0) and is parallel to the vector (0,3, 1).

1) while

Since L; and Ly are not parallel (which we can see because the vectors (1,0, —1) and (0, 3, 1)

are not parallel), there is only one such plane.

Therefore, the plane in question must be parallel to both (1,0,—1) and (0,3,1), so it is
orthogonal to (1,0, —1) x (0,3,1) = (3,—1,3). That is, n = (3, —1,3) is a normal vector
for the plane. In addition, the plane goes through (5,1,0). So, the plane has equation

(3,-1,3) - (x —5,y—1,z2) =0or 3z —y+ 32— 14 = 0.



@ We have a point P(0,1,1) and a plane, and we want to find the distance between the two.
Here is one method. Suppose ) is any point in the plane and n is a normal vector for the

plane.
i

L,

Then the distance from P to the plane is simply the (absolute value of the) scalar projection

| comp, QP| = |QP|| cos(6)] = | 2L,

In|

o p

P
nT U1 dist = |QP) | cos(0)|

0 |
Q

In this particular problem, we can take @) = (0,5, 0) as our point on the plane, and n = (2, 3,4)

is the normal vector for the plane. Then Cﬁ’ = (0, —4, 1) and comp,, Q? = nlg? = \;—2%. Thus
8

the distance is Nt

We have a point P(1,3,—2) and a line, and we want to find the distance between the two:

Here’s one way to do that. Find a point ) on the line and a vector u parallel to the line. The
distance is then the height of of the right triangle with hypotenuse Q? and base on the line:




This height is simply |Q¢] sin(#), which we recognize as most of the length of the cross product
of Cﬁ)’ with |Cﬁ| sin(f) = |@XU|.

|ul

For the given line, it will be easier to find a point on the line and a vector parallel to the
line if we rewrite it using a parametric vector equation. To do this, let’s set ¢t equal to
f=y—1=2z+2 Then, v =3t,y =1+1 and 2 = -2+, so we can describe the line by
the parametric vector equation (0,1, —2) + #(3,1,1). From this, we can see that Q(0,1,—2)
is a point on the line and u = (3,1, 1) is a vector parallel to the line.

Now, we just compute @?TT"': Cﬁ’ = (1,2,0), so Cﬁ’xu = (2,—1,—-5) and

(a) True.

A normal vector for the plane is n = (1,—2,1). The line z =2t, y = 1+ 3t, 2 =2 + 4t
is parallel to the vector (2,3,4), and this vector is orthogonal to n, so this vector must
be parallel to the plane.

QP xu|  [30
u|  VI1U

Another way to see that the line and plane are parallel is to try to compute the intersec-
tion. If (z,y, ) is in both the line and plane, then the four equations x = 2t, y = 1 + 3t,
z =2+ 4t and x — 2y + z = 7 must all be satisfied. Plugging the first three equations
into the fourth, 2t — 2(1 + 3t) + (2 4 4¢) = 7, which simplifies to 0 = 7, so there are no
solutions to all four equations. This means that the line and plane do not intersect, so
they must be parallel.

(b) True. The fact that n - 1@ = 0 means that n is orthogonal to @, SO @ is parallel to
the plane.
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For each of the following, we’d like four descriptions of the point, surface, or solid:

(a) An equation in Cartesian coordinates (the usual z, y, z).

(b) An equation in cylindrical coordinates (r, 0, z).

(¢) An equation in spherical coordinates (p, 6, ¢).
)

(d) A description or graph of the surface or curve.

For each of the following points, surfaces and solids, expand the description to include all four of
the above approaches.

Points:

(xv%z) = (1’2’3) (’I",Q,Z) = (37%73) (P,9,¢) = (27 73_r’

1B
~—

Surfaces:

(4] 0=1% (5] 2?4+ y*+22—-22=0 [ 6] r=2cos(d)

(This is in cylindrical
coordinates. Does it
matter?)

gb:% (8] 22—t —y?=1 @p22608<¢)

Solids:

(0] 3=r<5 1] §<o<3

cos(f) <r<1 The solid formed by a sphere of ra-
dius 2 centered at the origin with

a cylinder removed. Assume the
cylinder has radius 1 and is centered
on the z-axis.



Other Coordinate Systems — Answers and Solutions

Points:

(r,0,2) = (v/5,tan"1(2),3) ~
(p,0,0) = (V14, tan"1(2), cos ™ (3/v/14)) ~

(,y, 2) = (3cos(m/4), 3sin(m/4), 3) = (% %,3> ~
(p,0,0) = (3v2,7, %)

(z,y,2) = (2sin(x/6) cos(r/3), 2sin(w/6) sin(7/3), 2 cos(/6)) = (%, N} \/§>
(r,0,2) = (25in(7/6), T, 2cos(7/6)) = (1, %, /3)

Surfaces:
(a) y =« but also = > 0.
(b) 6=
¢) 8 = Z (the same in spherical as in cylindrical coordinates
4
(d) This is a half-plane over (and under) the part of the line y = z in the first quadrant

(including the origin)

2 cos(0)
sin(¢)

it is a vertical cylinder above the circle of radius 1 centered in the xy-plane at the point

(z,y) = (1,0).
V12 + y2. (The top half only of 22 = 2% + y2.)

r

z

(a)

(b)
()
()

z
¢
This is the top half of a cone. It opens up, centered along the z-axis, with “point” at

the origin. The trace z = k for positive k is a circle of radius k (centered at the origin of
the zy-plane).

s
4



(a) 22 —a? —y? =1
(b) 22—r*=1
1
c) p= or perhaps just p? (2 cos?(¢) — 1) = 1.
(©) p Toa(g) 1 " Pohaps ] p° (2cos*(¢) — 1)

(d) This is a hyperboloid of two sheets.

@ This is the same as Problem .

Solids:

) 9< a4+t <25
b) 3<r<5

)

)

<p< or snnply 3 < psin(¢) < 5 or simply

sin (¢) sm(¢)

and the interior angle is /6.

(a) In the zy-plane, this is the intersection of (:L‘ - %)2 > % (the points outside the circle of

radius 1/2 centered at (z,y) = (1/2,0)) and 2>+ y? < 1 (the points inside the unit circle
centered at the origin). In space, therefore, it is the solid unit cylinder (centered around
the z-axis) with a cylinder removed (the removed cylinder is centered around the line
r =1/2, y =0 and has radius 1/2).

(b) cos(f) < r < 1.

(c) cos(f) < psin(¢) < 1 or

(d) See the answer to (a).

cos( )

sin(¢)

<P < m@

This is very similar to Example 8 on page 688 of the text, so you might prefer to read that.

(a) 1 <a?+y? <422

(b) 1<r?<4—2z2%orl1<r<+4-—22

(€) /14 p2cos?(¢) < p<2or 1+ p’cos?(¢) < p? < 4.
)

(d) See the statement. The assumption here is that it is a ball (a “solid” sphere) rather than
simply a sphere.
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For each of the following surfaces,

(a) write the surface in parameterized form as r(u,v), and

(b) describe the “grid curves” u = k and v = k for your parameterization.

(1] 3z+2y+2=6 (2] 2?4+ y*+22=4but 2> 0

2
% - % +22=1 The graph of the curve

y = 1 + sin(z) revolved
around the z-axis

2 2

—% — % +22=1 @ The graph of the curve
y=a’+x (0<z<2)
revolved around the z-axis

Identify each of the following parameterized surfaces:

r(u,v) = 2+u,3—u—v,v+5) r(u,v) = (u, cos(v), sin(v))

19 ] r(u,v) = (u,v,0* — u?) r(u,v) = (u?, 4 cos(v), 5sin(v))

r(u,v) = (u,usin(v), ucos(v)) r(u,v) = ucos(v), vu, usin(v))



MATH 214 Arc Length, Tangents and Curvature Serinc, 2009

The Arc Length

Recall the formula
b 2 2
y dz
= "(t)] dt dt
[wana o / \/ v+ Z)

for the arc length of the curve r(t) = (z(t), y(¢) ) for a <t < b. Use this formula to
calculate the length of the following curves:
(a) r(t) = (tsin(t),t cos(t), t?), 0<t<l1
(b) r(t) = (tsin(t),t cos(t), ), 0<t<1



MATH 21A Other Coordinate Systems FALL, 2008

For each of the following, we’d like four descriptions of the point, surface, or solid:

(a) An equation in Cartesian coordinates (the usual z, y, z).

(b) An equation in cylindrical coordinates (r, 0, z).

(¢) An equation in spherical coordinates (p, 6, ¢).
)

(d) A description or graph of the surface or curve.

For each of the following points, surfaces and solids, expand the description to include all four of
the above approaches.

Points:

(2,9,2) = (1,2,3) (r.0,2) = (3.§.3) (p,0,0) = (2.5, )

Surfaces:

(4] 0=1% (5] 2?4+ y*+22—-22=0 [ 6] r=2cos(d)

(This is in cylindrical
coordinates. Does it
matter?)

(7] ¢=1 (8] - —y?=1 [9] p=2cos(¢)

Solids:

[10] 37 <5 1] §<o<;

cos(f) <r<1 The solid formed by

a sphere of radius 2
centered at the ori-
gin with a cylinder re-
moved. Assume the
cylinder has radius 1
and is centered on the
zZ-axis.



Other Coordinate Systems — Answers and Solutions

Points:

(r,0,2) = (v/5,tan"(2),3) ~
(p,0,9) = (vV14,tan"1(2), cos ™ (3//14)) ~

(2,9, 2) = (3cos(r/4), 3sin(r/4), 3) = (% 3, 3) ~
(p.0,0) = (3v2, 5. 7)

(x,y,2) = (2sin(7/6) cos(m/3), 2 sin(7/6) sin(7/3), 2 cos(7/6)) = <\/7§7 3, \/§>
(r,0,z) = (2sin(7/6), 5,2 cos(m/6)) = (1,3, \/g)

Surfaces:

(a) y = but also z > 0.
(
(the same in spherical as in cylindrical coordinates)
his is a half-plane over (and under) the part of the line y = z in the first quadrant
(including the origin)
P4+ (z—1)2=1

b) 4+ (z—-1)%=1

(5] (a
(

c) p? = 2pcos(¢) or simply p = 2cos(¢)

(
(d) This is a sphere of radius 1 centered at (z,y,z) = (0,0, 1).

(
(b) 7 =2cos(0)

(c
(d

2 cos(0)
sin(¢)

This is a cylinder of radius centered about the line r(t) = (1,0,0) + ¢(0,0,1). That is,
it is a vertical cylinder above the circle of radius 1 centered in the xy-plane at the point

(z,y) = (1,0).
V12 + y2. (The top half only of 22 = 2% + y2.)

psin(¢) = 2 cos(f) or perhaps p =

)
)
)
)
a) (z—1)72+y*=1
)
)
)

z

(a)

(b) =
(c) ¢
(d) ThlS is the top half of a cone. It opens up, centered along the z-axis, with “point” at

the origin. The trace z = k for positive k is a circle of radius k (Centered at the origin of
the zy-plane).



(a) 22 —a? —y? =1
(b) 22—r*=1
1
c) p= or perhaps just p? (2 cos?(¢) — 1) = 1.
(©) p Toa(g) 1 " Pohaps ] p° (2cos*(¢) — 1)

(d) This is a hyperboloid of two sheets.

@ This is the same as Problem .

Solids:

) 9< a4+t <25
b) 3<r<5

)

)

<p< or snnply 3 < psin(¢) < 5 or simply

sin (¢) sm(¢)

and the interior angle is /6.

(a) In the zy-plane, this is the intersection of (:L‘ - %)2 > % (the points outside the circle of

radius 1/2 centered at (z,y) = (1/2,0)) and 2>+ y? < 1 (the points inside the unit circle
centered at the origin). In space, therefore, it is the solid unit cylinder (centered around
the z-axis) with a cylinder removed (the removed cylinder is centered around the line
r =1/2, y =0 and has radius 1/2).

(b) cos(f) < r < 1.

(c) cos(f) < psin(¢) < 1 or

(d) See the answer to (a).

cos( )

sin(¢)

<P < m@

This is very similar to Example 8 on page 688 of the text, so you might prefer to read that.

(a) 1 <a?+y? <422

(b) 1<r?<4—2z2%orl1<r<+4-—22

(€) /14 p2cos?(¢) < p<2or 1+ p’cos?(¢) < p? < 4.
)

(d) See the statement. The assumption here is that it is a ball (a “solid” sphere) rather than
simply a sphere.
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Define the partial derivative of f(z,y) with respect to = by
0 _of

. IERT f(x+h>y)_f<$ay)
fo=5- () =5 =lim

 Or  hs0 h

and similarly the partial derivative of f(z,y) with respect to y by
0 _of

_8_y(f)_8_y_}lz% h

ty

For each of the following functions, compute both first partial derivatives f, and f, (or f;):

f(z,y) = e”cos(y) flz,y) = 23 — 3xy?

3] f(x,t) = e @+ 4 | f(x,t) =sin(x —t) + sin(x + ¢)
El

We can compute higher order derivatives by simply repeating the process. For example,

B 8_y or) 0yox
and o (0f 0*f

Compute the four second partial derivatives foq, fay, fyz, and fy, for the four functions above.

These four functions above were selected because they solve some partial differential equations
or PDEs. Listed below are four common PDEs, some of which you will see in the homework.
Determine which function is a solution of which PDE by substituting in derivatives.

Laplace Equation: fy; + fyy =0 Advection (Transport) Equation: f; = f,

Wave Equation: fi; = f.. Heat Equation: f; = f..



| 6 | Here is a contour plot for the function f(z,y) = sin(z) sin(z + y).

Without actually computing the derivatives, answer the following questions:

(a) What is the sign of f, at (z,y) = (1,0)7

(b) What is the sign of f, at (z,y) = (1,0)?

(c) What is the sign of f,, at (z,y) = (5,1)?

1
2

(d) What is the sign of f,, at (z,y) = (3,1)?

You may notice that f,, = fy in all of the above cases. This is a consequence of Clairaut’s
Theorem.

(a) Use Clairaut’s Theorem to compute the requested derivatives of the following functions:

(i) fowayy if f2,y) = 2%y — EEe



Partial Derivatives — Answers and Solutions

For f(z,y) = e” cos(y), we get first derivatives
of _of

fo= Fr e” cos(y) and fy = o = —e”sin(y).
The second derivatives are
92 92
fmm - a_xj;j =e" COS(y)a fyy = a_y]; = —e” COS(y),
and o f o f
fay = fyz = —€”sin(y) (where Joy = w and f,, = o ay) .

Notice that f,, + f,, = € cos(y) — e” cos(y) = 0, so this function f(x,y) satisfies the Laplace
equation.
For f(x,y) = 2 — 3zy?, we get first derivatives
fo = 32% — 3y? and fy = —6xy
and second derivatives

fxx = 6£U, fxy = fyx = _6?/a and fyy = —6z.

Notice again that f,, + f,, = 62 —6x = 0, so this f(z,y) is a solution to the Laplace equation.

For f(x,t) = e~ (9 we get first derivatives
fo=fr = —2(x + t)e @’
and second derivatives
Joo = fot = fta =t = (4(517 + t)z - 2) 6_(x+t)2-

Notice that f; = f, and fy = fus, so this f(x,y) is a solution to both the advection equation
and the wave equation.

For f(z,t) = sin(x — t) + sin(z + t), we get first derivatives
fz = cos(z —t) 4 cos(x + t) and  f; = —cos(z —t) + cos(x + )
and second derivatives
fox = —sin(x — t) — sin(x + 1), fut = fio = sin(z — t) —sin(z + 1),

and
fow = —sin(x — t) — sin(z + ).

Notice again that fy; = f.., so this f(z,y) is also a solution to the wave equation.



[ 6] (a) and (b): Both f, > 0 and f, > 0 at (z,y) = (1,0). The idea is simply that there is a
maximum at (z,y) = (3,0) ~ (1.57,0) (where f(7,0) = 1), which is in the circled region
on the contour plot. Since the the vertical lines © = kn and diagonal lines y = —x + k=
are the only places where f(x,y) = 0, we see that the function is increasing in both the
positive x and positive y directions at (1,0).

(¢) Here is a “zoomed-in” contour plot near the point (z,y) = (3,1):

141 4

12+ -

10+ -

0.8+ 4

0.6 -

0.0 0.2 0.4 0.6 0.8 10

As above, f, > 0 at this point. As we move to the right, however, the contour lines
become spaced farther apart. Thus f is increasing slower, so f, is decreasing (although
still positive). Thus f,, < 0.

(d) Looking at the same picture as in part (c), we see that the contour lines again become
spaced farther apart (horizontally) as we move up vertically. Thus, again, f,, < 0 at

(z,9) = (3. 1).

The point of both these problems is to re-order the derivatives so that you take the “easier”
derivatives first.

(a) Here we take the x derivatives first:
f = 2*cos (ey + y2)
fz = 2x cos (ey + y2)
frz = 2cOs (ey + yz)



(b) Here we take the y derivatives first. We get

_ 3.2 Y
f=2% z + In(x)
1
= 23y —
Ju=20y z + In(z)
fyy:2x37

and so (after more derivatives) fyypee =232 =12, Thus fiu4y, = 12 as well.
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To find the tangent plane to the graph z = f(x,y) of a surface at the point (z,y) = (a,b)
(really (z,y,2) = (a,b, f(a,b)), we begin by finding vectors tangent to the surface at this
point.

(a) The = grid curve (or y = a trace) through this point is parameterized as ri(z) =
(x,b, f(x,b)). Find the tangent vector to this curve at x = a. (This is a tangent vector
to the surface at the point (x,y, 2) = (a,b, f(a,b)).)

(b) Find another tangent vector to the surface at the point (x,y, z) = (a, b, f(a, b)) using the
y grid curve (z = a).

(c¢) Find the normal vector to the tangent plane using the two tangent vectors from parts
(a) and (b).

(d) Now find the equation of the tangent plane. This is the plane through (a,b, f(a,b)) and
perpendicular to the normal vector from part (c).

Mostly the tangent plane is used for approximation. Here is a simple example.

(a) Find the equation of the tangent plane to the elliptic paraboloid z = x? + 2y? at the
point (x,y,z) = (1,1, 3).

(b) Your answer to part (a) (and part (d) of Problem 1) should involve the formula

z =~ f(av b) + fac(a’ b)(l’ - a) + fy(a’ b)<y - b)

Use this to approximate the values of 2 = f(z,y) = x? + 23> at the points (z,y) =
(0.9,1.1) and (z,y) = (0.95,0.95).

(c) Compare your answers to part (b) to the actual values of f(0.9,1.1) and f(0.95,0.95).



The linearization of the function f(z,y) is the function

L(z,y) = f(a,b) + fe(a,0)(x — a) + fy(a, b)(y — b)

(this is the same right-hand side as above). The linear approximation (or tangent plane approxi-
mation) is then f(x,y) ~ L(x,y) for (z,y) near (a,b).

Here is a more complicated example: f(z,y) = ye™. Calculate f(1,0) and use the linear
approzimation or tangent plane approximation from the previous problem to approximate
£(0.9,0.1) and f(1.1,—0.05). Compare your answers to the actual values (if you have a
calculator).

Sometimes the linear approximation isn’t actually very good. Here’s an example. Consider

the function y
foy) = P+ if (x,y) # (0,0)

0 if (z,y) = (0,0)

(a) Compute f,(0,0) and f,(0,0). You'll need to use the definitions
f(a7b+h) —f<(l,b)

hyb) — f(a,b
fz(a,b)zilligéf(“ })L fab) fy(a,b) = lim ) .

(b) Use the values from part (a) to compute the linear approximation to the surface at the
point (x,y, z) = (0,0,0).

(c) Use this approximation to approximate the values of f(x,y) at the points (z,y) = (a, a).
(d) Use this approximation to approximate the values of f(z,y) at the points (x,y) = (b, —b).

(e) Compare the approximations from parts (c¢) and (d) to the actual values of f(a,a) and
f(b,=b). (And notice that these points can be taken to be wvery close to the origin.)

We avoid the problem of the last problem by assuming that it doesn’t happen. We say that
f is differentiable if (more or less) the approximation tends to the exact value. There is a
theorem that says that f is differentiable at (o, o) if both f, and f, exist near (x¢,yo) and
are continuous at (xo,yp). Thus, if the derivatives are nice enough, we always get a good
approximation.

Show that this theorem doesn’t apply to the previous example by finding general formulas for
f and f,, and determining that they are not continuous at (x,y) = (0,0).



@ We also want to be able to find tangent planes for parametric surfaces r(u,v). This problem
will step through this for the example

r(u,v) = (cosu, 3sinu cos v, 4 sin usin v)
at the point (z,y,z) = (0,0, 4) corresponding to (u,v) = (5, §).
(a) The u grid curve (v = %) is given by the parametric curve
r(u,%) = (cosu,3sinucos §,4sinusin ) = (cosu,0,4sinw).

27 2

Uy

Find the tangent vector to this curve at u =

[\

(b) Repeat part (a) for the v grid curve. That is, the v grid curve (u = 7) is given by the
parametric curve

r(%,v) = (cos §,3sin § cosv, 4sin § sinv) = (0,3 cos v, 4sinv).

us

Find the tangent vector to this curve at v =

[\

(c) Use your answers to parts (a) and (b) to find the normal to the tangent plane at (z,y, z) =
0,0,4).

(d) Now find the tangent plane at at (z,y, z) = (0,0,4).

(e) The linear approximation is: for (u,v) near (ug,vg),
r(u,v) & r(ug, vo) + ry(ug, vo)(u — ug) + 1y (ug, vo) (v — vg).

Verify that this is the tangent plane approximation you found in part (d).

Repeat the previous problem at the point (u,v) = (5,0). What point (x,y,2) does this
represent?



Approximately Tangent Planes — Answers and Solutions

(a) ri(zo) = (1,0, fa(zo, %))
(b) r5(yo) = (0,1, fy(xo, %0))
(c) (1,0, fa(zo,90)) x (0,1, fy (w0, y0)) = (= fulo, %0), — fy(Z0, ¥0), 1)
(d) {=/fa(z0,90), = fy(20,90),1) - (& — To, y — Yo, 2 — 20) =0

or z = 2o + fu(T0,0) (x — x0) + fy(%0,%0) (¥ — Yo)-
(a) z=3+2(x—1)+4(y—1)
(b) f(0.9,1.1) ~ 3.2 £(0.95,0.95) =~ 2.7
(¢) f(0.9,1.1) =3.23 £(0.95,0.95) = 2.7075

(Using (a), (b), and (c) in parallel with question 2.)
(a) 2=y
(b) £(0.9,0.1)~0.1  f(L.1,—0.05) ~ —0.05
(¢) £(0.9,0.1) = 0.1%% a2 0.10941742837052
f(1.1,-0.05) = —0.05¢7095% ~ —0.047324257397674

) f2(0,0) = £,(0,0) =0
b)
(c¢) On this line (y = x), we get f(z,y) = 1/2 (provided (z,y) # (0,0))
(d)
)

[4] (a
(

Thus L(z,y) = 0, so the approximation is z ~ 0

d) On this line (y = —x), we get f(x,y) = —1/2 (provided (z,y) # (0,0))

(e) The point is that this is a bad approximation, since the approximation error doesn’t
decrease to zero as (x,y) — (0,0).

We can differentiate the function in Problem 4 away from the origin pretty easily: it’s simply

Fowy) =Y (2? +y%) —ay(2r) _ y° — 2%y
’ (22 4+ y?)? (22 +y2)?
Thus

LT if (2,y) # (0,0)
_ ) @ !
FO=V0 T ity = 0.0

(since we've already calculated the f,(0,0) derivative). Similarly

3

x5 —xy? .
m if (Iay) 7& (070)

fy(:v,y) = .
0 if (x,y) = (0,0)

Neither of these is continuous at the origin. For example, along the path y = 0, the function
fy(z,0) = 1/z (for x # 0) which has no finite limit as z — 0.



[ 6] (a) The u grid curve (v = Z) is given by the parametric curve
r(u,5) = (cosu,0,4sinu),

so the tangent vector is the derivative of this with respect to wu:

or

%(u, 7)) =ry(u, 5) = (—sinu,0,4 cosu).
When u = 7, this is the vector r, (5, §) = (—sin§,0,4cos §) = (—1,0,0).

s

(b) Since r,(5,v) = (0, =3sinv,4 cosv), the tangent vector to the v grid curve at v = 7 is

r,(%, %) = (0, ~3sin I, 4cos T) = (0, —3,0).

(c) The normal to the tangent plane at (x,y, z) = (0,0,4) is

I'u(%? %) X I'v(%, %) = <_17070> X <O’ _3’O> = <O’O’3>

(d) The tangent plane at at (x,y,z) = (0,0,4) is (0,0,3) - (x,y,z2 —4) =0 or 3(z — 4) =
or z = 4.

(e) The linear approximation is: for (u,v) near (3, %),

r(u,v) 2 (5, 5) +ru(5, 5)(w—5) + (5, 5) (v = 5).

r(u,v) ~ (0,0,4) + (v — %) (=1,0,0) + (v — %) (0, —3,0).

This is the tangent plane approximation you found in part (d): this says = —(u — %),
y = —3(v— %), and z = 4. Thus = and y are arbitrary and z = 4.

The point (u,v) = (3,0) represents the point (z,y,z) = (0, 3,0).
(a) The u grid curve (v = 0) is given by the parametric curve
r(u,0) = (cosu, 3sinu, 0),

so the tangent vector is the derivative of this with respect to u:

0
a—Z(u,O) =r,(u,0) = (—sinu,3cosu,0).
When v = %, this is the vector r,(5,0) = (=sin §,3cos ,0) = (=1,0,0).

(b) ?inee I>'(g,v) = (0,3 cosv,4sinv), we get r,(5,v) = (0, =3sinv,4cosv) and r,(5,0) =
0,0, 4).



(c) The normal to the tangent plane at (x,y, z) = (0,3,0) is

r,(Z,0) X r,(Z,0) = (—1,0,0) x (0,0,4) = (0,4,0).

2

(d) The tangent plane at at (z,y,z) = (0,3,0) is (0,4,0) - (z,y — 3,2) =0 or 4(y —3) =0
ory =3J.
(e) The linear approximation is: for (u,v) near (3,0),
r(uv U) ~ I'(%, 0) + ru(%u 0>(U - g) + r’u(%v O)(U - 0)

r(u,v) = (0,3,0) + (u— 5)(—1,0,0) +v(0,0,4).

This is the tangent plane approximation you found in part (d): this says z = —(u — 7),
y =3, and z = 4v. Thus = and z are arbitrary and y = 3.
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Recall from Monday that the gradient of a function f is the vector V f defined by

V() = grad f = (fula, ), fylo)) = oo+ 5L

in the plane or

0
Vf(x,y,z) = gradf = <f$(xaya Z),fy(ZL’,y,Z>,fz(I,y, Z)> = a_£1+ a_.] + o k

in three-space.

For each of the following functions f(z,y) in the plane, do the following:
(i) Compute the gradient V f (or grad f).
(ii)
(iii)
iv) Verify that the tangent vector r'(t) and the gradient vector V f are perpendicular at the
y g g perp
point (z,y) = (1,1).
(a) flz,y) =3z —y (b) f(z,y) = 22* 4 3y

Identify the level curve f(z,y) = constant through the point (x,y) = (1, 1).

Find a parameterization r(t¢) of this curve.

For each of the following functions F'(z,y, z) in the plane, do the following:

(i) Compute the gradient VF' (or grad F).
(ii) Identify the level surface F'(z,y, z) = constant through the point (z,y,z) = (1,1,1).

(iii) Find the tangent plane to the level surface from part (ii). Recall that the tangent plane
to a surface z = f(z,y) at the point (xo, Yo, 20) is

z— 20 = fu(wo, yo) (& — 20) + fy (%0, y0) (Y — vo)-

(iv) Verify that the gradient vector VI is perpendicular to (tangent plane of) the level surface
at the point (z,y,2) = (1,1, 1).

(a) F(z,y,2) =3z+2y+2 (b) F(x,y,2) =a*+y* - 2°

These problems illustrate the following point:

The gradient of a function is always perpendicular
to the level curves (or level surfaces) of the function!




Gradients & Level Surfaces

There are two important facts about the gradient vector:

e grad f (or Vf) is perpendicular to the level curves of f (as we saw on page one of this handout)

e |grad f| (or the magnitude of Vf) is the rate of change of f in the direction of grad f

Here is an example sketch of the level curves of f(z,y) = y*> — 2 and the associated gradient vector

field:

/
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(The arrows shown here are in fact one-tenth the actual length of the gradient, but they’re shrunk
to make the picture cleaner. Here Vf = (f,, f,) = (—2x,2y), so |V f| = /422 + 4y? = 2r.)

Use the two facts shown above to sketch the gradient vector field given the following contour plots

(pictures of level curves):




Gradients & Level Surfaces — Answers / Solutions

(a) (i) Vf = (3,—1) at every point, not just (z,y) = (1,1).
(ii) The curve f(z,y) = f(1,1) is 3z —y = 2, a line.
(iii) A simple parameterization is x =t, so y = 3t — 2, or r(t) = (¢,3t — 2).
(iv) The tangent vector in our parameterization is always r'(t) = (1,3), so Vf-r/(t) =0

for all ¢, not just for ¢ = 1 (the point (z,y) = (1,1)).
(b) (i) Vf = (4z,6y), so Vf(1,1) = (4,6).
(ii) The curve f(z,y) = f(1,1) is 222 + 3y* = 5, an ellipse.

(iii) One parameterization is

I found this by using the parameterization (u,v) = (v/5cos(t),v/5sin(t)) for the
circle u? + v? = 5, then writing our ellipse as (v/2z)? + (v/3y)? = 5 and making the
substitutions u = v/2z and v = \/gy

2 3

might think we need to find ¢y when (z,y) = (1,1), but in reality we only need to
find cos(to) and sin(ty). We know that r(tg) = (1, 1), so

<\/§cos(t0),\/§sin(to)>:<1,1) or Cos(to):\/g and sin(to) = 1/

Thus ¥/(t;) = <_ﬁ. NERVER @> = (=\/3/2,\/2]3). Thus
VL) ¥(t) = (4,6) - (—V/3/2,v/2/3) = —41/3/2+ 61/23 = 0.
Thus the two vectors are perpendicular.

(a) (1) VF=(3,2,1)

(ii) The level surface F(z,y,z) = F(1,1,1) is the plane 3z 4+ 2y + z = 6.

(iv) The tangent vector in our parameterization is r'(¢) = <— Ssin(t), /2 sin(t)>. You

(iii) To use this formula, we solve for z: z = f(z,y) = 6 — 3x — 2y. Thus the tangent line
is
z—1==-3(x—-1)—-2(y—1) or 3r+2y+2=6.

Fancy that! The tangent plane to a plane is the plane itself!

(iv) The gradient VF = (3,2, 1) is the same as the normal to the tangent plane (and the
level surface itself); hence the gradient is perpendicular to the tangent plane of the
level surface.



(b) (1) VF = (2z,2y,—22),s0o VF(1,1,1) = (2,2, -2).

(ii) The level surface F(x,y,z) = F(1,1,1) is the one-sheeted hyperboloid 2%+ — 22 =
1.

(iii) To use this formula, we solve for z: z = f(z,y) = \/22 + y?> — 1 (we want the positive
square root since z = 1 at our point). At (z,y) = (1, 1), the derivative f,(1,1) is

easy to find:
Lo o -1/2 z
R D S —
J 2 ( 4 ) /22 + 42 — 1
so f.(1,1) = \/#7271 = 1 at the point (z,y) = (1,1). Thus the tangent line is

z—1=1zx—-1)+1(y—1) or r+y—z=1.

Note that the normal to this tangent plane is n = (1,1, —1).

(iv) The gradient VF(1,1,1) = (2,2, —2) is parallel to the normal n = (1,1, —1) to the
tangent plane. As before, therefore, the gradient is perpendicular to the tangent
plane of the level surface.

Back Page: Here are the two graphs with some gradient vectors drawn in:

A\

0 1 2

In both cases the gradient vectors have been scaled to make sure the picture is not overwhelmed
(or underwhelmed) with arrows.
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If f(z,y) =3z + 7y? and u = (2, 3), find the directional derivative D, f at (1,1).

55

If f(z,y) = sin(zy), find the directional derivative D, f where u = <\/L§,

).

Sl

You are skiing on a mountain which happens to be the graph of the function f(z,y) =
10 — 22 — y*. You are at the point (1,1,8). If you want to ski down the steepest path, what
direction should you head?

A fly is flying around a room in which the temperature is given by T'(z,y, z) = 2* + y* + 22°.
The fly is at the point (1,1, 1) and realizes that he’s cold. In what direction should he fly to
warm up most quickly?

Alice the “A” student is debating Chuck the “C” student. Alice says that the direction of
greatest ascent on the graph z = f(z,y) is in the direction V f. Chuck says that instead we
should look at the level surface F(x,y,z) = 2z — f(z,y) = 0 and go in direction grad F. Who
is right? How would you explain this to the student that is wrong?

@ A racehorse lives in a valley which happens to be the graph of f(z,y) = 322 + y?. He is
doomed to wander his racetrack, which is the set of points in the valley where 2% + y? = 1.

The racehorse secretly wishes to be a mountain climber, and his fantasy is to escape from his
racetrack and take the steepest path up the mountain. At what point should he make his
escape, and in what direction should he run? (There are actually two possible answers.)



Directional Derivatives — Solutions

We use the formula Dy f = V f-u. Here Vf = (3,14y), so Vf(1,1)-u = (3,14) - (2,2) = 13.
Now Vf = (ycos(xy), x cos(zy)), so Vf-u= %cos(xy).

Since the problem asks only for a direction, we should give our answer as a unit vector u.
We are looking for the unit vector u for which D, f(1,1) is the most negative. We know that
Dof(1,1) = Vf(1,1) - u. Let’s first calculate Vf: it is (—2z, —49°), so Vf(1,1) = (=2, —4).
Therefore, we want to find the unit vector for which (=2, —4) - u is the most negative.

Remember that the dot product of two vectors is given by the formula v - w = |v| |w| cos 6.

If 6 is the angle between (—2, —4) and u, then [(—2, —4) - u| = |(—2, —4)| |u| cos . Since u is
a unit vector, |u| = 1, so we really want to make cos 6 as negative as possible. This means we
should take 6 = 7, so we want to pick the unit vector which goes in the direction opposite of
(—2,—4). That is, we want a vector which goes in the direction of (2,4) but which has length
1. To get such a vector, we just divide (2,4) by its length, which is 2v/5. So, our answer is

12

(35

We want to find the unit vector u which maximizes D,T'(1,1,1). Using the same idea as in
the last problem, this should be the unit vector in the direction of V7T'(1,1,1).

Since VT = (2z, 4y, 4z), we want the unit vector in the direction of (2, 4, 4), which is <§, %, §>

Alice is correct: the direction of greatest ascent on the surface z = f(x,y) is in the direction
Vf.

What is the problem with Chuck’s answer? He’s looking at the level surface F(z,y,z) = 0,
where F'(z,y,2) = z— f(x,y). This is the same surface that Alice is looking at. But when he
suggests moving in the VF' direction, this means moving a direction in space that increases
the value of F(z,y,z) as quickly as possible. In particular, this means moving off the level
surface F' = 0. This is a different problem altogether.

@ What the problem is really asking us to do is find the points (z,y) and unit vectors u for
which the directional derivative D, f(x,y) is biggest, although we’re only allowed to look at
points where 22 + 2 = 1.

Let’s first focus on a specific point (x,y) and figure out the biggest the directional derivative
Dy f(x,y) could be at that point. We know that the directional derivative is largest in the
direction of the gradient. The unit vector in the direction of the gradient is %, and the
directional derivative in this direction is V f - %. Since Vf -V f is just |V f |2, the directional
derivative in this direction is really |V f|. Thus, we could restate the problem as: find the
points (z,y) for which |V f(x,y)| is largest.

Let’s now calculate the gradient: Vf(x,y) = (6x,2y), so |V f(z,y)| = /3622 + 4y2.

Thus, we can again restate the problem as: maximize 362% + 4y* subject to the constraint
that 22 + y?> = 1. Next week, we will learn a method for doing this called the method of
Lagrange multipliers. However, we can figure this problem out without Lagrange multipliers.

We can write 3622 + 4y? as 322% + 4(z% + 3?); when 2% +y? = 1, this is just equal to 3222 + 4.
So, we're really trying to maximize 3222 + 4. We do this by making 2 as large as possible.



Since (x,y) has to stay on the circle 2 + y* = 1, this means we want # = 41, which makes
=0.

The unit vectors u are supposed to go in the direction of Vf = (6x,2y). In the case of the

point (1,0), this means u = (1,0); in the case of the point (—1,0), this means u = (—1,0).

So our answer is: the point (1,0) with the unit vector (1,0) and the point (—1,0) with the
unit vector (—1,0).
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Critical Points:

A point (a,b) is a critical point
for the function z = f(x,y) if
fz(a,b) =0 and fy(a,b) = 0.

That is, critical points are those
points where Vf = (f,, f,) = 0.

N

Tests for Maxima, Minima, Saddle Points

Is A Critical Point A Max, Min, or Saddle?
Set D = fuufyy — /2

zy*
e D <0at(a,b) = (a,b) is a saddle point.

oD >0at (a,b)

o fue <0at (a,b) = (a,b) alocal max
o fue > 0at (a,b) = (a,b) alocal min

e D=0 at (a,b) = no info about (a,b)

~

/

For each of the following functions. ..
(
(

)
)
(c)
)

a) Compute fu, fy, fows fyy, and fu,. (You can assume that f,, = fu,.)
b) Find the critical points. That is, find all points where both f, =0 and f, = 0.

Find the value of f,, and D at each critical point.

(d) Using the test above, determine (if possible) whether each critical point is a local maximum,

a local minimum, or a saddle point.

flx,y) = 2% + 22y + 29> — 8y + 12

flz,y) =8—a* —ay—y°

flo,y) =2 = 2> + oy — 4

flr,y) =2 +y* + 4oy + 3



Answers:
(b) (a,b) = (—4,4) (¢) fue =2, D =4 (d) min
(b) (a,b) = (0,0) (¢) fax =2, D= —9 (d) saddle
(b) (a,b) = (0,0) (¢) fow = —2, D=3 (d) max
(b) ((l, b) - (an)v (1’ _1)’ (_17 1)
(d) minima at +(1, —1), saddle at origin

5 | (b) (a,b) = (1,0) (¢) fee = =2, D = —8 (d) saddle

6 | (b) (a,b) =(0,0) & (—1,1) (d) saddle & min
These plots are Problems 6 (left) and 4 (right)
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Here’s the theorem we’re going to take advantage of today:

Extreme Value Theorem
(For Functions Of Two Variables)

If f(x,y) is continuous on a closed, bounded region D in the
plane, then f attains a maximum value f(z1,y;) and a minimum
value f(xq,ys) at points (x1,71) and (z2,ys) in D.

For which of the regions D described below is it true that every continuous function f(z,y)
must attain an absolute maximum value and absolute minimum value on D? (There may be
more than one.)

(i) D is the set of points (x,y) such that |z| <4 and |y| < 2.

) (z,9)

(ii) D is the set of points (z,y) such that |z +y| < 1.

(iii) D is the set of points (z,y) such that z? + 49> < 1.

(iv) D is the set of points (z,y) such that 2% + 4y < 1.
) (,9)

(v) D is the set of points (z,y) such that —z <y < z.
Now do the following:

(a) For one region D that you picked, find the absolute minimum and absolute maximum
value of f(x,y) = 2? — 4z + y* on the region.

(b) For one region you didn’t pick, find a function f(x,y) which has either no maximum or
no minimum on the region D.

Find the absolute maximum and minimum of the function f(z,y) = z* + 3 in the elliptical
region 2z? + 4y? < 1.

Find the absolute maximum and minimum of the function f(z,y) = 2% — y? in the circular
region z2 + % < 1.



Find the point (or points) on the graph of the function f(z,y) = 22* — y? + 1 that is closest
to the origin. (You may make the reasonable assumption that z? + y* < 10.)

Find the absolute maximum and minimum of the function f(z,y) = 3xy—y+5 in the circular
region 22 +y* < 1.

@ The temperature in a room is described by the function T'(z,y, 2) = #?y+ 2. A bug is walking
on a surface in the room, which can be described parametrically by r(u,v) = (u,e”,u + v),
0<u<1,0<wv<1 What is the warmest point the bug can reach? What is the coolest?



Solutions — Global Extrema

We begin by determining whether or not our theorem applies to each region. That is, we
check to see whether each region is closed and bounded.

(i) Here D is the set of points in a rectangle:

This is clearly bounded, but it is not closed as the boundary points along the line segments
y =2 and y = —2 are not part of D.

(ii) Here D is the set of points between the lines x +y =1 and x +y = —1:

This is closed but not bounded.
(iii) Here D is the set of points on or in an ellipse:
)

This is both closed and bounded.



1—a2.

(iv) Here D is the set of points on or below the parabola y =

4

This is closed but not bounded.

(v) Here D is the set of points above the line y = —z and also below the line y = x:

This is closed but not bounded.

(a) Our only option is (iii). We'll look at a collection of points:
e Points inside the ellipse that might be local maxima or local minima. These critical
points are where V f = 0.
e Points on the ellipse that might be local maxima or local minima of f(z,y) when
constrained to the ellipse. To find these we use Lagrange multipliers with g(x,y) =
2?2 4+ 4y? = 1.
Since Vf = (2z — 4, 2y), the only point where V f = 0 is the point (z,y) = (2,0). This
point is outside the ellipse and so can be ignored.

We turn to finding points on the ellipse using Lagrange multipliers. From Vf = AVg
and g(z,y) = 1, we have three equations:

20 —4 = N2z 2y = A8y x4y = 1.



From the second equation we see that y = 0 or y # 0. If y = 0, then the final equation
(the constraint) tells us that = £1. If y # 0, then dividing the second equation by
8y gives us A = Y. The first equation then becomes 2z — 4 = 5, 0r T = %. But with
this value of z the last equation cannot be satisfied (as z? > 1 already). Thus we have
only two points: (z,y) = (£1,0). Since f(1,0) = —3 and f(—1,0) = 5, our absolute

maximum is at (z,y) = (—1,0) and our absolute minimum is at (1,0).

(b) We'll find examples of functions without maxima or minima for each of the remaining
regions.

(i) This one is very simple: the function f(x,y) = y has no maximum or minimum in
Dg;y. This function attains every value between —2 and +2, but neither of these
endpoints.

(ii) Consider the function f(z,y) = y — x. The level sets for this f are lines parallel
to the line y = x, each of which is perpendicular to the defining lines of the region
D). As we move up and to the left on D(;), the values of f increase without
bound; as we move down and to the right, f decreases without bound. (The level
curve f(x,y) = k is the line y = = + k, so the value k is simply the y-intercept of
this line. We can make this as large or small as we like.) Thus f has no maximum
or minimum on D).

(iv) Here the function f(x,y) = x has no maximum or minimum.

(v) Here the function f(x,y) = y has no maximum or minimum. This example and the
previous one are simple examples of why the theorem requires that D be bounded.

There is one critical point — the origin — in the interior where Vf = (2x,2y) = 0. When
constrained to the boundary 2x? + 4y* = 1, there are four points where Vf = AVyg, or
(2x,2y) = M4z, 8y). These points are (z,y) = (*Y3,0) and (z,y) = (0,*%). Our maximum
is f (*Y3,0) = ' and our minimum is f(0,0) = 0.

Thomas K. (the apprentice in the 11:00 class) pointed out that this is equivalent to minimizing
and maximizing the distance from the origin to points in the elliptical region.

In this problem the one critical point — again the origin — is a saddle point. The absolute
maximum and minimum lie on the boundary where Vf = AVg or 2z, —2y) = A\ (2z,2y).
This can occur only when x = 0 or y = 0, which gives us the points (z,y) = (0,41) and
(z,y) = (£1,0). The maximum is f(£1,0) = 1 and the minimum is f(0,+1) = —1.

Here we're looking for the points (z,y, 2) = (2,9, 22? — y? + 1) that minimize /22 + y2 + 22
or, even better, minimize z? + y*> + 2z2. Thus we’d like to minimize F(z,y) = 2? + y* +
(222 — y2 4+ 1)°. This can be done in the usual way.

Of course, it’s probably easier to say: we’d like to minimize F(z,y,2) = 2? + y? + 2? subject
to the constraint g(x,y,z) = 222 — y?> + 1 — 2z = 0. This is a problem built for Lagrange
multipliers: VF = AVg when

(2,2y,22) = N4z, —2y, —1).



These are the equations (with the constraint)

2x = 4x )\
2y = =2y
2z = —\

20 —y* +1—2=0.

The first equation gives us two cases: = 0 or z # 0 (in which case A = %,). We'll consider
these in turn.

Case 1: x = 0 In this case, the second equation now says that either y = 0 or y # 0 (so
A= —1). If y = 0, the last equation tells us that z = 1, so we get the point (x,y, z) = (0,0, 1).
If y # 0, then we divide through by —2y to get A = —1. Then the third equation tells us
that z = Y%, so the last equation now implies y = *Y, /3- Thus we get the points (z,y,2) =

(0. %73 12)-

Case 2: x # 0 In this case, we divide the first equation by 4z to find A = 5. Then the
second and third equations allow us to solve for y = 0 and z = ~Y,. The final equation now
says that z2 = ~5g, so we get no critical points at all.

We now compute the value of F' = 2% + y? + 22 at these three points to find the minimum:
F(0,0,-1)=1 and  F(0,%Y 5 %) =%.
The smallest of these is the pair of points (0,%Y 5, %).

I end up with four points:

1+V73 N 35 — /73

~ (0.795, 20.606)

12 72
and
1—/73 35+ /73
+ ~ (—0.629, +0. .
=, = (—0.629, £0.778)
Note that
1+V73 35— V73 L+V73 35— V73
~ 584 YT =Y ") ~4.1
N~ V= e T 72 o
while
1— 1—vi3
; V73 35+ /73 ~92756 and  f \/ﬁ,_ 35+ V73 ~ 7.244.

12 7 72 12 72

This means the maximum is almost 7.25 and the minimum is just over 2.75.



[ 6 | One simple way to do this is to maximize the function f(u,v) = T'(r(u, v)) on the unit square
0 <wu<1,0<wv<1. This turns out to be the function f(u,v) = u?*e’ + u + v. Notice that
Vf = (2ue’ +1,u%e? +1). Since u and v cannot be negative, neither of these components can
be zero. Thus there are no critical points inside this square.

On the boundary, we could try to use Lagrange multipliers, but this won’t work. On our
boundaries, Vg will be parallel to i or j, and V f cannot be parallel to these vectors. (This is
for the same reason as above: the components of V f cannot be zero on our square.) What
goes wrong? Well, our boundary has corners so the tangent line doesn’t exist at these points.
So while these corners might be maxima or minima, we won’t have V f and Vg parallel there.

It turns out that if we look carefully at the boundaries, we see that the absolute maximum
occurs at (u,v) = (1, 1) and the absolute minimum occurs at (u,v) = (0,0). These correspond
to the points r(0,0) = (0,1,0) and r(1,1) = (1,e,2). The temperatures at these points are
T(0,1,0) = 0 (the coolest point) and T'(1,e,2) = e + 2 (the warmest point).

How do we “look carefully at the boundaries”? If we restrict ourselves to each piece of the
boundary in turn, we have four functions:

The v = 0 piece: f(u,0) =u*+u min: 0, max 2
The v =1 piece: flu,1) =ew? +u+1 min: 1, max e + 2
The u = 0 piece: f(0,v) =v min: 0, max 1
The u = 1 piece: f(Lv)=€e"+1+v min: 2, max e + 2

We can thus see that the maximum occurs when (u,v) = (1, 1) and the minimum occurs when
(u,v) = (0,0).
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A region D is called Type I if it can be written in the following way:

D={(z,y):a<az<b gi(z) <y < ga(z)}.

We can then compute a double integral as

femar= [ [ fa) ay aa.
/, [,

Here are some Type I regions. Compute the integrals in the problems below.

y y
y - __ 1

2 1 1 2 7 17
(1] [ wyan 2] [[ e as
D1 D2
// (x — 1)y* dA // 1 dA
D3 D1

Similarly, a region D is called Type II if it can be written in the following way:
D={(z,y):c<y<d, h(y) <z <ho(y)}.

We can then compute a double integral as

J[ tamai= | d / (()) F(z,y) do dy.

Compute the following integrals as Type II integrals. Some of the regions are shown on the next
page.

//1)2(1—y>3d14 (6] //D‘l(y—l)xQdA
//DzCOS(xz)dA //]35(35—1)@4



(The curves in Dy are x = 2y — y? and x = y* — 2y + 4.)

Of course, sometimes it is necessary to draw the region and possibly even switch the order of
integration! For each of the following integrals, draw the region in question, write down an integral
with the reverse order of integration, then finally integrate.

9] /02/:(x+y)dydx /02/0ﬁ(x2_y2)dydx

The real trouble begins when you can’t integrate without switching the order of integration. Here
are four examples of this. You should draw the region of integration!

1 rl ) w/2 pm/2 sin(:c)
1 [ [ e ey m] [ g
0 Jy 0 Y

1 Y et p3
/ / (3z — $3)10 dx dy / / (e — x)° dx dy
0 Jovi 1 Jingy)



Double Integrals — Answers and Solutions

2 42 45
// :L’ydA:/ / xy dy de = —
Dy —1Jz2 8
2 Lo 1
// e’ dA://em dy der == (e—1)
Dy o Jo 2
-// (x —1)y* dA = // Dy? dy dz =0
D3

As pointed out in class, the function f(z,y) is anti-symmetric about the line x = 1, so when
we integrate over a region that is symmetric about x = 1 we should expect to get zero.

2 z+2 2
// 1dA_/ / 1dyd:c_/ [(z+2) — 2% dyde =45
Dy —1 Jz2 -1

Notice that this is the area of the region D;. In the middle of this computation we see the
single-variable calculus formula for the area between two curves (the integral of “the top curve
minus the bottom curve”).

//DQ(l—y)3dA=/Ol/yl(l—y)?’dxdy:/;(l—y)“dy:—%(1—@5
@//my—lx dA = //y_2y+4y—1x dz dy

=3/0 (y—1) [(y —2y+4)° — (2y—y2)3] dy =0

It’s easy to compute this last integral using the substitution v = y* — 2y. Once we make this
substitution we see that the limits of integration are from v = 0 to u = 0; hence the integral
is zero. We could also have used an argument similar to that of Problem 3 to show that this
is zero.

//D cos(x %sm(l)

The point of this problem is to illustrate that if we write it as a Type II integral, as asked,
we get an integral we just can’t compute:

//D cos(z?) dA = /01 /yl cos(z?) dz dy.

On the other hand, if we re-write it as a Type I integral, everything works out nicely:

1 prz 1 1 1 1
// cos(z®) dA = / / cos(2?) dy dx = / xcos(z?) dr = = sin(z?)| = = sin(1).
Dy o Jo 0 2 o 2




//Ds(x—l)dA:/12/04_2y($—1)d$dy+/01/02y(x—1)dxdy:—%+<—%):_g

Note that it would be easy to write this as only one integral if we thought of D5 as a Type |
region:

// (x—1)dA = //“/Q;c—l ) dy dz = —
@/02/:(55‘*‘9)dydx:/OQ/oy(ery)dxdy:zl

Here’s a picture of the region over which we’re integrating:

Y
2

184
10 // (2% — o dydx—/ /x—y d:cdy—1§5 2~ 2.4782.

Here’s a picture of the region over which we're integrating;:




The region of integration is

Thus the integral can be re-written as

LT e b 1
//e’j dydx:/me"” de == (e—1).
0 Jo 0 2

This integral turn out to be the same integral as in Problem 2.

The region of integration is

o[y —F

Thus the integral can be re-written as

T/2  pr o 1
/ / sin(x) dy dx = / sin(x) dx = 1.
0 0 z 0

Note that the function ®2% is undefined at z = 0, which in this region is simply the origin.

sin(x) *

But since —= — 1 as © — 0, we can extend this integrand to be continuous at this point.
Let’s assume that this is what we’ve done.



The region of integration is

Thus we can write the integral as

bt 10 ! 10 212
/ / (32 —2%) " dy dx = / (3z —2°) " (1 —2®) doz = —.
—1 Jz2 1 33

The region of integration is

Thus we can write the integral as

/03/16:6(@90_95)5 dydm:/j(@z—x)‘:’(em—l) d:r::é(e?’—zl),
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For Problems 1-6,

(a) Sketch the region of integration.

(b) Try to describe the region in polar coordinates and decide whether you should use polar
coordinates or rectangular coordinates.

(c) Evaluate the integral. If you are using polar coordinates, remember that dA = r dr db.

// V22 + y? dA, where R is the region 2% + ¢y < 1.
R

// x dA, where R is the region 22 4+ 3> < 1, x > 0.

R

//(x+y)2dA, where R is the region 1 < 22 +3y?> <9, 2 >0, y > 0.
R

Hint: Use the identity sin 26 = 2sin 6 cos 6.

// (x2+y2) dA, where R is theregion 0 <z <1, 0<y < 1.
R



2 Vi-a? 2,2
/ / " dy da
-2Jo

Compute the volume of the solid that is under the paraboloid z = 9 — 22 — y? and above the
xy-plane.

Compute the volume of the part of the sphere z? + y? + (2 + 1)? = 4 which is above the
xy-plane.



Double Integrals in Polar Coordinates — Solutions

(a) The region of integration is the unit circle:
Y

(b) In polar coordinates, the region is 0 < # < 27, 0 < r < 1. This is simple, so we should
use polar coordinates.

(¢) In polar coordinates, the integral becomes

2 1 2 1 27r1 9
/ /rrdrdez/ /r2drd«9:/ —do ="
0 0 0 0 0 3 3

(a) The region of integration is half the unit circle:

(b) In polar coordinates, the region is —7/2 < 0§ < 7/2, 0 < r < 1. This is simple, so we
should use polar coordinates.

(¢) In polar coordinates, the integral becomes

/2 pl /2 rl ™/2 1 9
/ rcos@rdrd&z/ / 'r’QCosﬁdrdﬁz/ —cosf df = —.
—7/2J0 —m/2J0 —7/2 3 3

(a) The region of integration is one quarter of an annulus (the region between two circles):




In polar coordinates, the region is 0 < 6 < 7/2, 1 < r < 3. This is simple, so we should
use polar coordinates.

In polar coordinates, the integral becomes

w/2 3 w/2 3
/ / (rcos@ + rsinf)? r dr df = / / r(rcosf + rsin6)* dr db.
0 1 0 1

Multiplying out the square and using the identities sin?6@ 4 cos?># = 1 and 2sin 6 cos § =
sin 26, the integrand becomes

r(rcos® +rsinf)? = r® cos®  + r*sin? 6 + 2r® sin f cos § = r*(1 + sin 26).

Thus the integral is

w/2 3 /2
/ / (1 + sin 20) dr df = / 20(1 + sin260) df = 107 + 20.
o J1 0

The region of integration is a square:

Y
1

This region is not easy to describe in polar coordinates! However, it’s easy to describe
in rectangular coordinates because it is just a square.

In rectangular coordinates, the integral is

1 1 1/ 9
// (x2+y2) d:z:dy:/ —+9%) dy = =.
0o Jo o \3 3

The region of integration is a half circle:

! \ \ !
-2 -1 1 2

In polar coordinates, the region is 0 < 8 < 7, 0 < r < 2. This is simple, so we should
use polar coordinates.

a




(c¢) In polar coordinates, the integral becomes

T 2 T 2
/ / e rdr df = / / re” dr de.
0o Jo o Jo

To evaluate the inner integral, set v = r%. Then du = 2rdr and u goes from 0 to 4 as r

goes from 0 to 2, so
2 4 4
1 -1
/Tergdr:—/ e“du:e .
0 2 Jo 2

Thus the double integral is

Tet—1 et — 1
df = )
/0 2 S

[ 6] (a) The region of integration is the unit circle:
Y

(b) In polar coordinates, the region is 0 < # < 27, 0 < r < 1. This is simple, so we should
use polar coordinates.

(c¢) In polar coordinates, the integral becomes

27 1 27 1
/ / \/1—r2rdrd9:/ /T\/l—rzdrdﬁ.
o Jo o Jo

To evaluate the inner integral, set u = 1 — r?. Then du = —2rdr and u goes from 1 to 0
as r goes from 0 to 1, so

! 1[0 1
/7“\/1—7“2d1”:—§/ \/ﬂdu:§.
0 1

R o
—dp = —.
/0 3 3

Notice that geometrically, this integral is just calculating the volume of the upper hemi-
sphere of 2% +y% + 22 = 1.

Thus the double integral is

First, we must find the region to integrate over; this will just be the interior of the intersection
of the paraboloid with the xy-plane (see Figure 1). That intersection is given by setting z = 0
toget 9—a? —y% =0, or 22 +y? = 9. Thus we want to integrate over the disk 22 +13% < 9. The



Figure 1: Surface for Problem 7

function to integrate is the height of the paraboloid above the xy-plane, which is z = 9—22—y?2.

Thus we want to calculate the integral

//R(9—$2—y2) aA

for R the disk 2? +y% < 9. In polar coordinates, this integral is

2 3 2 3 2 1 1 1
/ /(9—r2)rdrd0:/ /(9r—r3) drd@:/ (8——8—) T
0 0 0 0 0 2 4 2

First, we must find the region to integrate over; this will just be the interior of the intersection
of the sphere with the zy-plane (see picture). That intersection is given by setting z = 0 to get
22 +y?+1 = 4, or 22 +y? = 3. Thus we want to integrate over the disk 22442 < 3. The function
to integrate is the height of the sphere above the xy-plane, which is z = /4 — 22 —y? — 1.
Thus we want to calculate the integral

// —x?—y—1) dA

for R the disk 2? + % < 3. In polar coordinates, this integral is

27 27 27 \/5
/ / —7"2—1>rd7"d9—/ / 4 —r2dr df — / / r dr do.
o Jo

The second term is just



For the inner integral in the first term, set u = 4 — r2. Then du = —2rdr and u goes from 4
to 1 as r goes from 0 to \/5, SO

V3 1! 7
/ r\/4—r2d7“:—§/ \/ﬂdu:g.
0 4

Thus the first term is

Putting it all together, the volume is

21 V3 2 V3 14
/ / r\/4—r2drd9—/ / rdrd@z%—?ﬂr:ir.
o Jo o Jo
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In this problem, we’ll find the surface area of a sphere of radius a. We think we know that
the answer should be 47a?, but now we’ve defined the area of a parameterized surface to be

A://R|ru><rv| dA, (%)

so we should be able to make sure.

(a) Use spherical coordinates to write down a parameterization of the sphere of radius a.
Recall that we can use spherical coordinates to parameterize the sphere of radius a as

r(¢,0) = (asin(¢) cos(0), asin(¢) sin(f), a cos(d)).

What values of ¢ and 0 are needed to parameterize the entire sphere? (This will tell you
the region R over which we will integrate.)

(b) Now find r, and ry using the parameterization from part (a).
(c) Compute |ry; x rg|. You should get a?sin(g).

(d) Find the surface area of the sphere using the formula (x).

One particular parameterization that we might take is for the graph of a function z = f(z,y).
We can then replace (u,v) with (z,y), so we get the parameterization

r(v,y) = (x,y, f(2,y)) .

(a) Use the above expression for r(z,y) to compute r,, r,, and |r, X r,|.

(b) Use your answer to part (a) and equation (x) to find that the surface area of the graph
of the function f(z,y) is

A://RmdA://R\/lJFWﬂZdA. (%)

(c) Use equation (xx) to find the surface area of the paraboloid z = x? + 3 that lies over
the disk 22 + 4% < 9 of radius 3.



Another particularly straightforward set of examples is surfaces of revolution. If we revolve
the graph a function f(z) (@ < x < b) around the z-axis, we get a surface that may be
parameterized by

r(z,0) = (x, f(z)cos(), f(z)sin(h)) .

(a) Compute r, and ry.

(b) Show that |r, x rg| = f(x)/1+ (f'(z))*.

(c) Use your answer to part (b) to deduce that the area of this surface of revolution is given
by

A—or / b1+ (f(2)? da. ()

Use equation () to compute the area of the frustrum of a cone
obtained by revolving the line y = = (between x = 1 and z = 2)

)
around the z-axis. (Note: this problem is really easy using the
above equation.) 2+
1 J
N
—H
| x
1L v
_2 .

Let’s re-do Problem 1, now thinking of the sphere as a surface of revolution. Compute the

surface area of a sphere of radius a by revolving the curve y = va? — 22 (—a < z < a) around
the z-axis.
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Evaluate the following triple integrals as iterated integrals.

(a) //[E vy dV, where E = [0,1] x [0,2] x [0,3].

(b) ///E xy*2* dV, where E = [~1,1] x [-3,3] x [0, 3].

(c) ///E y?z cos(zyz) dV, where E = [0, 7] x [0,1] x [0,2].

Hint: Try using different orders of integration.

For each of the following regions E, write the triple integral [[[, f(z,y,2) dV as an iterated
integral. There may be up to six different ways to do this, depending on whether you write it
with dx dy dz or dz dy dx or dx dz dy or. ..

(a) The tetrahedron bounded by the planes x +y+ 2z =1,z =0,y =0, and z = 0.
(b) The (solid) sphere z* + y? + 2% = a?.

(c) The region between the paraboloid z = 1 — y* — 22 and the yz-plane.



(d) The region bounded by the surface z = 3zy + 1 and the planes z = 0, z = 0, =z = 1,
y=0,and y = .

(e) The region bounded by the cylinder 22 4+ 22 = 1 and the planes y = 0 and y + z = 2.

(f) The pyramid whose base is the square [—1, 1] x [—1, 1] in the zy-plane and whose vertex
is the point (0,0, 1).

Evaluate the following integrals.

(a) /// 1 dV, where E is the region in Problem 2(a).
E

(b) /// z dV, where E is the region in Problem 2(d).
B

Find the volume of the pyramid described in Problem 2(f).

Consider a brick in the region [0, 1] x [0, 2] x [0, 1] whose density at a point (z,y, z) is p(x,y, 2) =
2 4+ xy — 2z. Find the mass of the brick.



Triple Integrals — Solutions

(a) The integral is

1 2 3 1 p2
///xydzdydx://?)xydydx
o Jo Jo o Jo
1 22
= - — d
/OSx(2 0) x

1
= / 6x dv = 3.
0
(b) The integral is

3 03 gl 3 3 12 (—1)2
/ / / zy32? do dy dz = / / s (— — ) dy dz = 0.
o J-3J-1 0o J_3 2 2

Note that we can put the three integrals in whatever order we want, and putting the
integral with respect to z first makes the computation easier.

™ 1 2
/ / / y?z cos(zyz) dz dy de,
o Jo Jo

we have to use integration by parts and the integral is lots of work. However, if we write

it as e
/ / / y?z cos(zyz) d dz dy,
o Jo Jo

it is a lot easier. In the inner integral, we can note that

(c) If we write the integral as

—ysin(zyz) = y*z cos(zyz)

ox

so we get

1 2 pm 1 2
/ / / y?z cos(zyz) dr dz dy = / / (ysin(myz) — ysin(0)) dz dy
o Jo Jo o Jo

1 2
= / / ysin(myz) dz dy.
o Jo

— cos(ryz) = —ysin(zyz)

0z

We then similarly have

SO

/01 /Ostin(ﬂyz) dz dy = _71 /Ol(cos(27ry) — cos(0)) dy

= _71/0 (cos(2my) — 1) dy

™



We only give one possible way to express each integral; there are others that are equally
correct.

// f(x,y,2)dV = // / f(x,y,2) dz dy da.
Va2—z2 a2—m2—y
E —aJ—VaT—z? a2,x2

(c) This region is defined by the inequality 0 < z < 1 —y? — 2% For 1 — y? — 22 to be

nonnegative, we also need (y, z) to lie on the disk D bounded by y* + 2% = 1. Thus we

get
//Ef(x,y,z) dV://D/Ol_yQ_ZQf(x,y,z) dz dA
:/11 /\/\/11___222/01_y2_22f(x,y,z) dx dz dy.

d) This region is defined by the inequalities 0 < 2 < 3zy+1,0< 2z <1,and 0 <y <z, so
(d) g y q y , y <,

we get
f(x,y,2) dV = A f(z,y,2) dz dy dz.
111, Iy

(e) Being between the planes y = 0 and y + z = 2 says that 0 <y < 2 — z, and being inside
the cylinder says that (z,z) is in the disk D bounded by z? 4+ 2% = 1. Thus we get

// flz,y,2)dV = /// flz,y,2) ydA = //_ / f(z,y,2) dy dz dx.

(f) In the pyramid, z ranges from 0 at the base to 1 at the top. The cross-section of the
pyramid given by a fixed value of z is the square [-1+ 2,1 — z] x [-1 4 2,1 — z]. Thus

we get
1 1—2 1—z
J[[swwaav=[ [ [ty dedyie
E 0 J—14zJ-1+z

(a) The integral is
1 -z l-z—y 1 11—z
// / 1dzdydx:// (1—z—vy)dydx
o Jo 0 0 Jo
1 2
:/ ((1—x)2—(1 x))d:c
0 2

11 )2
2/ (1—2) dr = 1
0 2 6




(b) The integral is

1 T 3xy+1 1 T 12
/// zdzdydx://wdydx
o Jo Jo o Jo 2
1 1 T 5 o
== (9z%y” + 6xy + 1) dy dx
2Jo Jo

1! 7
:—/(3x5+3x3+x)dx:—.
2/, 8

The volume of a region F is given by the integral [[[,1dV. In this case, that integral is

/ / / 1d1:dydz—/ / (2 —22) dydz
—1+z J—-142 1+z
4
= 2—22)°dz=-.
- [(e-2e2 =

The mass is given by integrating the density over the region, so the mass is

1 2 p1 12
///(2+:€y—2z)dzdydx://(2+xy—1)dydx
o Jo Jo o Jo

1
:/ (4422 —2) dy dx

0

=44+1-2=3.
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Define the operator V (pronounced “del”) by

.0 8

Notice that the gradient Vf (or also grad f) is just V applied to f.

(a) We define the divergence of a vector field F, written divF or V - F| as the dot product of
del with F. So if F = (P, @, R), then

9 8 0 o . 0Q _ OR
wFov.F=(2 2 9 .
divk =V <ax’ay’az> (POR) =5+ 5, T as

Notice that divF is a scalar.
Find div F for each of the following vector fields:

(i) F = (zy,yz, x2) (ii) F = (yz,xz,zy)

(i) F=(s2%2)

(iv) F = grad f, where f is a function with
where r = /72 + y% + 22 continuous second derivatives

We define the curl of a vector field F, written curl F or V x F, as the cross product of del
with F. So if F = (P, @, R), then

o e =

i
o 0 0 s 3
curlF =V x F = <a—a—&>X<P,Q,R>—6
@

r Oy
(@_3_

P Q
oP OR oQ oOP
— = — )] — —— | k.
(82 8x>‘]+<8x 8y)
Notice that curl F is a vector.

Find curl F for each of the following vector fields:

(i) F = (zy,yz,xz) (ii)) F = (yz,zz, xy)

(i) F=(%%2)

(iv) F = grad f, where f is a function with
where r = /22 + y% + 22 continuous second derivatives



Check the appropriate box (“Vector”, “Scalar”, or “Nonsense”) for each quantity.

Quantity @ Vector Scalar Nonsense Quantity  Vector Scalar Nonsense

curl(V f) [] [] [] curl(curl f) []
V.vxF) O [ (] grad(div /) [
div(curl f) [] [] [] div(grad F) ]
curl(curl F) [] [] [] V- (Vf) ]
V(V-F) [] [] [] div(div F) []

(a) Suppose we have a vector (P, Q) that we extend to a vector in space: F = (P(x,y), Q(x,y),0).
Find curl F.

[ | I [
[ | I [

(b) When is the vector field F in part (a) conservative? Use the curl in your answer.

(c) UF =V f = (fs, [y, f.) is conservative, then is curl F = 07 (See Problem 1(b)(iv).)

In fact, we can identify conservative vector fields with the curl:

Theorem: Let F be a vector field defined on all of R?. If the component
functions of F all have continuous derivatives and curl F = 0, then F is a
conservative vector field.

Show that, if F is a vector field on R*® with components that have continuous second-order
derivatives, then divcurl F = 0. (This is less useful for us right now than curlgrad f = 0, but
it’s not a difficult computation.)



We can re-write Green’s theorem in vector form (we get the formula on the left, below). The
formula on the right can be thought of as a version of Green’s theorem that uses the normal

component rather than the tangential component:

fF-dr:// (curlF) -k dA and %F-nds:// div F(z,y) dA.
c D c D

Wt.—r () s the outward unit normal.) For each of the following

(If r = <l’(t),y(t)>, then n = m
vector fields F and paths C, compute the integrals above using these vector forms of Green’s

theorem:

(a) F = (—y,x) and C is the unit circle, positively oriented.

(b) F = (2x,2y) and C is the unit square (with corners at (0,0), (1,0), (1,1) and (0,1)),

positively oriented.

(While we'll never really look at the normal version of Green’s theorem again, one of our
big integral theorems next week can be thought of as a higher-dimensional version of it.)

Here are sketches of a few vector fields F = (P(z,y), Q(z,y),0) (they’'re drawn in the plane, but
they’re defined in all of space). Can you tell which one has zero curl? Zero divergence?

h SO0\ Yo oo s NNN WY/
Vs RN NN NN 37
é//ﬂ_\\\\ NN NN A S
/ﬂﬁ:‘i??\x MRS SOEE R S
‘K‘l\‘\‘\";//z/ 74/r* “QEL —4 . 4 N A
NNNS[T 0 s 10N S NN
AT B i RN S P B SANANRN

N d /LT y0\>\\

F = (22,2



Curl and Divergence — Answers and Solutions

(a) (1) divF=x+4+y+=2

(ii) divF =0
(iii dlvF—y:rz + g +9”j3y = (2+r%+z2)

(iv) divF = div(grad f) = fux + fyy + f2z. This is the Laplace operator applied to f.

)
)
)
)
(b) (i) curlF = (—y, —z, —x)
)
)
)

(ii) curl F =0
(iii) curl F =0

(iv) curl F = curl(grad f) = 0.
Two quick comments:

e Notice that the vector from part (ii) is actually an example of this, since F =

grad(xyz) = (yz,xz,zy). The vector for part (iii) is F = grad(y/z? + y% + 22), so
it is another example as well.

e We'll see later on in this worksheet that curl F = 0 precisely when F = grad f (when
we make some continuity assumptions about the derivatives of the components of
F.

Here are some answers, although half are blank as they match questions from the homework:

Quantity Vector Scalar Nonsense Quantity  Vector Scalar Nonsense
curl(V f) [] [] curl(curl f) [] []
VA(VXE) [ [] gaddivy) [] [ N
div(curl f) [] [] div(grad F) ] []
crl(cwrlF) ] [ [ vivh) O O N
vweR) O [ [ dvdivE) [ [ N

(a> CurlF:<O O’ Ox ?9_13; :<0v07Q1_Py>

(b) A planar vector field F = (P, () is conservative when ), — P, = 0. This means there’s a
function f(z,y) with P = f, and @ = f,. We also get f, = 0 since f is a function of only
z and y, so F = (P(z,y),Q(z,y),0) is conservative under this same condition. From part
(a), this means that F is conservative when curl F = 0.

~_

(¢) Yep, we've already seen that curlgrad f = 0.
Here’s a quick detailed computation:

diveurl F = div (V x (P, Q, R))

B oOR 0Q oP OR oQ 0P

=V [(83/_82) +(8z_8x) +(8x_8y)k]
L0 (OR_0Q\ 9 (9P _OR\ 0 (0@ 0P
C0x \dy Oz Jy \ 0z Ox 0z \Or Oy

[ R B 0%Q n o?P B 0’R n 0%Q B o0?P
-\ 0oz 0y Ox 0z Oy 0z Oy Ox 0z 0x 0z Oy

( sz) ( zy — ) (sz - z) .




(a)

We do this both ways, of course. First let’s parameterize C by r(t) = (x,y) = (cos(t),sin(t)),
so dz = —sin(t) dt and dy = cos(t) dt. Thus

fg F.dr — /0 " sint), cos(t)) - (— sin(t), cos(t)) df = /0 L dt = o,

The double integral is also straightforward: writing F = (—y, z, 0) as a vector field in space,
we get curl F = (0,0,2). Thus, since k = (0,0, 1), we get

//D(curlF)-de—//D2dA—2-Area(D)—27r.

The normal component version requires us to have a unit outward-pointing normal n. For
the unit circle, the unit normal at the point (z,y) is simply n = (z,y). (One way to see
this is to parameterize the circle as r(t) = (z(t), y(t)) = (cos(t),sin(t)), so by our formula n
is the unit vector in the direction (y/(t), —2'(t)) = (cos(t),sin(t)). But this is a unit vector
already, and in fact it is the vector <x,y> ) Thus F-n = (—y,z) - (z,y) = 0, so the line
integral is zero. Note also that divF = 2 (—y) 4+ & (z) = 0, so the double integral is also
Z€ro.

Y

Again we do this both ways. We'll parameterize C' in four parts (all with 0 <t < 1):

Cy: r(t) = (x,y) = (t,0) Cy: r(t) = (x,y) = (1,1)
Cy: r(t)=(x,y)=(1—-11) Cy: r(t)=(z,y) =(0,1—1t)

From this we get four integrals:

/ClF.dr:/Cl(2x,2y>.<dx,dy>:/01<2t’0>.<dt’0>:/012tdt:1
/(;2F'dr:/c2<2$’2y>'<dx’dy>:/01<2’2t>'<0>dt>=/012tdt:1

/CF-dr:/c(2x,2y>-(dx,dy>:/01<2(1—t),2>-<—dt,0>:/012(t—1) dt = —1

/CF.dr:/c<2x,2y>-<dx,dy>:/01<o,2(1—t)>-<o,—dt>:/Olz(t—m dt = —1.

/F-dr:/—l—/ —l—/ —i—/ =14+41-1-1=0.
c ca Jeo Jos Jo

The double integral is considerably easier: writing F = (2z, 2y, 0) as a vector field in space,
we compute curl F = 0, so the integrand in the double integral is zero. Thus the double
integral is zero as well.

Thus

The normal component version requires us to have a unit outward-pointing normal n. These
are simple to find for each component (using the above parameterization):

Cli n:—J:<0,—1> OQI n:i:(1,0>,
Cs: n=j=(0,1), Cy: n=—-i=(-1,0).



Thus the integrals are all (note that ds = dt in each case)
1
/ F-nds:/ (26,0) - (0,—1) dt = 0
Ch 0

1 1
/F-nds:/(2,2t>-(1,0>dt:/ 2dt =2
Co 0 0

/CF.nds:/ol<2(1—t),2>-<o,1>dt:/olmt:z

/C F-nds:/ol(O,Q(l—t»-(—1,0> = 0.

/F~nds:/—|—/ —l—/ —l—/ =0+2+2+0=4.
c a Joo Jos Joy

The double integral is again much simpler: we compute divF = 2 4 2 = 4, so the double
integral is just 4 times the area of the square. Thus the double integral has value 4 as well.

Thus

@ The idea here is that we can do this two ways: first, we can compute the curl and divergence of

the given vector fields:
(a) divF =0 (b) divF =0 (c) divF =4
curl F = (0,0,2) curlF =0 curlF =0
Thus we see that the first vector field is the only one with a non-zero curl, and that the last

vector field is similarly the only one with a non-zero divergence.

Here’s a way to see this from the graph. We'll use the two Green’s theorems from the previous

problem:
%F-Td:;:// (curlF) -k dA
c D

j{F-nds:// divF dA.
c D

(Here we've written the first one slightly differently, but it’s the same. Since dr = r/(t) dt and
T = Lt;‘ and ds = |r/(t)| dt, we get dr = T ds.)

HC
Let’s start with the curl and the first of Green’s theorems. Let’s integrate around a small circle
C centered at the origin. We’ll choose it so small that curl F is essentially constant on the tiny
little disk D bounded by C. By this argument, the double integral is roughly

//D (curl F) - k dA ~ //D (curl F(0,0,0)) - k dA = ((curlF(0,0,0)) .k>  Area(D).

On the other hand, the line integral is the integral of F - T. This is the tangential component of
F, and in particular

F-T >0 means F and T are mostly in the same direction,

F-T <0 means F and T are mostly in opposing directions, and



In the case of the first sketch, it’s clear that F is mostly parallel to the tangent vector to the
small circle C', so F - T > 0. Thus f() F-T ds > 0, so by Green’s theorem,

(curl¥(0,0,0)) -k > 0.

The moral: the curl of F is non-zero means that there is some kind of rotation in the vector
field. We’ll see much more of this later.

We could do something similar with the divergence. Let’s cut straight to the chase: the (outward-
pointing) normal n produces a positive divergence at the origin. This gives us what we call a
source (when divF > 0) at the origin; if the vector fields were pointing in we’d get a sink (and
divF < 0).
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//f(x,y,z) dS = //f(r(u,v)) lr, X r,| dudv,
S D

where f is a function defined on the parametric surface r(u,v).

A surface integral is

Evaluate the surface integral %

//S(l—irz) ds,

where S is that part of the plane x +y + 2z = 2 in the
first octant.

Suppose F is a continuous vector field on an oriented surface S with unit normal vector n. The surface

integral of F over S is
//F-dS://F-ndS://F-(ruxrv)dudv
s S D

for a parametrically defined surface.

Evaluate the surface integral ffs F - dS, where F = yi — xj 4+ zk and S is the part of the sphere
22 + y? + 2% = 4 in the first octant with inward orientation.



Evaluate the surface integral [[F -dS, where F = (x,y,2z) and S is the part of the paraboloid
S

z =4 — % — y? that lies above the unit square [0,1] x [0, 1] with the downward orientation.

Evaluate the surface integral [[ F-dS, where F = zi + yj + (22 + 2y)k and S is the part of the
S

paraboloid z = 4 — 2% — y? that lies above the unit disk (centered at the origin) with upward
orientation.

Evaluate the surface integral [[(F -dS, where F = (—z,z,y) and S is the full unit hemisphere
(including the base!) on and above the xy-plane (so z? + y? + 22 = 1 plus a disk) with the
outward orientation.



Flux Integrals — Answers and Solutions

Here we use the parameterization r(z,y) = (z,y,1 — 3o — 1y). From this we find that

ij k
1 11
I'$><I'y:1 0 -3 :<§7§,1>
01 —3

Therefore

ffoo s [l (b o

The region D in our parameter space (the xy-plane) need to cover our surface is the triangle
D={(z,y) : ©>0,y>0, s+y <2},

so we can write our limits as follows:

//1+z ) dS = // (2——33—%3/) dy da
:/02(ix2—2x+3> da

1 8
= —.22-92243.9=—
12 + 3

This is based on Problem 23 from Section 13.6 of the textbook.
One common parameterization of the sphere of radius a is simply using spherical coordinates
(with p = a):

r(¢,0) = {asin(¢) cos(d), asin(¢) cos(6), acos(¢)).
One could then compute ry X rg, but it is easier to just remember that we've done this before
and the answer is:

ry X g = a’sin(¢)( sin(¢) cos(d), sin(¢) cos(6), cos(¢) ).

(See, for example, page 869 of the text.) The coefficient in front is simply the coefficient p? sin(¢)
from the spherical volume element (with p = a) while the vector is simply the unit vector in the
direction (z,y, z) (the radial vector, which is perpendicular to the tangent plane to the sphere).

Notice that the orientation is specified to be the inward normal, so we actually want ry X ry =
—Ty X Iyp.

In any case, with this we proceed. In spherical coordinates (with p = a = 2 in this case), our
vector field is

F = (y,—z,z) = (2sin(¢) sin(#), —2 sin(¢p) cos(0), 2 cos(¢)) .



Thus
F- (1‘9 X I'¢)
= —4sin(¢)(2sin(¢) sin(0), —2sin(¢) cos(f), 2 cos(@) ) - { sin(@) cos(h), sin(p) cos(6), cos(¢))

= —8sin(¢) cos?(¢).
We integrate this over the domain {(¢,6) : 0 < ¢ <7/2, 0 <68 < w/2}, so we have

/ / F.dS — /0 " /0 S sin() cos() db do
S

/2
- _477/ sin(¢) cos?(¢) d¢
0

/2 Ar

S— [—%0033(@]0 -7

Another approach is to use the parameterization by z and y

r(z,y) = <x, y,\/ 4 —x?— y2>

then integrating over the quarter circle in the xy-plane. Let’s see how this goes:

i j k
_0 1 ——r—\_/_ X _ Yy _
rerm_ 4—;32_y2 _< 4—;52—3/27 4—1‘2—3/2’ ]->
10 - \ \

(Notice we've used r, X r, to get the inward-pointing normal.) Thus

T Y
F.-(r,xr,) ={(y,—x,2) - ( — , — , —1
(, % 1) = (y >< —— >
z Y
=(y,—x,\/4— 22— 2>- _— -1
(1= =7) s e 1)
=—\4—x2—y?
and so
2 pvV4—x2
//F~dS:/ —\4—2?—y?dydx
o Jo
S

2Ty 4 — 2 y At
== |SVd-a? -yt sin_l( )} dzx
/0 {2 Y 2 Vd—22)],

as before.



A simple parameterization of this surface is r(z,y) = (x,y,4 — * — y?). Thus

ij k
r, xr,=|1 0 —2z|=(22,2y,1).
01 —2y

(Note that this is not properly oriented. We're told to use the “downward orientation” but here
the k component is positive. Thus we should be using r, x r, = —r, x r, = (-2, -2y, —1).)

Thus
//F -dS = // (x,y,22) - (—2x,—2y,—1) dx dy
S D

= // (—29[:2 — 2% — 22) dx dy.
D

Now we notice that (according to our parameterization) z = 4 — 22 — y. The region D in our
parameter space is a unit square, so we get

//F-dsz/ol/o1 [—22% —2y* —2(4 — 2° — ¢?)) dz dy

S

_ /01 /O1 (~8) dx dy = —8 Area(D) = —8.



One way to do this is to use the parameterization r(z,y) = (x,y,4—2*—y*), sor, = (1,0, —2x),
r, = (0,1, —2y), and so

i j k
r, xr,=|1 0 —2z| = (2z,2y,1).
01 —2y

Thus we can write

F-(r, x1,) = (7,y,22 4+ 2y) - (22, 2y, 1) = 22° + 2y* + 22 + 2y.

//F-dS:// (2x2+2y2+2x+2y) dx dy,
S D

where D is the unit disk. Thus we make the change to polar coordinates, where 222 + 212 + 2z +
2y = 2r% + 2r (cos(0) + sin(0)) and dz dy = r dr df. We get

//SF -dS = /0% /01 [2r2 +2r (cos(0) + sin(e))]r dr df

— /027T /01 [27“3 + 272 (cos(f) + sin(&))} dr df

Hence our flux is

_ /0 E—kg(COS(Q)—i—sin(Q))} do

_ Be . % (sin(6) — cos(&))] S

0

Another approach is to use polar coordinates to parameterize the surface from the very beginning.
That is, we could use the parameterization r(r,6) = (rcos(),rsin(6),4 — r?), in which case
r, = (cos(f),sin(f), —2r) and ry = (—rsin(f),r cos(#), 0), so

i i K
r, xrg=| cos(d) sin(f) —2r| = (2r*cos(h),2r’sin(f),r).
—rsin(f) rcos(d) 0

In these coordinates our vector field is F = (r cos(0), rsin(@), 2r(cos(d) + sin(0))), and therefore
our flux is

/ /S F.dS = /0 K /0 1(rcos(@),7"Silf1(9),27“(cos(0) +sin(0))) - (2r2 cos(6), 2r sin(0), ) dr df

_ /0 - /0 1 2%+ 2% (cos(0) + sin(0)) | dr db,

which is identical to an integral computed above.



Here we need to compute two integrals:

é/F-dS:ZI/F-dS+4/F-dS,

where Sy is the hemisphere (with outward-pointing normal) and S5 is the unit disk in the zy-plane
(with downward-pointing normal).

The integral over Sy is very similar to the previous problem. We’ll use the first parameterization
of Problem 3, namely

r(¢,0) = (sin(¢) cos(d), sin(¢) sin(), cos(¢)).

This gives us an outward-pointing normal

Iy X Ip= sin(gb)< sin(¢) cos(#), sin(¢) sin(h), cos(gb)>,

F‘-(r¢ X rg)
= ( — cos(¢), sin(¢) cos(f), sin(¢) sin(d)) - ( sin®(¢) cos(f), sin*(¢) sin(6), sin(¢) cos(¢) )
= —sin®(¢) cos(¢) cos(8) + sin®(¢) sin(6) cos(8) + sin®(¢) cos(¢) sin(6).

Thus

Z/F-ds

w/2 2
- /0 /0 (_ sin?(¢) cos(¢) cos(f) + sin®(¢) sin(6) cos(6) + sin?(¢) cos(¢) sin(@)) do do

2

/2
/0 (— sin?(¢) cos(¢) sin(f) — sin®(¢) - %Sin2(9) — sin®(¢) cos(¢) COS(Q))

de

0=0

0.

The second integral is even simpler. Here Sy is the unit disk in the xy-plane, with the unit
normal n = —k (straight down). Thus

//F as = //<—zxy (0,0, 1) dA = // ydA,

where D is the unit disk in the zy-plane. We use polar coordinates to compute this integral:

1 2m
//F-dS://—ydA:// —rsin(f) - r df dr
0 Jo
S5 D

1 27
:/ r?cos(f)| dr=0.
0

0



Thus the full integral is

//F~dS://F‘dS—i—//F‘dS:O—l—O:O.
S S1 Sa

We’ll see a simpler way of computing this integral on Wednesday when we learn about the
Divergence Theorem.
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/ Cast of Players: \

FE — a simple solid region with boundary surface. ..

S — given the positive (outward) orientation, and

F — a vector field whose components have continuous derivatives
in an open region of R? containing F

The Divergence (or Gauss’s) Theorem:

é/F-dS:/E//dideV
N J

Let E be the solid unit cube with opposing corners at
the origin and (1,1,1) and faces parallel to the coor-
dinate planes. Let S be the boundary surface of F,
oriented with the outward-pointing normal. If F =
(2xy, 3ye*, xsin(z)), find [[;F - dS using the divergence
theorem. (That is, find this flux integral by computing a
triple integral instead.)

Let E be the solid bounded by the zy-plane and the
paraboloid z = 4 — 22 — 2. Let S be the boundary
of E (that is, piece of the paraboloid and a disk in the
xy-plane), oriented with the outward-pointing normal. If
F = (zzsin(yz)+2°, cos(yz), 3zy2—e* ), find [[,F-dS
using the divergence theorem.

Here’s a modification of the previous problem that adds a little clever trickery. Let’s split up
the surface S into a union S = S; U S; of the piece S; of the paraboloid and the flat disk S,
with both pieces oriented as in the previous problem. If the vector field F is the same as in the
previous problem, find [f, F - dS, the flux of F through ;.

A friend tells you that if S is a closed surface (that is, a surface without a boundary curve), then
by Stokes’ theorem we ought to have [/ gcurl F - dS = 0 for any appropriate F (since there is no
boundary curve (). Is this true? Can you justify it using the Divergence theorem?

Hint: Is div (curl F) something simple?
Hint 2: Recall that div (curl F) =V - (V x F). Is u- (u x v) simple?



This problem should help you understand what the divergence means. Suppose P is a point in
space, let E, be the solid ball centered at P with radius a, and let S, be the boundary of FE,
with the outward-pointing normal. Then

//F-dS:///divF de///divF(P) dV = divF(P) Vol(E,)

Sa Eq

or

1
divF(P) ~ TSI //F-dS.
Sa

(Notice that this approximation improves as the radius a shrinks to zero.)

(a) If divF > 0 at P, would you expect more flux into P or out of P?
(b) If divF < 0 at P, would you expect more flux into P or out of P?
(¢c) What does it mean when divF =0 at P?

@ Suppose F is the ball of radius a centered at the origin, so S the unit sphere with the outward-
pointing normal.

(a) Suppose F = (z — 3y?z,e" — y,2z — cos(zy)). Find the flux of F across S using the
divergence theorem. (Thus you should be computing only the triple integral over E.)

(b) Let’s turn things around: suppose you wanted to compute the volume of E (and, for some
reason, you didn’t know that the volume was %7‘(‘&3). If you could find a vector field F so
that div F = 1, then both integrals in the divergence theorem would find the volume of E.

Try this with this E and F = $(z,y, 2).

Use the trick of the previous problem to find the volume
of a truncated cone by computing a flux integral. Let E
be the part of the solid 22 +¢? < (2—2)? with 0 < z < 1.
Use the vector field F = 1(x,y,0) (or another, if you
prefer). Notice that S, the boundary of F, typically needs
to be broken into three pieces, so it would be ideal for
F - n to be simple (zero, for example) on one or two of
these surfaces.




The Divergence Theorem — Answers and Solutions

We don’t want to do the tedious work of parameterizing six surfaces (the six faces of the cube)
in order to compute the flux integral directly. Instead we’ll use the divergence theorem. Notice
that

divF = (‘fm <2xy) + % <3yez) 887: (x sin(z )) =2y + 3e* + x cos(z).

Thus the divergence theorem says that

//SF-dS ///ddev /// (29 + 3¢ + zcos(2)) d dy dz
// (2y+3e +—Cos( )) dy dz
:/0 (1+3e —l—%cos( )) i

1
:1+3(e—1)—|—§sin(1).

That looks like it would have been unpleasant to compute via six flux integrals.

This is even worse than the first problem. We couldn’t possibly compute the flux integrals over
the two pieces of the boundary (the paraboloid piece and the disk in the zy-plane) — the vector
field F is simply too complicated. Instead, we’ll use the divergence theorem. Notice that

divF = % (mz sin(yz) + xg) + %(cos(yz)) + % <3zy2 _ €x2+y2>

= (Z sin(yz) + 3$2> + ( — zsin(yz)) + <3y2> = 322 + 32

Thus we have from the divergence theorem

//F-dS:///dideV
S E
47127312
= / / / (32° + 3y?) dz dA,
D JO

where D is the disk 2% +y? < 4 in the xy-plane. Thus we’ll use polar coordinates for this double
integral, or cylindrical coordinates for the triple integral:

o2 2 pd—r?
//F-dS:/ // (3r%) r dz dr df
S
27
/ / 127" dr df
2
:/ [37‘ —17’6] do
0 2 0

2w
= / (48 — 32) df = 32r.
0

That wasn’t bad at all.



The difficulty here is that S; is not the boundary surface of a simple solid region, so we can’t
blindly apply the divergence theorem. The standard trick is to add another piece S; to the
boundary so that S = 5; U S5 bounds a region E. This was already done for us in the previous
problem, and in fact we found that

327r://F-dS:// F-dSl+// F . dS.
S S1 Sa

Thus to find the requested flux we can either integrate over Sy (icky!) or Sy (much nicer). We
parameterize Sy with polar coordinates, so r(r,8) = (r cos(6),rsin(f),0) (with 0 < 6 < 27 and
0 <r <2). Then
i j k
rg X r, = |—rsin(d) rcos(d) 0| =(0,0,—r).
cos(f#)  sin(d) O

Note that this vector points downward with is the appropriate orientation for Sy (and why we
chose ry X r, rather than ry X ry). Thus the flux through S, is

// F-dS = / / (0,0, —r) dr do
Sa
2m )
= / / (r® cos®(0),1,—€") - (0,0, —r) dr d
o Jo
27 2 21 2
:/ /rerzdrdﬁz/ ¢
0 2
2w 4

_ _ o 4
_/o 5 df = 27 5 —7r(e 1).

Thus the flux through Sy is 327 — 7 (e* — 1) = 7 (33 — ).

2

do
0

This is true.

We can justify it with the divergence theorem by recalling that div(curl F) = 0. We proved this
in the Curl and Divergence worksheet and Stewart does it in that section as well. The point of
the second hint is that u - (u x v) = 0, since u x v is perpendicular to u, so you can remember
that V- (V x F) = 0 by analogy.

In any case, if S is a closed surface, then we can let E be the solid enclosed by S. Then the
divergence theorem says that

//ScurlF.dS:///Ediv(curlF) dv:///EOdV:O_

(a) If divF > 0 at P, then [[, F-dS > 0 as well, at least when a is small enough. Thus we
would expect flux out of P.

(b) If divF < 0 at P, a similar argument to part (a) says that we would expect more flux into
P.

(¢) When divF = 0 at P, we expect that ffsa F - dS ~ 0. This means that the same amount
of flow in toward P as out from P.



@ (a) We're aiming to use the divergence theorem, so we compute the divergence of F:

_ 0
divF = E (z —3y*z) + By (™ —y) + EP (22 — cos(zy))
=1-14+2=2.

Thus the divergence theorem implies that

//F-dS:///dideV:///QdV:QVol(E):gwa?’.
S E E

(b) What this problem is getting at is that if we have a vector field F with divF = 1, then we
can compute the volume of F via the flux over the boundary S:

Vol(E):/j;//ldV:/;//dideV:é/F-dS.

We'll compute this flux with the given F = %(x, Y, 2).
We parameterize the sphere of radius a with

r(¢,0) = (asin(¢) cos(f), asin(¢) sin(f), a cos(¢)),
from which we find that
i j k
ry X rg = | acos(¢ )cos(@ acos(¢)sin(f) —asin(¢)
—asin(¢)sin(f) asin(¢) cos() 0

n(
= a’sin(¢) (sin(¢) cos(f),sin(¢) sin(f), cos(¢))
= asin(¢) (asin(¢) cos(f), asin(¢) sin(f), a cos(¢))
= asin(¢) r(¢, )

is the outward-pointing normal. Since F = 3r and [r| = a, we get F- (v, xr9) = %@MZ =

3

Lﬂ() Thus the flux is

// - dS = /%/“m d¢d9_/ /—d9_4m.

As expected, this flux is the volume of E.




As in Problem 6(b), we will compute the volume by computing the flux. This time (as suggested)
we'll use F = %(x, y,0), so divF = 1. We split S into three pieces, the top, bottom, and sides:

S1, the top Sy, the bottom Ss3, the sides

Notice that S is the union S; U Sy U Ss3, so

vol(E)://F-dsz//F~dS+//F~dS+//F.dS.

Two of these three new flux integrals are really simple. Notice that the normals for S; and S,
are either n = k = (0,0, 1) or n = —k. Because of the clever way we chose F, however, we thus
get F - dS = 0! So the flux integrals over S; and S, are zero.

On S3 we need to actually compute the flux integrals. This involves parameterizing the surface,
given to us as 2% + y* = (2 — 2z)2. Thus, for fixed z, this is a circle of radius 2 — z. This means
we have the parameterization

r(z,0) = ((2 — z) cos(), (2 — z)sin(0), z),

and so
i i K
rg X, =|—(2—2)sin(d) (2—2z)cos(d) 0] =((2—2)cos(f),(2— z)sin(d),(2 - z))
—cos(6) — sin(0) 1

is the appropriately oriented normal. Since F(r(z,6)) = 1((2— z) cos(), (2 — z) sin(6), 0), we get
the flux integral

21 11 27 1 1 27r7 77T
F-dS:/ /—2—22dzd0:/ [——2—%’] d@:/ —df = —.
//53 0 0 2( ) 0 6( ) 0 0 6 3

Finally, we have found the volume of E: 0+ 0+ %” = %’r (Notice that this agrees with the usual

formula for the volume of a cone: V = %WTzh. The “full” cone has r = h = 2, while the removed

cone has r = h = 1, so the truncated cone has volume $72% — $71% = I¢.)
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For these problems, find / F - dr, where F and C are as given.
c

(a) F = (x,y,z) and C is parameterized by r(t) = (¢,t,t) (0 <t < 1)
(b) F = (2,9, 2) and C is parameterized by r(t) = (t,v/t,Vt) (0 <t < 1)

(c) F = (2zy,2? + 2,y + 22) and C' is parameterized by

r(t) = (t* —t, sin(nt), cos?(nt)) (0<t<1)

(d) F= <—#, xnyQ> and C' is the unit circle in the zy-plane, oriented counter-clockwise.

For these problems, find / / F - dS, where F and S are as given.
S

(a) F = curl(2y, z — 22,yz) and S is the hemisphere of radius 1, centered at the origin and
above the zy-plane, oriented with the upward-pointing normal.

(b) F = curl(2y, z — 2x,yz) and S is the solid disk of radius 1 in the zy-plane, centered at the
origin, oriented with the upward-pointing normal.

(¢) F = curl(2y, 2 — 2z,y2) and S = S(4) U (—S()) is the union of the two surfaces from parts
(a) and (b), oriented with the outward-pointing normals.

(d) F = (2?y — 3z, —xy® + 2cos(y)z, sin(y)z?) and S = S,y U (—S(p)) is the same as in part

().
For these problems, find / / / divF dV, where F and E are as given.
E
(a) F = curl G (where G is any appropriately smooth vector field) and E is any simple solid
(b) F = (z,y? —2yz) and E is the solid ball of radius a centered at the origin

(c) F = (2%, 2yz,2? — 2?) and F is the unit cube with corners at (0,0, 0) and (1,1, 1)



Integral Theorems Review — Answers and Solutions

(a)

(b)

To compute this we “just do it”. Using r(?) (t,t,t), we get F(r(t)) (t,t,t) and

dr = (1,1,1) dt, so
1 1 3
/F-dr:/ <t,t,t)-(1,1,1>dt:/ 3tdt =2
c 0 0 2

Here we could “just do it” again, but the parameterization is messier. It’s simpler to notice
that the vector field F = (x,y, z) is conservative and thus independent of path. We see this
by noticing that

i j k
_ |0 o) 9| _
CurlF—% 8_y &—0
X Yy z

or simply that F = Vf where f = 1 (22 + y* + z?). Since the path in part (b) starts and
ends at the same places as the path in part (a), we can simply integrate over that path.
This is what we've done in part (a), so we get the same answer: %

Another approach would be to use the fundamental theorem of line integrals:

/C Vfdr = f(r(1)) — F(x(0)) = £(1,1,1) — £(0,0,0)
3

Ly 2 2\ 2
(P+1°4+1%) -0 5

)
as before.

Here the key is that the given vector field is conservative. We can see this by computing
curl F = 0 or writing F = Vf, where f = 2%y +yz + 2. Since C is a closed curve (one that
starts and ends at the point (0,0, 1)), the integral must be zero. We could also see this via
the fundamental theorem of line integrals:

/C Vf-dr = f(r(1)) — f(x(0)) = £(0,0,1) — £(0,0,1) =0.

It’s also possible to see this using Stokes’ theorem (where S is some (any!) oriented surface
with C' as its boundary):

/F.dr://curlF.dS://0~dszo.
¢ S S

This is a cautionary tale. Let’s think of our vector as F = (P, Q). Then it’s straightforward
to see that

Either approach is fine.

0Q oP  y*—a?

dr Oy (@@t
so we might think that we can proceed as in part (c¢). That is, we could say that F is
conservative and thus | o F-dr = 0. Or we might apply Green’s theorem: let D be the unit

disk (with C' as it’s boundary), so

/CF-dr:é/(g—g—g—i) dA:é/OdA:O.

Both these conclusions are WRONG! and in fact the line integral has value 2.



What has gone wrong? We've tried to blindly apply theorems without checking the hy-
potheses. In the first case we tried to apply theorem 6 (on page 928) that says that F is
conservative when P, = ;. But we must have this equality on a simply connected region
D. In our case, both P and @) are undefined at the origin (0, 0), so any region D containing
the unit circle also contains a hole at the origin. Similarly, Green’s theorem require that P
and @ have continuous derivatives inside D, which again fails at the origin.

We can compute the actual value using a simple parameterization of C"

r(t) = (z,y) = (cos(t), sin(t)) and so dr(t) = (—sin(t), cos(t)) dt.

Thus
2m in(t t
/F-dr:/ <_Sm( ) cos )>-(—sin(t),cos(t)) dt
C 0 1 1
2T
:/ (sin®(¢) + cos®(t)) dt
0
27
:/ 1dt =2,
0
as claimed.

While we could compute this directly, it seems easier to use Stokes’ theorem to compute a
line integral instead. Here the boundary is simply the unit circle in the zy-plane, so we can
parameterize C' as

r(t) = (z,y,z) = (cos(t),sin(t), 0).

Thus the vector we are integrating is
(2y,z — 2x,yz) = (2sin(t), —2cos(t), 0)

while dr = (—sin(t), cos(t),0) dt. Thus

// curl(2y, z — 2z, yz) - dS = 74(2y, z —2x,yz) - dr
S C

= /0 W<2 sin(t), =2 cos(t), 0) - (—sin(t), cos(t), 0) di

— /027T (—2sin*(t) — 2cos?(t)) dt

27 2w
:/ —2dt = —2t
0

As with part (a), we could compute this integral directly. Now, however, we have even
more of an incentive to use Stokes’ theorem and compute the line integral — we've already
computed this line integral! That is, our surface has the same boundary C' (the unit circle
in the xy-plane) as the surface from part (a), so we can simply use our answer from there:

= —4.

0

// curl<2y, zZ — 2.13, yZ) - dS = %<2y’ z — 2x7yz> -dr = —4r.
S C



(c) Our surface is S(q) U S(_p), the union of the surface from part (a) (with the same outward-
pointing normal) and the surface from part (b) (with the downward-pointing normal, the
opposite orientation from part (b)). Thus

// curl(2y, z — 2x,yz) - dS = // curl(2y, z — 2z, yz) - dS + // curl(2y, z — 2z, yz) - dS
S St

—Sw)
= // curl(2y, z — 2z, yz) - dS — // curl(2y, z — 2z, yz) - dS
S(a) S)

— (—4m) — (—47) = 0.

Notice that it doesn’t matter what the values of the surface integrals from part (a) and part
(b) were, it only matters that they were the same. Thus the given surface integral over the
closed surface S,y U —S) will always be zero. This is because of two facts:

(i) Both Sy and S are oriented surfaces that have the curve C' (as oriented) as their
boundary, and

ii) The flux integrals over S(,) and S involve integrating a vector field that is a curl, and
(a) (b)
thus we can apply Stokes’ theorem.

Another approach is to apply the Divergence theorem. That is, since we're integrating over
a closed surface S that bounds a solid hemisphere (we’ll call this E), then

// curl(2y, z — 2z, yz) - dS = /// div (curl(2y, z — 2z,yz)) dV.
S E

Now the key is the div(curl G) = 0 for any vector field G, so this integral is zero.

(d) This is very similar to part (c¢). Perhaps the simplest approach from (c¢) that we could use
here is the last one, using the Divergence theorem. In this approach we again let E be the
solid unit hemisphere that has S as its (oriented) boundary. Thus

/S/F-dS:/E//(divF) dv,

where F = (2%y — 3z, —xy? + 2cos(y)z, sin(y)z?) so

i — 2 20 _ g 2 ﬁ : 2
divF = o (z*y — 3z) + 9 (—zy® + 2cos(y)z) + e (sin(y)z?)
= 2zy + (—2zy — 2sin(y)z) + 2sin(y)z = —3.

Thus our flux integral is (again!) zero.

//F LdS = /// (=3) dV = —3Vol(E) = —3 (§w> — _om

where we’ve used the fact that the volume of a hemisphere is 27r® (and here r = 1).



(a) The key here is that div (curl G) = 0 (this is just an application of Clairaut’s theorem on
order of partial derivatives). Thus

/E//diVFdV:/E//div(curlG) dV:/E//dezo.

(b) Here

: o) o, 5 0
divF = g(x) +8_y(y )+&(—2yz) =1+2y—2y=1.

///divF dV:///ldV:Vol(E) zgwa?’,

since F is a ball of radius a.

Thus

(c) Here

. - 8 2 8 2 2\ _
dlvF—a—x(x)+—(2yz)+$(x 2%) =2x + 2z — 2z = 2.

Thus, since £ = {(z,y,2) : 0<z <1, 0<y <1, 0<z<1}, we get

/E//dideV:///Qde:/01/01/012xd3:dydz:1_

E



