Vectors and the Dot Product

1. Are the following better described by vectors or scalars?

The cost of a Super Bowl ticket.

(a
(

b) The wind at a particular point outside.

)
)
(¢) The number of students at Harvard.
(d) The velocity of a car.

)

(e) The speed of a car.

2. Bert and Ernie are trying to drag a large box on the ground. Bert pulls the box toward the north with
a force of 30 N, while Ernie pulls the box toward the east with a force of 40 N. What is the resultant
force on the box?

Definition. The dot product ¥ - @ of two vectors ¢ and w is defined as follows.

e If ¥ and W are two-dimensional vectors, say ¥ = (v1,v9) and @ = (w1, ws), then their dot product
is V1w + vaws.

e If ¥ and W are three-dimensional vectors, say ¢ = (v1, v2,v3) and @ = (w1, we, w3), then their dot
product is viwy + vows + v3ws3.

It is not possible to dot a two-dimensional vector with a three-dimensional vector!

3. (a) What is (1,2) - (3,4)7

(b) What is (1,2,3) - (4, —5,6)7

Here are some basic algebraic properties of the dot product. If «, ¥, and W are vectors of the same
dimension and c is a scalar, then




4. True or false: if @, U, and W are vectors of the same dimension, then @ - (¥ - @) =

5. What is the relationship between ¥ - ¢ and |9]?

6. Find the angle between (1,2,1) and (1, —1,1).

7. Find the vector projection of (0,0, 1) onto (1,2, 3).

8. True or false: If ¥ and @ are parallel, then |0 — | = |¥] — |].

9. If ¥ and @ are vectors with the property that |+ @|?> = |#]> + |@]?, which of the following must be

true?
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(c) ¥ is orthogonal to .
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(d) ¥ is parallel to .



Vectors and the Dot Product

1. Are the following better described by vectors or scalars?

(a) The cost of a Super Bowl ticket.

Solution. Scalar — the cost is just a number.

(b) The wind at a particular point outside.

Solution. Vector — the wind has both a speed and a direction.

(¢) The number of students at Harvard.

Solution. Scalar.

(d) The velocity of a car.

Solution. Vector. The velocity is defined to be both the speed of the car (how fast it’s going)
and the direction it’s going.

(e) The speed of a car.

Solution. Scalar. The speed refers only to how fast the car is going; it is the magnitude of the
velocity vector.

2. Bert and Ernie are trying to drag a large box on the ground. Bert pulls the box toward the north with
a force of 30 N, while Ernie pulls the box toward the east with a force of 40 N. What is the resultant

force on the box?

Solution. The force Bert is applying can be described by the vector (0, 30), while the force Ernie is
applying is (40, 0). We know that the resultant force can be obtained simply by summing the individual

force vectors, so the resultant force is | (40, 30) |

3. (a) Whatis (1,2)-(3,4)?
Solution. 1-3+2-4 = .
(b) What is (1,2,3) - (4,—5,6)¢

Solution. 1-4+2-—5+3-6=[12]

4. True or false: if i, U, and W are vectors of the same dimension, then i - (V- W) = (4 - V) - .

Solution. Completely false. In fact, the statement doesn’t even make sense! ¥ -1 is a scalar, and we
can’t dot a vector with a scalar, so @ - (¥ W) is meaningless.

5. What is the relationship between ¥ - ¥ and |v]?

Solution. ¥ - ¥ is equal to |7]?. Again, this is easy to see from the component definition. For a two-
dimensional vector ¥ = (v1,vs), ¥+ 7 = v} + v3 = |#]. For a three-dimensional vector 7 = (vq,v2, v3),
S =02 02 9 (2
U-U=vf +v;+0v; = 0]

6. Find the angle between (1,2,1) and (1,—1,1).



Solution. Let ¢ = (1,2,1) and @ = (1,—1,1), and let § be the angle between ¢ and w. Then, we
know that ¢ - @ = |v]|w]| cosf. We calculate that - W =1-1+2-—-1+1-1=0, so 0 = |7]|w]| cos .
Since the lengths |v] and |@] are both positive, cos = 0, so 6 = 7.

. Find the vector projection of (0,0,1) onto (1,2,3).

Solution. Let 7 = (0,0,1) and & = (1,2,3). We saw in class that the projection of ¥ onto @ is =
In this case, ¥- % = 3 and @ - W = 12 4 22 4+ 32 = 14, so the projection is %(LQ,?)) = <1—34, %7 1—94 .
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. True or false: If ¥ and & are parallel, then |0 — | = |v] — ||

Solution. False. For example, let ¢ = (1,0,0) and @ = —(1,0,0). Then, ¥ — & = (2,0, 0), which has
length 2. On the other hand, ¢ and @ both have length 1, so |7] — |@| = 0.

. If ¥ and G are vectors with the property that |7+ w|? = |0]? + |w|?, which of the following must be true?
(a) U= .
(b) 7 =0.
(c) U is orthogonal to .
(d) ¥ is parallel to .
Solution. (c).

We can rewrite the equation |7 + @|? = |#]? + |@|? using dot products:

(T+@) (G+®) = T-T+w-0
BT+ 200+ 8T = B+ AT
2 - 0
7w 0

This is, of course, exactly what it means for ¢ to be orthogonal to .

You could also think about this problem geometrically. If ¢ and @ are not parallel, then ¥, @, and
U 4 @ form a triangle:

The equation |7+ @|? = |]2 + |5|? says that the sides of the triangle satisfy the Pythagorean Theorem,
so the triangle must be a right triangle with ¥4 @ as the hypotenuse and ¢ and @ as the two legs. In
other words, ¥ and W must be orthogonal.



Cross Product and Triple Product

Algebraic definition of the cross product. If ¥ = (v1, vy, v3) and @ = (w1, wy, w3), then we define
U X W to be (vows — v3wa, V3w — VW3, V1Wa — VoW1 ).

There is a handy way of remembering this definition: the cross product ¥ x w is equal to the determinant
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Note: The cross product is only defined for three-dimensional vectors.

1. For this problem, let 7 = (1,2,1) and @ = (0, —1, 3).

(a) Compute ¥ x .

(b) Compute @ x .

(c¢) Let @ = ¥ x w, the vector you found in (a). What is the angle between @ and ¥? @ and w?

2. In general, what is the relationship between ¢ x @ and W x ¢7




3. Any two vectors ¢ and W which are not parallel determine a triangle, as shown. What is the relationship
between the area of the triangle and v x w?
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4. If ¥ and w are parallel, what is ¥ x w?

5. If the scalar triple product @ - (¥ x @) is equal to 0, what can you say about the vectors @, ¥, and w7

6. Find an equation for the plane which passes through the points (1,0,1), (0,2,0), and (2,1,0).

7. True or false: If &t x ¥ =4 x W
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8. True or false: If ¥ x @ =0 and 7 - @ = 0, then at least one of @ and @ must be 0.



Cross Product and Triple Product

1. For this problem, let 7 = (1,2,1) and @ = (0, —1, 3).
(a) Compute U X 0.
Solution. (7,-3,-1).
(b) Compute W x v.
Solution. (—7,3,1).
(¢) Let @ =7 x W, the vector you found in (a). What is the angle between @ and ¢ @ and w?

Solution. To find the angle between two vectors, we use the dot product.

U =(7,-3,-1)-(1,2,1) = (7)(1) + (—=3)(2) + (=1)(1) = 0, so « is orthogonal to v.

S

w-w=(7,-3,-1)-(0,—-1,3) = (7)(0) + (—=3)(—1) + (—=1)(3) = 0, so @ is also orthogonal to .

2. In general, what is the relationship between U X W and W X U'?
Solution. From the definition of ¢ x w, you can compute directly that ¥ x @ = —j x .

Here’s another way to get the same conclusion. Let 6 be the angle between ¢ and . Then, we know
that the length of ¥ x @ is |¥]|W]sin 6, and the length of W x ¥ is |&||0|sinf. So, ¥ X @ and W x ¥
have the same length. Also, ¥ x @ and W x ¢/ are both orthogonal to both ¢ and w, so they are either
the same vector or negatives of each other. The right-hand rule tells us they must point in opposite
directions, so ¥ X W = —w X .

3. Any two vectors U and W which are not parallel determine a triangle, as shown. What is the relationship
between the area of the triangle and v X W?

<y
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Solution. The base of the triangle has length |@|, and the height of the triangle is |¥/] sin 6, so the area
of the triangle is |7]||sin 6, which is equal to 3| x .

(Note that it is NOT correct to say that the area of the triangle is half of the vector ¢ x ; after
all, area is a scalar, not a vector. Rather, the area of the triangle is half of the length of the vector
¥ X ).

4. If U and W are parallel, what is U x W ¢

Solution. If ¥ and w are parallel, then the angle 6 between them is either 0 or w. In either case,
sinf = 0, so | x W| = |U]||w|sin @ = 0. This means that ¥ x @ must be the zero vector 0.

5. If the scalar triple product @ - (T x W) is equal to 0, what can you say about the vectors i, U, and W ?



Solution. The fact that @ (¥ x @) = 0 means that @ is orthogonal to ¢ x @. We also know that o' x @
is orthogonal to both ¢ and w, so this means that u, v, w are all orthogonal to the vector v x w. In

—

particular, if we stick the tails of i, ¥, and W at the same point, then 4, ¥, and « all lie in the same
plane. (We say that #, ¢, and & are coplanar.)

Note: Some students pointed out a special case: @ - (0 X W) is equal to 0 if ¥ and & are parallel (since
then ¥ x & = 0, by #4). In this case, i, ¥, and @ are still coplanar. To visualize this, imagine the
plane that contains @ and ¢: & will automatically be in this plane because it’s parallel to v.

. Find an equation for the plane which passes through the points (1,0,1), (0,2,0), and (2,1,0).

Solution. Let’s give the three points names, say P = (1,0,1), @ = (0,2,0), and R = (2,1,0). A point
— — —
S = (x,y, 2) is in the plane if (and only if) the three vectors PQ), PR, and PS are coplanar. As we
—_ — =
saw in #5, this is the same as saying that PS - (PQ x PR) = 0.

— — —_— —
So now we compute some things: PQ) = (—1,2,—1) and PR = (1,1, —1), so PQ x PR = (—1,—-2,-3).
— —_— = —
PS ={(x—1,y,z—1),s0 PS-(PQ x PR) = 0 can be rewritten as —1(z — 1) =2y —3(z — 1) =0, or
’x—|—2y+3z:4‘.

Note that it is very easy to check that this answer is correct — the three points given in the problem
all satisfy this equation.

. True or false: If i X ¥ =4 X W, then ¥ = 1.

Solution. False. There are lots of examples where this is not true. A simple one is to suppose that ,
¥, and w are all parallel but not equal to each other. Then, @ X ¢ and @ X @ are both 0, but ¢’ # .

. True or false: If Gx @ =0 and - @ = 0, then at least one of T and & must be 0.
Solution. True.

Here’s one way to think about it: ¥ x @ = 0 means @ and @ are parallel. ¥- @ = 0 means ¥ and @ are
perpendicular. The only way to have a pair of vectors that are both parallel to and perpendicular to
each other is if at least one of them is the zero vector 0.

If you prefer to write out equations, here’s another way to think about the problem. Since @ x @ = 0,
|0 x @| = 0. If 0 is the angle between ¥ and @, then this says that |¥]|@]sin 6 = 0. On the other hand,
0= 9w = |U||]W] cosh. It’s not possible for both sinf and cosé to be 0, so it must be the case that
\17||}D’\ = 0. That is, one of the vectors ¥ and @ must have length 0, and the only vector with 0 length
is 0.



Lines and Planes

1. Find an equation describing the plane which passes through the points (2,2, 1), (3,1,0), and (0, -2, 1).

2. Find an equation describing the plane which goes through the point (1,3,5) and is perpendicular to
the vector (2,1, —3).

3. Let L be the line which passes through the points (1, —2,3) and (4, -5, 6).

(a) Find a parametric vector equation for L.

(b) Find parametric (scalar) equations for L.

(¢) Find symmetric equations for L.



4. Let L; be the line with parametric vector equation 7(t) = (7,1,3) + ¢t(1,0,—1) and Lo be the line
described parametrically by x = 5,y = 14 3t, z = t. How many planes are there which contain L, and
are parallel to L;? Find an equation describing one such plane.

5. Find the distance from the point (0, 1,1) to the plane 2z + 3y + 4z = 15.

6. Find the distance from the point (1,3, —2) to the line § =y —1= 2+ 2.

7. True or false: The line x = 2t, y = 1 + 3¢, z = 2 4 4t is parallel to the plane x — 2y 4+ 2z = 7.

8. True or false: Let S be a plane normal to the vector 7, and let P and @ be points not on the plane S.
—
If - PQ =0, then P and @ lie on the same side of S.



Lines and Planes

1. Find an equation describing the plane which passes through the points (2,2,1), (3,1,0), and (0,—2,1).
Solution. Let’s give the three points names, say P = (2,2,1), @ = (3,1,0), and R = (0,—2,1). A
—

— —

point S(x,y, z) is in the plane if (and only if) the three vectors PQ), PR, and PS are coplanar. As we
— = =
saw before, this is the same as saying that the scalar triple product PS - (PQ x PR) is equal to 0.

—_— —_ e —"
Now, we can just write this all out: PQ = (1,—1,—1), PR = (—2,—4,0), so PQ x PR = (—4,2,—6).
— - - =
PS = {(x—2,y—2,z— 1), so the equation PS - (PQ x PR) =0 can be rewritten as —4(z — 2) + 2(y —
2)—6(z—1) =0, or 4o — 2y + 6z = 10. We can make this equation slightly simpler by dividing through
by2t0get’2x—y+3225‘.

2. Find an equation describing the plane which goes through the point (1,3,5) and is perpendicular to the
vector (2,1,-3).

Solution. Let’s give the point (1,3,5) a name; we’ll call it P. A point S(z,y, 2) is on the plane if
—

the vector PS is perpendicular to the vector (2,1, —3). That is, (x — 1,y — 3,z — 5) - (2,1,—3) = 0.

Simplifying, 2(x — 1) + 1(y — 3) — 3(z — 5) = 0, which can also be written as ’ 2 +y—32=-10 ‘

3. Let L be the line which passes through the points (1, —2,3) and (4, —5,6).

(a) Find a parametric vector equation for L.

Solution. Let’s call the points P(1,—2,3) and Q(4,—5,6). The line we are looking for passes

through P and is parallel to P_Q> = (3,-3,3), so we can describe it using the parametric vector
equation 7(t) = (1,-2,3) + (3, —3,3).

(b) Find parametric (scalar) equations for L.

Solution. From (a), #(t) = (14 3t,—2 — 3t,3 + 3t), so we could also write the line as x = 1 + 3t,
y=—2—3t, and z = 3 + 3t.

(¢) Find symmetric equations for L.
Solution. To find symmetric equations, we solve the parametric scalar equations we found in

(b) for t: t = fT—l’ t = ’23797 and t = Zgg. Then, we set these equal to each other: f”T_l =
—2—y z—3
3

= %52, Of course, we could multiply these all by 3 to get the slightly simpler looking

’x—1=—2—y:z—3.

4. Let Ly be the line with parametric vector equation 71(t) = (7,1,3) + t(1,0,—1) and Lo be the line
described parametrically by x =5,y = 1+ 3t, z =t. How many planes are there which contain Lo and
are parallel to L1 ? Find an equation describing one such plane.

Solution. Let’s first rewrite Lo using a parametric vector equation 7 (t) = (5,1,0) + (0,3, 1).
From the two parametric vector equations, we can see that:

e [ goes through the point P(7,1,3) and is parallel to the vector @ = (1,0, —1).

e L goes through Q(5,1,0) and is parallel to the vector ¥ = (0, 3, 1).

Therefore, we are looking for a plane which:



e contains @ and is parallel to ¢ (because it contains Ls)
e is parallel to @ (because it is parallel to L)

Since such a plane plane is parallel to both ¢ and ¥, it must be orthogonal to u x ¥. We compute that
uxv=(3-1,3).

There is which is orthogonal to (3,—1,3) and contains the point (5,1,0). (We saw

this idea already in #2.) Its equation is ’ 3x—y+3z=14 ‘

Note: If L; and L, had been parallel, there would have been infinitely many planes which contained
Lo and were parallel to Ly: any plane containing Lo would automatically be parallel to L;.

5. Find the distance from the point (0,1,1) to the plane 2x + 3y + 4z = 15.

Solution. We have a point P(0,1,1) and a plane, and we want to find the distance between the two.
Here is one method. Suppose @ is a point in the plane and 7 is a normal vector for the plane.

projz QP

5

In this particular case, @ = (0,5,0) is a point on the plane, and @ = (2,3,4) is a normal vector for
the plane. Then, 67)3 = (0, —4,1), and proj; @)3 = QP _ —%(2,3,4}. The length of this vector is

n-m
8

V29 |

6. Find the distance from the point (1,3,—2) to the line § =y —1 =2+ 2.

Solution. We have a point P(1,3,—2) and a line, and we want to find the distance between the two:



Here’s one way to do that. Find a point ) on the line and a vector ¢/ parallel to the line; then, the
—
distance is the height of the parallelogram determined by QP and v

The height of the parallelogram is equal to the area of the parallelogram divided by the length of the
base, or @.
’ 9]

For the given line, it will be easier to find a point on the line and a vector parallel to the line if we
rewrite it using a parametric vector equation. To do this, let’s set ¢ equal to § =y —1 =2+ 2. Then,
=3t y=1+t and z = —2 + t, so we can describe the line by the parametric vector equation
(0,1,—2) +t(3,1,1). From this, we can see that Q(0,1, —2) is a point on the line and ¥ = (3,1,1) is a
vector parallel to the line.

—

; QPx¥|, AP _ D« 77—
Now, we just compute : QP =(1,2,0),s0 QP x ¥ = (2,—1,—5) and

|7

—
QP x v | [30

4] 1

. True or false: The line x = 2t, y =1+ 3t, z = 2 + 4t is parallel to the plane x — 2y + 2z = 7.
Solution. True.

A normal vector for the plane is @7 = (1, —2,1). The line z = 2t, y = 1 4 3t, z = 2 + 4¢ is parallel to
the vector (2,3,4), and this vector is orthogonal to 7, so this vector must be parallel to the plane.

Another way to see that the line and plane are parallel is to try to compute the intersection. If (z,y, 2)
is in both the line and plane, then the four equations xt =2¢t, y = 1+3t, 2 =2+4t,and x —2y+2 =7
must all be satisfied. Plugging the first three equations into the fourth, 2t — 2(1 + 3¢t) + (2 + 4¢) =7,
which simplifies to 0 = 7, so there are no solutions to all 4 equations. This means that the line and
plane do not intersect, so they must be parallel.

. True or false: Let S be a plane normal to the vector 7, and let P and Q be points not on the plane S.

If i - P—Q) =0, then P and Q lie on the same side of S.

— — —
Solution. True. The fact that 77 - PQ) = 0 means that 7 is orthogonal to PQ), so P is parallel to the
plane.



Using Projections

In the diagram are the vectors @ and ¢. Draw and label proj;v and proj;u

(a) What is the distance from (2, —1,2) to the plane x4 3y — z = 117 Can you express it as
the length of some vector?

What is the distance from the plane x + 3y — 2z = 11 to the plane x + 3y — 2z = 157

(b) What is the distance from the plane x + 3y — z = 11 to the plane 2z —y — 7z = 107



What point on the sphere (z — 3)% + 3% + 2% = 4 is closest to the plane 5z + 2y + 2z = —17?

Let L; be the line "’CT—l = %1 = Z§2 and L, be the line xT” = y_—‘; = —z.

(a) What is the relationship of these two lines L; and Lo? Parallel? Skew? Intersecting? How
can you be sure?

Check point: What are the possible relationship between any two lines in space?

(b) What is the distance between L; and Lo?



Using Projections

In the diagram are the vectors @ and ¢. Draw and label proj;¥ and proji
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($N
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the length of some vector?
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- What point on the sphere (z — 3)? + y? + 22 = 4 is closest to the plane 5z + 2y + z = —17?
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Let Ly be the line 232 = ¥ = 222 and L, be the line 22 ==z

direction: <2, 4,35 T

(a) What is the relationship of these two lines L; and L,? Parallel? Skew? Intersecting? How
can you be sure?
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Functions and Graphs

Here is the graph z = y/y — 22 of the function f(z,y) = \/y — 22, shown from two different angles.

1. The first row shows traces of three graphs z = f(z,y) in the planes z = k. (Traces of the graph
z = f(x,y) in z = k are also known as level sets of f(x,y).) Match each diagram with the graph of
the function.

<
<
<

=—26




2. Here are several surfaces.

o (1) (L11)
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Match each function with its graph.

(a) f(z,y) =2

(b) flz,y) = Va2 + 42
(¢) fla,y)=e"+¥ —1.
(d) f(z,y) =ysinz.

(e) f(z,y)=sin(xz +y).

(f) f(z,y) =sin (\/m)



Functions and Graphs

1. The first row shows traces of three graphs z = f(z,y) in the planes z = k. (Traces of the graph
z = f(x,y) in z = k are also known as level sets of f(z,y).) Match each diagram with the graph of
the function.
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Solution.

(a) The traces of this surface in z = k are not straight lines, which only matches | (IIT) | Another way

to think about it as that the surface is highest where y is positive and x is negative, which only
matches (III).

(b) We need to decide whether this graph matches (I) or (II). Both have traces in z = k which are
straight lines. The difference is in the z-values. The values in (II) are evenly spaced, while the
values in (I) change more quickly the further out we go. In graph (b), the surface changes height

more quickly the further out we go, so this matches m

(¢) Using the same reasoning as in the previous part (or process of elimination), this must match
[}

2. Here are several surfaces.
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Match each function with its graph.

(a) fla,y) = 2>
Solution. Notice that f(x,y) does not depend on y. Therefore, each trace of the surface z =

in y = k is the same: the parabola z = 2. This matches only . (Also notice that each trace
2

2

of the surface z = 22 in z = k is just a line z = k2.)

(b) flz,y) = Va* + ¢

Solution. The level set \/22 + y2 = k is a circle of radius k centered at the origin (as long as
k > 0). Both (IT) and (IV) have level sets which are just circles, so let’s look at some other traces
to help us tell the two apart.

The traces in x = k of the graph z = /22 + y? are z = /y? + k2. In particular, the trace in
x =01is z = /y? = |y|, which matches | (IV) | but does not match (II).
(©) flw,y) = 1.

Solution. The level set ¢* 7% — 1 = k can be rewritten as 2% + y2 = In(k + 1), so it is a circle
of radius 4/In(k + 1) centered at the origin (as long as k > 0). There are two graphs whose level

sets are circles, (IT) and (IV), but we have already eliminated (IV), so this must match | (II) |

(d) f(z,y) = ysinw.

Solution. In this case, it looks like the traces in x = k£ and y = k may be easier to understand



than the level sets, so let’s start there. Traces of z = ysinz in « = k are lines z = (sin k)y. Traces
of z =ysinz in y = k are sinusoids z = ksinx (graphs of sin z scaled vertically by a constant k).

This matches .

fz,y) = sin(z +y).

Solution. The level set sin(z + y) = k consists of infinitely many parallel lines, which matches

@ |
1

To see why each level set is a bunch of parallel lines, look at the example sin(x +y) = 5. This
is satisfied when z +y = §, 5?”, 1‘%”, 177”, .... (A more precise way of writing this is to say that
r+y =g +2mn or %” + 2mn for any integer n. That is, z + y differs from either & or %” by a
multiple of 27.) This describes a bunch of parallel lines.

f(z,y) = sin (\/m)

Solution. Let’s look at the level set sin (\/.132 —+ y2> = k. This is a set of concentric circles
centered at the origin, which matches graph .

To see why each level set is a bunch of concentric circles, look at the example sin (\/ 2 + y2> = %
This equation is satisfied when /22 +y? = % 3% 3% 1Tx  “which describes circles centered
at the origin with radii %, 3%, 137 1% So the level set sin (\/xQ + y2) = 3 consists of
infinitely many circles centered at the origin.



Quadric Surfaces

Six basic types of quadric surfaces:
e ellipsoid
e cone
e elliptic paraboloid
e hyperboloid of one sheet
e hyperboloid of two sheets

e hyperbolic paraboloid
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Quick reminder:

22 2
e — + == — r describes ...
a2

Y
B2
— an ellipse if r > 0.
— a point if » = 0 (we consider this a “degenerate” ellipse).

— nothing if r < 0.

22 g2 .
s 5 — 5 = r describes ...
a b

— a hyperbola if r #£ 0.

— a pair of lines if r = 0 (we consider this a “degenerate” hyperbola).

e y = ax? + b describes a parabola.



1. For each surface, describe the traces of the surface in x = k, y = k, and z = k. Then pick the term
from the list above which seems to most accurately describe the surface (we haven’t learned any of
these terms yet, but you should be able to make a good educated guess), and pick the correct picture
of the surface.

22 2
9

e Traces in z = k:

(2) 6 -

e Traces in y = k:

e Traces in z = k:

,232 y2 22
A A Y
B THsty

e Traces in x = k:

e Traces in y = k:

e Traces in z = k:

22y oz

© Tty =y
e Traces in z = k:
e Traces in y = k:

e Tracesin z = k:

2 2
Z 2 Y
(d) 1 ¢ 1= 1.

e Traces in z = k:
e Traces in y = k:

e Tracesin z = k:

2 2
2, Y _Z
(e)x+9 6

e Traces in x = k:
e Tracesiny = k:

e Traces in z = k:



e Traces in x = k:
e Traces iny = k:

e Tracesin z = k:

2. Sketch the surface 9y? + 422 = 36. What type of quadric surface is it?

3. Sketch the surface 2 + 2y + 22 = 22. What type of quadric surface is it?

4. What type of quadric surface is 422 — % 4+ 22 + 9 = 0?



Quadric Surfaces

Six basic types of quadric surfaces:
e ellipsoid
e cone
e elliptic paraboloid
e hyperboloid of one sheet
e hyperboloid of two sheets

e hyperbolic paraboloid
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1. For each surface, describe the traces of the surface in z = k, y = k, and z = k. Then pick the term
from the list above which seems to most accurately describe the surface (we haven’t learned any of

these terms yet, but you should be able to make a good educated guess), and pick the correct picture
of the surface.

:1;2 2
(a) 9 1
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e Traces in x = k: parabolas
e Traces in y = k: parabolas

e Traces in z = k: hyperbolas (possibly a pair of lines)

k2

Solution. The trace in x = k of the surface is z = _11;723 + %5, which is a downward-opening

parabola.

z2 k2

The trace in y = k of the surface is z = % — {5, which is an upward-opening parabola.

The trace in z = k of the surface is % — % = k, which is a hyperbola if £ # 0 and a pair of lines
(a degenerate hyperbola) if k = 0.

This surface is called a ’ hyperbolic paraboloid |, and it looks like picture . It is also sometimes
called a saddle.

e Traces in x = k: ellipses (possibly a point) or nothing
e Traces in y = k: ellipses (possibly a point) or nothing
e Traces in z = k: ellipses (possibly a point) or nothing

.
Solution. The trace in # = k of the surface is 4z + % =1- %2. Since 1 — %2 can be positive, zero,
or negative (depending on what k is), this intersection can be an ellipse, a point (a degenerate
ellipse), or nothing.

The trace in y = k of the surface is % + % =1- %7 which is an ellipse, a point, or nothing.

The trace in z = k of the surface is % + % =1- %2, which is an ellipse, a point, or nothing.
The picture which matches this description is | (A) |, and this surface is an | ellipsoid.

22
4

e Traces in x = k: parabolas

2
y
+5 =

DO | W

e Traces in y = k: parabolas

e Traces in z = k: ellipses (possibly a point) or nothing

Solution. The trace in x = k of this surface is z = % - %2, which is a parabola.
The trace in y = k of this surface is z = % — %, which is a parabola.

The trace in z = k of this surface is % + % = g, which is an ellipse when & > 0. If k =0, it is a

point (a degenerate ellipse), and if k < 0, it is nothing.

This matches picture | (C) |, and this surface is called an | elliptic paraboloid |




e Traces in x = k: hyperbolas (never a pair of lines)
e Traces in y = k: hyperbolas (never a pair of lines)

e Traces in z = k: ellipses (possibly a point) or nothing

Solution. The trace in & = k of this surface is % — 3’4—2 = 1+ k2, which is a hyperbola. Since
1+ k2 is always positive, this is never a pair of lines.

The trace in y = k of this surface is 1—2 —2=1+ ’%42, which is a hyperbola (and never a pair of
lines).

2
The trace in z = k of this surface is 2% + Z = % — 1. Since % — 1 can be positive, zero, or

negative, this intersection can be an ellipse, a point, or nothing.

The pictures (B), (D), and (F) all show surfaces whose traces in = k and y = k are hyperbolas
and whose traces in z = k are ellipses. Of these three graphs, (D) is the only one in which some

traces in z = k are nothing, so the correct picture is m This surface is an example of a

’ hyperboloid of two sheets ‘

2 L2
z? + % =16
e Traces in x = k: hyperbolas (possibly a pair of lines)
e Traces in y = k: hyperbolas (possibly a pair of lines)
o Traces in z = k: ellipses (possibly a point)

Solution. The trace in x = k of this surface is % — %2 = k2. Since k? can be either non-zero or
zero, this is either a hyperbola or a pair of lines. (It is only a pair of lines when k& = 0; otherwise,
it is a hyperbola.)

The trace in y = k of this surface is i—z —2? = %2, which is again either a hyperbola or a pair of
lines (a pair of lines only when & = 0).

The trace in z = k of this surface is z2 + % = %. Since If—; is either positive or 0, this intersection
is either an ellipse or a point (but never nothing, and it is only a point when k = 0).

This matches picture | (F) | and is an example of an [cone].

e Traces in x = k: hyperbolas (possibly a pair of lines)
e Traces in y = k: hyperbolas (possibly a pair of lines)
e Traces in z = k: ellipses (never a point)

Solution. The trace in # = k of this surface is y? — H=1- %2. Since 1 — % can be non-zero
or zero, this is either a hyperbola or a pair of lines.

The trace in y = k of this surface is @ 2 1 k2, which is either a hyperbola or a pair of

) 9 16
lines.



The trace in z = k of this surface is %2 +y2 =1+ ’1%2;. Since 1 + ’f—; is always positive, this is
always an ellipse (and never a point or nothing).

This description matches picture | (B) |, and this surface is a ’ hyperboloid of one sheet |.

2. Sketch the surface 9y* + 422 = 36. What type of quadric surface is it?

Solution. Notice that the equation describing this surface does not involve = at all. Each trace of the
2
surface in o = k is the ellipse 9y? + 422 = 36, which can also be written as e+ % =1.

Therefore, the surface looks like this:

This is not any of the quadrics we have seen so far; it is a ’ (quadric) cylinder ‘

3. Sketch the surface y? + 2y + 22 = x2. What type of quadric surface is it?

Solution. We have a y? term as well as a y term, and we can make the equation simpler by completing
the square. In this case, we accomplish that by adding 1 to both sides of the equation:

V21422 = 2241
(y+1722+22 = 22+1
—?+(y+1)72+22 = 1

To sketch, let’s look at the traces:

e The trace in 2 = k of the surface is (y + 1)% + 22 = 1 + k2, which describes a circle (centered at
y = —1, z = 0 and having radius v/1 + k2).

e The trace in y = k of the surface is —z? + 22 = 1 — (k + 1)2, which is a hyperbola (or a pair of
lines).

e The trace in z = k of the surface —22+ (y+1)? = 1 — k?, which is a hyperbola (or a pair of lines).

Since we know the traces in x = k are circles centered at y = —1, z = 0, we can think of the surface
as being obtained by rotating some sort of curve about the line y = —1, z = 0 (this line is parallel to
the z-axis). To figure out what that curve is, we can look at the trace of the surface in either y = —1
or z =0.

Let’s do the trace in z = 0: this is (y + 1)? — 22 = 1, which is the following hyperbola:



If we draw this in space (in the plane z = 0, since we’re talking about the trace in z = 0), it looks like
the left figure below. Therefore, the surface looks like the right figure.

This is a ‘ hyperboloid of one sheet ‘

. What type of quadric surface is 4x% —y* + 22 +9 =07
Solution. Let’s look at the traces:

e The trace in 2 = k of this surface is y? — 22 = 4k? + 9, which is always a hyperbola.

e The trace in y = k of this surface is 422 + 22 = k? — 9, which is an ellipse, a point, or nothing,
depending on k.

e The trace in z = k of this surface is y? — 422 = k2 4+ 9, which is always a hyperbola.

Since the traces in x = k and z = k are hyperbolas, we know the surface is either a hyperboloid or a
cone. The fact that the traces in y = k can be nothing tells us that the surface must be a hyperboloid
of two sheets.

The surface looks like this:






Vector-Valued Functions

1. Here are several curves.

z z
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Find the curve parameterized by each vector-valued function.

(a) 7(t) = (cost,sint,t).

(b) 7(s) = (cos s, sin s, sin 4s).

(¢) 7(s) = {(cos s,sin s,4sin s).

(d) #(u) = {cosu?,sinu?, u3).

(e) #(u) = (3+2cosu,1+4cosu,2+ 5cosu).



2. Let L be the line tangent to curve (III) at the point (1,0, 27). Find parametric equations for L.

3. A fly is sitting on the wall at the point (0,1, 3). At time ¢t = 0, he starts flying; his velocity at time ¢
is given by ¥(t) = (cos2t, e',sint). Find the fly’s location at time ¢.

4. (a) The surfaces 922 + ¥ =1 and 2 = sin(z — y) intersect in a curve. Find a parameterization of the
1
curve.




Vector-Valued Functions

1. Here are several curves.

x
=<
x

(V) V) (VD)

Find the curve parameterized by each vector-valued function.

(a)

7(t) = (cost,sint, t).

Solution. Remember that we visualize this by imagining a particle in space whose position at
time ¢ is (cost,sint,t). Let’s first just think about what the particle’s - and y-components are
doing. (One way to visualize this is to imagine looking down on the particle from above; then
you can’t really see what its height is, so you’re looking only at what its z- and y-components are
doing.) We know that x = cost, y = sint traces out a circle (the unit circle 2242 = 1), repeating
its path every 27. Since the z component is just ¢, each time the particle’s z- and y-components

trace out a circle, the particle rises by 27. This matches picture | (III) |.

7(s) = (cos s, sin s, sin 4s).

Solution. The z- and y-components here are the same as in (a). However, from time s = 0 to
s = 2m, the particle’s height is given by sin4s, whose graph looks like this:



That is, each time the z- and y-components of the particle make a loop, the height should rise
and fall four times. This matches | (V) |

7(s) = (cos s,sin s, 4 sin s).

Solution. Using the same line of reasoning as in (a) and (b), we see that this is | (II) | Notice

that the entire curve appears to lie in a single plane. This is indeed the case, which is easy to
check from the equations: if x = coss, y = sin s, and z = 4sin s, then z is always equal to 4y, so
the curve sits in the plane z = 4y.

7(u) = (cosu?, sinu?, u?).

Solution. Observe that the particle’s position at time ¢t = u?® is just (cost,sint,t), which is
exactly the same as in (a). Thus, the curve traced out by this function is again | (III) || The

difference between this function and the one in part (a) is the time it takes the particle to reach
a given point on the curve. (Another way of saying the same thing is that a particle traveling
according to the function in (a) and a particle traveling according to the function here travel the
same path, but they go at different speeds.)

Here is a visual illustration:

Q

Z Z

D

D D

<
x Ty x Ty

.t — . u
0 5 10 15 20 0 5 10 15 20

The left picture shows 7(t) = (cost,sint,t), with the value of ¢ at a particular point on the curve
indicated by color. A particle traveling according to this parameterization reaches the top point
at time ¢t = 67 (67 = 18.8, so this point is colored purple).

On the other hand, a particle traveling according to the parameterization #(u) = (cos u?, sin u3, u®)
reaches the top point much more quickly (in fact, at time u = /67 ~ 2.7), as shown in the right

picture.



(e) ™(u) = (3+2cosu,1+4cosu,2+ 5cosu).

Solution. This is simpler than it looks. At time ¢ = coswu, the particle is at the point (3 + 2¢,1+

4t,2 + 5t). You should recognize this as parameterizing a line, so the correct picture is | (T) |

Notice that, when u = 0, the particle is at (5,5,7); when v = 7, the particle is at (1,—3,-3).
When u = 27, the particle is back at (5,5,7). Since t = cosu oscillates between 1 and —1 forever,
the particle just travels back and forth along the line segment between (5,5,7) and (1, —3, —3).

2. Let L be the line tangent to curve (III) at the point (1,0,27). Find parametric equations for L.

Solution. In #1, we saw that curve (III) could be parameterized by the vector-valued function
7(t) = (cost,sint,t). If we use this parameterization, then the point (1,0,27) corresponds to t = 2.
The derivative 7 (t) is equal to (—sint,cost,1), so #/(2x) = (0,1,1). This gives a vector which is
parallel to the tangent line, and (1,0, 27) is a point on the tangent line.

To summarize, the tangent line contains the point (1,0, 27) and is parallel to (0,1,1). We know that

=

such a line is given parametrically by the vector equation f(¢) = (1,0, 2m) + ¢(0,1, 1), or by the scalar
equations |z =1,y =1, 2 = 27r+t‘.

Here are the line and the curve (the blue point is (1,0, 27)), shown from two different angles.

z

>

>/
> y
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. A fly is sitting on the wall at the point (0,1,3). At time t = 0, he starts flying; his velocity atl time t
is given by v(t) = (cos 2t,e',sint). Find the fly’s location at time t.

Solution. Let 7(t) be the fly’s location at time ¢. We know that 7 (£) = #(t), so 7(t) is an antiderivative
of ¥(t). Since we differentiate component by component, we can also antidifferentiate component by
component, so 7(t) = <% sin2t + Cy, et + Cy, — cost + Cg> where C7, C2, and C5 are constants which
are still to be determined.

To find the constants, we need an initial condition. In this case, we know that the fly’s position at
time 0 is (0, 1, 3), so #(0) = (0, 1, 3). Plugging t = 0 into our expression for 7(¢) gives (0, 1,3) = 7(0) =
(C1,1 4+ Cy,—1 4 C5), s0 C; =0, C; = 0, and C3 = 4. Therefore, the fly’s location at time ¢ is
7(t) = (5 sin2t, €', —cost + 4).

4. (a) The surfaces 92 + % =1 and z = sin(z — y) intersect in a curve. Find a parameterization of
the curve.

Solution. Notice that it is easy to express z in terms of x and y: z = sin(x — y). Therefore, if



we can express both x and y in terms of a parameter ¢, we will automatically be able to express
z in terms of t as well.

So, let’s focus on the relationship between x and y, which is given by the equation 922 + ”4—2 =1.
If we rewrite this as (3z)% + (y/2)? = 1, then we see that we can write 3z = cost, y/2 = sint, or

T = %cost and y = 2sint.

Since z = sin(z — y), we now have z = sin (%cost - 2sint). We can also write this as the

vector-valued function | 7(t) = (3 cost,2sint, sin (§ cost — 2sint)) |

(This is certainly not the only correct answer; there are infinitely many ways to parameterize a
given curve.)

The surfaces z = sin(x — y) and y = 2x intersect in a curve. Find a parameterization of the
curve.

Solution. As in the previous part, it’s easy to express z in terms of x and y, so we should focus
on writing x and y in terms of a parameter t. Notice, however, that this time it’s also easy to
write y in terms of z: y = 2x.

Therefore, we can simply let « be the parameter, z = ¢t. Then, y = 2z = 2¢, and z = sin(z —y) =
sin(t — 2t) = sin(—t). Written as a vector-valued function, ’F(t) = (t, 2t,sin(—t)) ‘




Arc Length and Curvature

1. Last time, we saw that 7(t) = (cost,sint, t) parameterized the pictured curve.
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(a) Find the arc length of the curve between (1,0,0) and (1,0, 27).

(b) Find the unit tangent vector at the point (1,0, 27).

(c¢) Find the curvature at the point (1,0, 27).

(d) Find the unit normal vector at the point (1,0, 27).



2. Suppose that 7(t), 0 < t < 3, parameterizes the following curve in space, with #(0) = (0,3,0) and

7(0) = (0,0,—2). The curve lies entirely in the plane x = 0, and the right picture shows just that
plane. We are told that the arc length of the curve is approximately 15.3.

x

Find each of the following, or explain why there is not enough information to do so.

(a) A sketch of the arc length function s(t).

(b) The unit tangent vector T' at the point (0,0, 2).
(¢) The unit tangent vector 7'(2).

(d) The osculating plane at (0,0, 2).

(¢) The unit normal vector N at the point (0,0,2).
(f) The unit normal vector N(2).

(g) The binormal vector B at the point (0,0,2).
(h) The normal plane at (0,0, 2).

(i) Which of the following is the best estimate for the curvature of the curve at (0,—3,0)?

1

= 2 10
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Arc Length and Curvature

1. Last time, we saw that 7(t) = (cost,sint, t) parameterized the pictured curve.
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Find the arc length of the curve between (1,0,0) and (1,0,27).

Solution. We’d like to find the arc length of the curve parameterized by 7(t) between ¢ = 0 (the
point (1,0,0)) and ¢ = 27 (the point (1,0, 27)). If we imagine 7(¢) as describing the position of a
particle in space, the particle’s velocity at time ¢ is r_;(t) = (—sint, cost, 1), so the particle’s speed
at time ¢ is |1/ (t)] = v/2. To find the distance traveled by the particle between times 0 and 27, we

F'(t)’ dt = .

2w
simply integrate the speed between ¢t = 0 and ¢t = 27: the arc length is /
0

Find the unit tangent vector at the point (1,0,2m).
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<—S\i;1§t, C\O/%f’, %> The point (1,0, 27) corresponds to t = 27, and f(27r) = <0,

Find the curvature at the point (1,0, 2m).

Solution. We’ve already found that f(t) = <—S\i;1§t, C\O/%t, %>, S0, f’(t) = <—°\"7§t, —Sin2t,0> and
1

T (t)| = % We found in (a) that |7/ (¢)| = v/2, so #(t) = L. This means that the curvature is 5

1
everywhere along the curve, so the curvature at the point (1,0, 27) is .

Find the unit normal vector at the point (1,0, 2m).

Solution. We know that the unit normal vector N (t) is equal to ITT?:E:;I Using the calculations

from the previous part, this is equal to (— cost, —sint, 0). In particular, 1\7(27r) =1(-1,0,0) |

2. Suppose that 7(t), 0 < ¢t < 3, parameterizes the following curve in space, with 7(0) = (0,3,0) and
7(0) = (0,0,—2). The curve lies entirely in the plane x = 0, and the right picture shows just that
plane. We are told that the arc length of the curve is approximately 15.3.



x

Find each of the following, or explain why there is not enough information to do so.

(a)

(f)

A sketch of the arc length function s(t).

Solution. There is ’ not enough information ‘ If we are imagining 7(t) as describing the position

of a particle in space, s(t) describes the distance the particle has traveled by time ¢. However, we
don’t know how fast the particle is moving along its path, so it is impossible for us to know what
this function looks like.

We do, however, know that the particle has traveled nowhere at time ¢ = 0, so s(0) = 0, and that
the particle has traveled approximately 15.3 units at time ¢ = 3, so s(3) &~ 15.3. In addition, the
distance the particle has traveled certainly increases with time, so s(t) is an increasing function.

The unit tangent vector T at the point (0,0,2).

Solution. Since the curve lies entirely in the plane x = 0, we know the unit tangent vector must
also lie in the plane x = 0. From looking at the picture, we can see that the tangent line at
(0,0,2) is flat in the yz-plane. Since the particle is moving counter-clockwise around the curve,

the unit tangent vector is therefore | (0, —1,0) |
The unit tangent vector f(?)

Solution. This is asking us to find the unit tangent vector at time ¢ = 2, but since we don’t
know the exact parameterization, we have no idea where the particle is at time ¢ = 2. Therefore,

to say what the unit tangent vector is.

there is ’ not enough information

The osculating plane at (0,0,2).

Solution. The osculating plane at (0,0, 2) is the plane that comes closest to containing the curve
near (0,0,2). Of course, our curve sits entirely in the plane , so that must be the osculating
plane.

The unit normal vector N at the point (0,0,2).

Solution. Remember that the unit normal vector sits in the osculating plane, is perpendicular
to the unit tangent vector, has length 1, and points in the direction that the curve is turning.

Therefore, the unit normal vector in this case must be | (0,0,1) |.

The unit normal vector N(2).



Solution. For the same reason as in (c), there is ’ not enough information ‘ to determine this.

The binormal vector B at the point (0,0,2).

Solution. We know B is T x N; from parts (b) and (e), we know that T = (0,—1,0) and
N = (0,0,1) at the point (0,0,2), so B =|(—1,0,0) |

The normal plane at (0,0, 2).

Solution. This is the plane which is normal to the unit tangent vector at (0,0,2) and which
contains the point (0,0,2). We found in (b) that the unit tangent vector at (0,0, 2) is (0, —1,0).

The plane normal to (0, —1,0) which contains the point (0,0, 2) is .
Which of the following is the best estimate for the curvature of the curve at (0,—3,0)¢

1

o 2 10

N[ =

Solution. Remember that the curvature of a circle of radius a is é So, if we can find the circle

which best matches the curve near (—3,0,0), the curvature should be 1 over the radius of that
circle. If we draw in such a circle, its diameter looks a little less than 1, so its radius should be
slightly less than % Therefore, its curvature should be slightly more than .

z
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(In fact, the actual curvature is Z.)



Polar, Cylindrical, and Spherical Coordinates

1. (a) In polar coordinates, what shapes are described by r = k and 6 = k, where k is a constant?

(b) Draw r =0, r = %’T, r=4 r=21.0=0,0= %’r, and 0 = 4% on the following axes. (Why

can’t we draw 6 = 27?7

-2r 2r

-2k

(¢) On the axes in (b), sketch the curve with polar equation r = 6.

2. In cylindrical coordinates, what shapes are described by r = k, § = k, and z = k, where k is a constant?

3. In spherical coordinates, what shapes are described by p = k, § = k, and ¢ = k, where k is a constant?



4. (a) In cylindrical coordinates, let’s look at the surface r = 5. What does z = k look like on this
surface? How about § = k7 (k is a constant.)

(b) In spherical coordinates, let’s look at the surface p = 5. What does § = k look like on this surface?
How about ¢ = k?

5. Write the point (z,y,2) = (v/6, —v/6, —2) in cylindrical and spherical coordinates.

6. Consider the surface whose equation in cylindrical coordinates is z = r. How could you describe this
surface in Cartesian coordinates? Spherical? Can you sketch the surface?

7. Most of the time, a single equation like 2z + 3y + 42 = 5 in Cartesian coordinates or p = 1 in
spherical coordinates defines a surface. Can you find examples in Cartesian, cylindrical, and spherical
coordinates where this is not the case?



Polar, Cylindrical, and Spherical Coordinates

1. (a) In polar coordinates, what shapes are described by r = k and 6 = k, where k is a constant?
Solution. r = k describes a circle of radius k centered at the origin.

0 = k describes a ray from the origin which makes an angle of § when measured counter-clockwise
from the z-axis.

(b) Drawr =0, r = &, r = %”, r=2m,0=0,0=2" and 6 = 4?“ on the following axes. (Why

can’t we draw 0 = 27 ?)

Solution. Here is the picture, with r = constant curves drawn in blue and 6 = constant drawn
in red. We only allow 6 to be in [0, 27), so we can’t actually have 6§ = 2.

<

N

(¢) On the azes in (b), sketch the curve with polar equation r = 6.

Solution. The curve is a spiral starting from (z,y) = (0,0). Notice that it does not actually
contain the point (x,y) = (2, 0), since 6 cannot actually equal 27.



-2n

N

—2 7k

2. In cylindrical coordinates, what shapes are described byr =k, 0 = k, and z = k, where k is a constant?

4.

Solution. r = k describes a cylinder of radius k centered around the z-axis.

0 = k describes a vertical half-plane whose intersection with the plane z = 0 is just the ray 8 = k in
polar coordinates.

z = k describes a plane parallel to the xy-plane.

In spherical coordinates, what shapes are described by p =k, 0 = k, and ¢ = k, where k is a constant?
Solution. p = k describes a sphere of radius k centered at the origin.

0 = k describes exactly the same thing as it does in cylindrical coordinates. (After all, 6 means the
same thing in both coordinate systems.)

¢ = k describes a half-cone. (Remember that the quadric surface that we call a cone actually opens
in two directions. A half-cone is what we typically think of as a cone; it opens only in one direction.)
s

For instance, here are pictures of ¢ = § and ¢ = %“.

¢ =
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(a) In cylindrical coordinates, let’s look at the surface r = 5. What does z = k look like on this
surface? How about 0 = k? (k is a constant.)

Solution. The surface » = 5 is a cylinder of radius 5 centered about the z-axis. On this surface,
each curve z = k is a circle (shown in red), and each curve § = k is a vertical line (shown in blue):



(b) In spherical coordinates, let’s look at the surface p =5. What does 8 = k look like on this surface?
How about ¢ = k?

Solution. The surface p = 5 is a sphere of radius 5 centered about the origin. On this surface,
each curve 6 = k is a half-circle running from the top point of the sphere to the bottom point. (If
you imagine the sphere as a globe, these are like lines of longitude.) These are shown in blue on
the picture. Each curve ¢ = k is a circle (these are like lines of latitude), and these are shown in

red.

5. Write the point (z,y,2) = (v/6, =6, —2) in cylindrical and spherical coordinates.

Solution. To write the point in cylindrical coordinates, we essentially convert z = v/6,y = —v/6 from

Cartesian coordinates to polar coordinates. Since x = rcosf and y = rsinf, we have r = \/22 + 32 =
2v/3 and tanf = ¥ = —1. Now, just knowing tanf = —1 tells us that 6 is either ?jf or %’T. But

we also know that cosf = £ = g, so 6 must be %”. Thus, in cylindrical coordinates, the point is

(r,0,2) = (2\/5, %’T, 72) .

Next, we need to find the point in spherical coordinates. We know that p = /22 + y2 + 22 = 4 and

that tang = -~ = —V/3, 50 ¢ = 2?“ So, in spherical coordinates, the point is | (p, 0, ¢) = (4, %’T, %’r)

6. Consider the surface whose equation in cylindrical coordinates is z = r. How could you describe this
surface in Cartesian coordinates? Spherical? Can you sketch the surface?

Solution. To write in Cartesian coordinates, we can use the fact that r = \/z2 + 32, so z = r is the



same as |z = y/22 + 42| This is the portion of 22 = 2% 4+ y? with z > 0, so it is the top half of an

elliptic cone.

To write in spherical coordinates, remember that z = pcos ¢ and r = psin ¢, so this is the surface with

pcos ¢ = psin¢. In order for this to be true, cos ¢ = sin¢, so tan¢ = 1. Since 0 < ¢ < 1, .

Here is the surface:

S
\‘\“o
N

. Most of the time, a single equation like 2x + 3y + 4z = 5 in Cartesian coordinates or p = 1 in
spherical coordinates defines a surface. Can you find examples in Cartesian, cylindrical, and spherical
coordinates where this is not the case?

Solution. In Cartesian coordinates, zyz = 0 is just the three coordinate axes. 22 +y? + 22 =0 is a
point.

In cylindrical coordinates, » = 0 is just the z-axis.

In spherical coordinates, p = 0 is a single point, the origin. Also, ¢ = 0 is the non-negative portion of
the z-axis. If you have trouble visualizing this, you might want to change to Cartesian coordinates:

x = psingcosb
= psin¢gsinf
z = pcoso

When ¢ =0, sing =0 and cos¢ = 1, so we have x =0, y = 0, and z = p.

Of course, these are not the only examples.



Parametric Surfaces

Last time, we learned that we could go from cylindrical coordinates (r, 6, z) or spherical coordinates (p, 0, ¢)
to Cartesian coordinates (z,y, z) using

cylindrical spherical
xr = rcosf x = psingcost
y = rsinf y = psingsind
z = =z z = pcos¢

In the last problem we did in class, we looked at the cylinder » = 5 in cylindrical coordinates and saw that
0 =k and z = k (k a constant) formed a grid on the cylinder. Similarly, in spherical coordinates, we looked
at the sphere p = 5 and saw that § = k and ¢ = k formed a grid on the sphere.

cylindrical » =5 spherical p =5

z
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1. (a) Parameterize the elliptic paraboloid z = x? + y? + 1. Sketch the grid curves defined by your
parameterization.

(b) If we only want to parameterize the part of the elliptic paraboloid under the plane z = 10, what
restrictions would you place on the parameters you used in (a)?

2. Parameterize the plane that contains the 3 points P(1,0,1), Q(2,—2,2), and R(3,2,4).



3. Parameterize the hyperboloid 22 — 4y? + 22 = 1.

i
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4. Parameterize the ellipsoid 922 + 4y? + 22 = 36.

5. Consider the curve z = 2+siny, 0 < y < 47 in the yz-plane. Let S be the surface obtained by rotating
this curve about the y-axis. Find a parameterization of S.

z
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6. Here are three surfaces.

M (IT) (I1T)

Match each function with the surface it parameterizes. Which curves are where u is constant and
which curves are where v is constant?

(a) 7(u,v) = <COZU + cos v, % +sinv,v>, 0<u<2m 0<v<A4m.

(b) H(u,v) = <cosu,sinu,u—|— Z>, 0<u<d4m 0<v< 2.

(c) M(u,v) = (ucosv,usinv,uv), 0 < u <2, 0 < v < 47.



Parametric Surfaces

1. (a) Parameterize the elliptic paraboloid z = x* + y? + 1. Sketch the grid curves defined by your
parameterization.

Solution. There are several ways to parameterize this. Here are a few.

i

ii.

One way to think of parameterizing is simply that we want to describe the surface using
2 variables. This amounts to describing z, y, and z using just 2 variables. In this case, z
is already written in terms of x, y, and z, so we can describe the surface just using x and
y. That is, we can use the parameterization #(z,y) = (x,y,2% + y?> + 1). We often use
the variables u and v as the parameters (just as we usually used ¢ for the parameter when

parameterizing curves), so we could also write this as ‘f’(u, v) = (u,v,u? + 0% +1) ‘ (It is

certainly not necessary to use u and v though.)

Here is a picture of this parameterization:

4

The gray curves are where u is constant, and the black curves are where v is constant. The
right picture shows a way of coloring the uv-plane; the paraboloid is colored according to the
corresponding w and v value at each point. For instance, from the right picture, we see that
u =4, v = —4 is colored pink. Therefore, the point (4, —4) = (4, —4,17) on the paraboloid
is colored pink.

Another possibility is to use cylindrical coordinates to rewrite the surface as z = 72 + 1.
Then, every point can be described in terms of r and 6 since z = 2 + 1. Converting back to
Cartesian coordinates, x = rcosf, y = rsinf, and z = 7241, so we have the parameterization

‘7?(7”79) = (rcosf,rsin®,r? + 1) ‘

Here is a picture of this parameterization:



The gray curves are where r is constant, and the black curves are where 6 is constant.

iii. Yet another possibility is to think of slicing (or taking cross-sections or traces). This approach

is slightly more difficult than the previous one, but it’s also more flexible. Looking at the
surface, we know that taking traces in z = k gives us circles, and circles are curves that we
know how to parameterize. If we imagine slicing at a particular z-value, then the slice is
the circle 22 + y? = z — 1, which is a circle centered at (z,y) = (0,0) with radius vz — 1.
Therefore, we know that z and y can be described by x = /2 — 1cost,y = vz — 1sint. This

gives the parameterization | 7(z,t) = (v/z — Lcost,/z — 1sint, z) |

Here is a picture of this parameterization:

—

The gray curves are where z is constant, and the black curves are where ¢ is constant.



(b) If we only want to parameterize the part of the elliptic paraboloid under the plane z = 10, what
restrictions would you place on the parameters you used in (a)?

Solution.

i. For the parameterization 7(u,v) = (u,v,u? + v? 4+ 1), we need to restrict v and v. Since we
want z (the last component) to be less than 10, we need .

ii. For the parameterization 7#(r,6) = (rcos®,rsin®,r* + 1), we need to restrict 7 and 6. Since
the paraboloid was written as z = 2 4+ 1 in cylindrical coordinates and we want z < 10, we
need r < 3. We know that 6 can be anything, so our restrictions are ’ 0<r<3,0<60<2rm|

iii. For the parameterization 7(z,t) = (v/z — 1cost,v/z — 1sint, z), we need to restrict z and ¢.
We already know that we want z < 10. Looking at the paraboloid, we also want z > 1.(1)
Looking back, we used t to parameterize a circle, and the parameterization we chose means 0 <
t < 27 is a good restriction. So, for this parameterization, we have ’ 1<2<10,0<t< 2w

2. Parameterize the plane that contains the 3 points P(1,0,1), Q(2,—2,2), and R(3,2,4).

Solution. One way to parameterize the plane is to let the vectors P—(é and P—R) define our grid. We
can think of P as an “origin” for the plane and the vectors P—Q) and PR as a set of “axes” for the
plane. That is, we can reach any point in the plane by starting at P, going in the direction of P.Q> for
a while, and then going in the direction of PR for a while.

. —_- g . . .
In this case, PQ = (1,—2,1) and PR = (2,2, 3), so our parameterization is

|7, v) = (1,0,1) +u(1,-2,1) +v(2,2,3) = (1 + u+ 20, ~2u+ 20,1+ u+ 3v) |

(You can think of this as saying: start at P(1,0,1), go off in the direction of PQ = (1,—2,1) for a bit
—
— how long is determined by u — and then go off in the direction of PR = (2,2, 3) for a bit.)

Alternatively, you could find the equation of the plane (see the worksheet “Lines and Planes”) — it is
8r + y — 6z = 2. Then, we can write any one of the variables in terms of the other two and use those
other two as parameters. For instance, y = 2 — 8z + 6z expresses y in terms of x and z. If we want to
use v and v as our parameters, then we can just have ¢ = u, z = v, and y = 2 — 8u + 6v, which gives

the parameterization ’ (u,v) = (u,2 — 8u + 6v,v). ‘

Of course, there are many other parameterizations. One way to check whether your parameterization is
reasonable is to remember that you are supposed to be parameterizing 8x+y— 6z = 2. So, however you
parameterize, this relationship should be satisfied. For instance, in our first parameterization 7(u, v) =
(1+u+2v, —2u+2v, 1+u+3v), you can easily check that 8(1+u+2v)+(—2u+2v)—6(1+u+3v) = 2.

3. Parameterize the hyperboloid x* — 4y? + 2% = 1.

Solution. The traces in y = k of this surface will be circles. In particular, since 22 + 22 = 1+ 432, the
trace in y = k will be a circle centered at (z,z) = (0,0) with radius /1 4+ 4y2. We can parameterize
this by taking z = /1 +4y2cosu, z = \/1 + 4y2 cosu with 0 < u < 27. Our other parameter is just

y; if we rename it v, then we have the parameterization | 7(u,v) = (v/1 + 4v? cos u, v, v/ 1 + 4v? sin u)

with (v can be anything).

(I Notice that this is implied in our parameterization since v/z — 1 is not defined if z < 1.



Here is a picture of the parameterization.

The gray curves are where u is constant, and the black curves are where v is constant.

. Parameterize the ellipsoid 922 + 4y® + 2% = 36.

Solution. There is not much work to do here if we take a clever approach. Let’s rewrite the given
equation as (%)2 + (%)2 + (%)2 = 1. We know that X2 4+ Y2 4+ Z2 = 1 can be parameterized as
X =singcosf, Y =sin¢sinf, and Z = cos ¢, and if we think of X as being 5, Y as being ¥, and Z

as being ¢, then we get © = 2sin¢cosf, y = 3sin¢sinf, z = 6 cos ¢. That is, our parameterization is
|7(6, ) = (2sin ¢ cos 0, 3sin psin ), 6 cos ¢) | with [0 <0 < 27, 0 < g < 7],

Here is a picture of the parameterization.
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The gray curves are where 6 is constant, and the black curves are where ¢ is constant.

. Consider the curve z = 2+siny, 0 < y < 4w in the yz-plane. Let S be the surface obtained by rotating
this curve about the y-axis. Find a parameterization of S.

Solution. The traces in y = k of this surface will be circles. In particular, if we look at the trace
in y = k, we see a circle centered at (z,z) = (0,0) with radius 2 + siny. We can parameterize this
by taking x = (2 + siny) cost, z = (2 +siny)sint with 0 < ¢ < 27. Thus, a parameterization of the

surface is | 7(y,t) = ((2 +siny) cost,y, (2 + siny) sint) | with | 0<y<4m 0<t<2r|

Here is a picture of the parameterization.

The gray curves are where y is constant, and the black curves are where ¢ is constant.



6. Here are three surfaces.

M (IT) (I1T)

Match each function with the surface it parameterizes. Which curves are where u is constant and
which curves are where v is constant?

(a)

7(u,v) = <COZU +cosv,¥ +sinv,v>, 0<u<2m, 0<v<4m.

Solution. If u is a constant, then 7(u, v) has the form (Cy + cos v, Cy + sin v, v) where C; and Cy
are constants. You should recognize this as a helix (remember (cost,sint,t)), shifted.

On the other hand, if v is a constant, then #(u,v) has the form (3 cosu+ Cy, 3 sinu+ Cz,C3)
where Cy, Cy, and Cj5 are constants. You should recognize this as parameterizing a circle (which
is parallel to the zy-plane since the z-component does not vary with .

The surface which has helices as one set of grid curves and circles as the other is (II). The grid
curves with u constant are shown in red; the grid curves with v constant are shown in blue.

lu,v) = <cosu,sinu,u+ £>, 0<u<dm, 0<wv<2r.

Solution. If u is a constant, then 7(u, v) has the form <C’1, Cs,C3 + §> where Cy, Ca, and C5 are
constants. This simply parameterizes a vertical line segment (of length 7 since v varies between
0 and 27).

On the other hand, if v is a constant, then 7(u,v) has the form (cosw,sinu,u + C) where C'is a
constant. This parameterizes a helix.

The surface which has vertical line segments as one set of grid curves and helices as the other is
(I). The grid curves with u constant are shown in red; the grid curves with v constant are shown
in blue.

(u,v) = (ucosv,usinv,uv), 0 < u < 27, 0 < v < 4.

Solution. If u is a constant, then 7(u,v) has the form (C cosv,C'sinv, Cv) = C{(cosv,sinv,v)
where C' is a constant. This parameterizes a helix. Notice that, unlike in the two previous parts,
the helices here can be different sizes.

On the other hand, if v is a constant, then 7(u,v) has the form (Ciu, Cou, Csu) where Cq, Ca,
and C3 are constants. You should recognize this as parameterizing a line segment; since u starts
at 0, this line segment always starts at the origin.

The matching surface is (III). The grid curves with u constant are shown in red; the grid curves



with v constant are shown in blue.



Functions, Limits, and Continuity
1. Describe the level sets of the following functions. What shape are they?

(a) f(x,y) = x* + 4>

(b) f(z,y,2) = 2® +4y* + 922

(c) flz,y) =y — .

(d) f(z,y,2) =2z + 3y + 4z.

(e) f(z,y,z) =42 + 9y

2. Let S be the unit sphere centered at (0,0,0). Is S the graph of a function? If so, what function?

Is S a level set of a function? If so, what function?

3. Is the following picture the level set diagram (also known as contour map) of a function? If so, sketch
the graph of the function.
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4. Match each function with its level set diagram and its graph. (Note that each function is undefined at

(0,0).)

2
(a) f(z,y) = y72 (Hint: What are the level sets f(z,y) =0, f(z,y) = 3, and f(z,y) = 17?)

24y
2
(b) f(z,y) = _xfiiy‘*' (Hint: What are the level sets f(z,y) = 3 and f(z,y) = —37)
2
=—-————. (Hint: P f el tion!
(¢) f(z,y) T (Hint: Process of elimination!)
y y y
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Definition. The limit of f(z,y) as (z,y) approaches (a,b) is L if we can make the values of f(z,y)
as close to L as we like by taking the point (z,y) sufficiently close to the point (a,b), but not equal to

(a,b). We write this as  lim  f(x,y) = L.
(z,y)—(a,b)

Strategy.

e To show that a limit ( %nn( . f(x,y) does not exist, we usually try to find two different paths
T,y)—(a,

approaching (a,b) on which f(x,y) has different limits.

e Showing that a limit ( lim ) f(z,y) does exist is generally harder. If the point (a,b) is (0,0), one

z,y)—(a,
strategy is to rewrite the limit in polar coordinates. Then, no matter how (x,y) approaches (0, 0),

r tends to 0, so if the limit lim f(rcos,rsinf) exists, then the original limit  lim  f(x,y)
r—0+ (z,y)—(0,0)
also exists.

5. Using the contour maps from #4, first guess whether ( %un( : f(z,y) exists for each of the following
z,y)—(0,0
functions. Then show that your guess is correct using the strategy described above.

2

(a) f(z,y) = zQyierg
£Cy2
(b) flz,y) = —m~
2
© fwy) ==



Functions, Limits, and Continuity

1. Describe the level sets of the following functions. What shape are they?

(a) f(z,y) =a® +4y>.
Solution. The level set f(x,y) = k consists of points (x,y) satisfying x2 + 4y* = k. Each level
set is an .

(b) f(z,y,2) = 2® + 4y® + 92°.
Solution. The level set f(x,y,2) = k consists of points (x,y, 2) satisfying 2% + 4y? + 922 = k.
Therefore, each level set is an | ellipsoid |.

(€) flz.y)=y—=.

Solution. The level set f(x,y) = k consists of points (x,y) satisfying y — x = k. Each level set
isa . (And all of the level sets are parallel to each other.)

(d) f(z,y,2) =2z + 3y +4z.
Solution. The level set f(x,y,z) = k consists of points (z,y, z) satisfying 2z + 3y + 4z = k.
Therefore, each level set is a . (And all of the level sets are parallel to each other.)

(e) flz,y,2) =4a® + 9y*.

Solution. The level set f(x,y,2) = k consists of points (x,y,2) satisfying 422 + 9y? = k.
Therefore, each level set is a . (Each cylinder is centered around the z-axis.)

2. Let S be the unit sphere centered at (0,0,0). Is S the graph of a function? If so, what function?
Is S a level set of a function? If so, what function?

Solution. Asking whether S is the graph of a function is the same as asking whether S can be
described by a single equation of the form z = f(x,y). (If so, S is the graph of f.) If a surface is
described as z = f(x,y), then there can only be one z value for each (z,y) value. The sphere does not
satisfy this: for instance (0,0,1) and (0,0, —1) are both points on S, and they have the same x and y

values but different z values. So, S is ’not the graph of a function ‘

On the other hand, S . To express S as a level set means to write S as g(z,y,z) = k for
some function g and some constant k. We can write S as 2% +y?+22 = 1, s0 S is a level set of g(x,y, z) =

22 +y? + 2. This answer is not unique either; S is also a level set of ’ gz, y,2) =22 +y2 + 22 +¢ ‘ for

any constant c. (For instance, we can write S as 22 + y? + 2% — 7 = —6, which shows that it is a level
set of 22 + 9% + 22 —17.)

3. Is the following picture the level set diagram (also known as contour map) of a function? If so, sketch
the graph of the function.




y

(e ).
N

Solution. The picture is ’ not the level set diagram | of a function.

Why? Well, pretend that it is in fact the level set diagram of a function f(z,y). Let’s pick a point
(z,y) on the outer-most circle of the diagram. What is the value of f at that point? According to
the diagram, it has to be both 4 and —4, which doesn’t make sense — a function can only spit out 1
output for each input.

So, we can conclude that the picture is not the level set diagram of any function.

. Match each function with its level set diagram and its graph. (Note that each function is undefined at

(0,0).)

(a)

y2

o (Hint: What are the level sets f(z,y) =0, f(z,y) = 3, and f(z,y) =17)
€ Y

flz,y) =

Solution. Following the hint, we’ll look at the level sets f(z,y) =0, f(z,y) = 3, and f(z,y) = 1.
f(z,y) =0 when y = 0. This is just the z-axis.
f(x,y) =1 when y? = 22 + y2, or = 0. This is just the y-axis.

flz,y) = % when % = %, or 2y% = x? + y2. This is the same as y? = 2%, or y = £2. So, this
level set is a pair of lines.

The only level set diagram that matches this is | (III) |

To pick the right graph, notice that we said f(x,y) = 1 along the y-axis. The only picture that
matches that is | (B) |

J?yQ

TR (Hint: What are the level sets f(z,y) = & and f(z,y) = —3?)

f(x’y) =

Solution. f(z,y) = % when —% = or z2 + y* = —2zy?. We can rewrite this as x2 +
2zy% +y* = 0 and factor to get (z + y?)?

x =y

1
29
= 0, or simply x = —y2. Similarly, f(z,y) = —% is just

The only level set diagram that has parabolas as level sets is | (IT) |.

The correct graph is | (A) |



{I?yz

T (Hint: Process of elimination!)

(e) flx,y) =

Solution. The level sets of this function are hard to describe, but process of elimination tells us

that this matches and .

y y y

VA N

5. Using the contour maps from #4, first guess whether ( %IHI( : f(z,y) exists for each of the following
x,y)— (0,0

functions. Then show that your guess is correct using the strategy described above.

y2

(a) f(z,y) = m
Solution. This was contour map (III), and we can see in that contour map that several contours

of different values tend toward the origin. This means that the limit ( %ur% f(z,y) should not
z,y)—(0,0

exist because, as (x,y) approaches (0,0) along each contour, f(x,y) has a different value.

To show this, let’s have (z,y) approach (0,0) along the positive z-axis and along the positive
y-axis. If (z,y) approaches (0,0) along the positive z-axis, then y is always 0 on this path and

02
z — 0%. So, we are looking at the limit lim ————— = 0.
z—0+ 2 4 02

On the other hand, if (z,y) approaches (0, 0) along the positive y-axis, then z is always 0 on this
2

ath and 0%. So, we are looking at the limit lim —>— =
p Yy — g Y0+ 02 + y2



Since these two limits are different, we can conclude that lim  f(z,y) .

(z,y)—(0,0

IyQ

f(%y):—m-

Solution. This was contour map (II), and we can see in that contour map that several contours

of different values tend toward the origin. This means that the limit ( %Hn( : f(z,y) should not
z,y)—(0,0
exist because, as (x,y) approaches (0,0) along each contour, f(x,y) has a different value.

To show this, let’s have (z,y) approach (0,0) along the paths = —y? and = = y%. As we showed
in #4, along the path x = —y?, f(x,y) = %; along the path z = 32, f(z,y) = —%. Therefore, the
limit along the path z = —y? will be %, while the limit along the path z = y? will be —%.

Since these two limits are different, we can conclude that — lim  f(z,y) .

(z,y)—(0,0)
ny

f(fc,y):—m'

Solution. Looking at contour map (I), it seems entirely plausible that the limit exists because
we don’t see different contours heading to (0,0).

To check this, let’s rewrite the limit in polar coordinates. If we write (z,y) = (r cos €, rsin ), then

rcos 6)(rsin §)?
(z,y) approaches (0,0) as r — 0. So, we can rewrite this limit as lirn+ 7# =
r—0 T
3 .2
r° cos f sin“ 6
lim ————— = lim+ —rcosfsinf = 0, no matter what 0 is.
r—0

So, the limit ’exists and is equal to 0 ‘

Note: What would have happened in (a) if we had mistakenly guessed that the limit existed
2 o 29
and tried to use polar coordinates to show that? Well, we would have gotten lim+ % =
r—0 T
lim+ sin? §. However, this limit clearly depends on 6, which says exactly that the limit changes
r—0

depending on the path of approach.



Partial Derivatives
Here is the level set diagram of a function f(z,y). The value of f on each level set is labeled.

2

(ag, by)
0

Based on the level set diagram, decide whether each of the statements should be true or false. (For which
can you be totally sure, and for which would you need more information to be totally sure?)

1. fm(al,bl) Z 0

2. fy(ag,bg) Z O

3. fa:(ahbl) > fz(a2;b2)'

4. frx(a27b2) > 0.

5. fay(az,b2) 2 0.



Partial Derivatives
Here is the level set diagram of a function f(z,y). The value of f on each level set is labeled.

2 4

(a2| bZ)

(ag, by) 1

Based on the level set diagram, decide whether each of the statements should be true or false. (For which
can you be totally sure, and for which would you need more information to be totally sure?)

1. fm(al,bl) Z 0.

Solution. True; if we go right from (a1,b1), f(z,y) is increasing.

2. fy(ag,bg) Z O

Solution. True; if we go up from (as, b2), f(z,y) is increasing.

3. fﬂﬂ(alv bl) > fm(a2; b2)
Solution. False.

If we go right from (ag,b1), it takes more distance for f to increase by 1 (reach the next contour line)
than if we go right from (ag,bs). Another way of saying this is that the contour lines near (ag,b2)
are spaced more closely together than near (aj,b;). This suggests that f is increasing more quickly at
(ag,b2) than at (ai,by) (if we travel to the right).

However, we cannot tell for sure since the level set diagram gives us limited information: from the level
set diagram, we can only estimate the average rate of change between one contour and the next; we
cannot be absolutely sure what the instantaneous rate of change (which is what the derivative is) is
doing.

4. fﬂp(az,bg) Z 0.

Solution. True.



We can think of f,, as % fz, which measures the rate of change of f, as we move to the right. % Sz
being positive would indicate that f, is increasing as we move to the right. To see if this appears to be
true, we do pretty much the same thing as in #3 except that we compare f, at a point slightly to the
right of (a9, bs) with f, at a point slightly to the left of (aq,bs). Here, it appears that f, at a point
slightly to the right is larger, so f,, appears to be positive.

. fay(az,b2) > 0.
Solution. True.

Let’s think about this the same way that we thought about #4. That is, think of f;, as a% far 50 fay
is positive if f, is increasing as we move up. To decide whether this is true, we compare f, at a point
slightly below (ag,b2) to f, at a point slightly above (a2, bs). Here, it appears f, is higher at the point
slightly above, which suggests that f., is indeed positive.



Tangent Planes and Linear Approximation

1. Let S be the cylinder 22 + y? = 4. Find the plane tangent to S at the point (1,/3,5).

2. Let S be the surface z = ysinz. Find the plane tangent to S at the point (%, 2, 1).

3. Let S be the graph of f(z,y); that is, S is the surface z = f(x,y). Find the plane tangent to S at the
point (a,b, f(a,b)).

(Notice that #2 was a special case of this, with f(z,y) = ysinz, a = §, and b = 2.)



4. Let f(z,y,2) = /x + zyz. Use linear approximation to approximate the value of f(1.1,1.9,3.1).

5. Suppose the mysterious function f(z,y) has the following level set diagram (contour map).

The points (1,1) and (=1, —1) are marked with dots. Let Li(z,y) be the linearization of f at (1,1)
and Lo(z,y) be the linearization of f at (—1,—1). Which of the following is the level set diagram of
Li(x,y)? Which of the following is the level set diagram of La(z,y)?

y y y

e s = A
N




Tangent Planes and Linear Approximation

1. Let S be the cylinder 2% + y? = 4. Find the plane tangent to S at the point (1,/3,5).

Solution. The first thing we need to do is to parameterize the surface S. Since S can be expressed in
cylindrical coordinates as r = 2, we know that we can parameterize S using 6 and z from cylindrical
coordinates. This gives us the parameterization 7(6,z) = (2cos#,2sin6,z). The point (1,/3,5) is
then 7 (3 , 5)

7p = (—2sinf,2cos0,0) = 7 (3,5) = (—V3,1,0)

7, = (0,0,1) = T, (%,5) = (0,0,1)

Since both 7 ( ) and 7, (3 , 5) will lie in the tangent plane, their cross product (1, V3, 0) is a normal

vector for the plane. In addition, we know that the point (1,+/3,5) lies on the tangent plane, so the
plane can be described as the set of points (z,v, z) such that (1,v/3,0) - (z — 1,y — /3,2 —5) = 0, or

Lz —1)+V3(y—+3)=0]|

2. Let S be the surface z = ysinz. Find the plane tangent to S at the point (6 ,2, 1).

Solution. The first thing we need to do is to parameterize the surface. Since we can easily write z in
terms of x and y, it makes sense to use x and y as our parameters. This gives us the parameterization
7(x,y) = (x,y,ysinz). The point (%, 2, 1) is then 7 (6 , 2)

Now, we have:
7 = (1,0,ycosz) = 7, (%,2) = (1,0,V3)

7= (0,Lsinz) = 7 (2,2) = (0,1,})

Therefore, (1,0,/3) and (0,1 %> are two vectors parallel to the plane, and we can use their cross
product (1,0,/3) x <0, , 2> < 3, — , > as a normal vector for the plane.

We know that the plane should contain the point (% 2, 1) so the plane consists of all points (x,y, z)
such that <—\/§,—%,1>~<J;—%,y—2,z—1> =0, or —\f(x— 7) — 7( —2)+1(z=1)=0|

3. Let S be the graph of f(x,y); that is, S is the surface z = f(x,y). Find the plane tangent to S at the
point (a, b, f(a,b)).

(Notice that #2 was a special case of this, with f(x,y) = ysinz, a = %, and b= 2.)

Solution. The first thing we need to do is to parameterize the surface. Since z is already expressed in
terms of = and y, it makes sense to use x and y as our parameters. This gives us the parameterization
(x,y) = (x,y, f(z,y)). Then, the point (a,b, f(a,b)) is ¥(a,b). We have

FJL‘ = <1707f1> = ’Fﬂﬂ(a7b) = <1?O7fl(a‘?b)>
Fy = <0717fy> = Fy(U‘?b) = <O 1

Therefore, a normal vector for the tangent plane is the cross product (1,0, fz(a, b)) x (0,1, fy(a,b)) =
(—fz(a,b),—fy(a,b),1). A point on the tangent plane is (a, b, f(a,b)), so the tangent plane consists of
all points (z,y, z) such that
(—fz(a,b), = fy(a,b),1) - (x —a,y — b,z — f(a,b)) = 0
—fula,b)(@ — @) — fy(a,b)(y — b) + (= — fla,b) = O

We often rearrange this as ’ z = f(a,b) + fz(a,b)(z — a) + fy(a,b)(y — b) ‘




. Let f(x,y,2) = /& + zyz. Use linear approxzimation to approzimate the value of f(1.1,1.9,3.1).

Solution. First, we should pick a point near (1.1,1.9,3.1) at which we can easily compute the linear
approximation. Let’s use (1,2,3). Then, we know that f(x,y,2) ~ f(1,2,3) + f.(1,2,3)(z — 1) +
fy(1,2,3)(y—2)+ f.(1,2,3)(2—3) for (z,y, z) near (1,2, 3). Let’s find the necessary partial derivatives:

fo = 22724y = f(1,2,3) = 65
fy = xz = fy(1,2,3) = 3
f» = zy = [.(1,2,3) = 2

Also, f(1,2,3) = 7. So, for (z,y,2) near (1,2,3), f(z,y,2) =& 74+ 6.5(x — 1) + 3(y — 2) + 2(z — 3).
Plugging in (,y,2) = (1.1,1.9,3.1) gives f(1.1,1.9,3.1) &~ 7+ 6.5(.1) + 3(—.1) +2(.1) = [7.55] (The
actual value of f(1.1,1.9,3.1) is about 7.5278.)

. Suppose the mysterious function f(x,y) has the following level set diagram (contour map).

The points (1,1) and (—1,—1) are marked with dots. Let Li(x,y) be the linearization of f at (1,1)
and Lo(x,y) be the linearization of f at (—1,—1). Which of the following is the level set diagram of
Li(x,y)? Which of the following is the level set diagram of La(x,y)?
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Solution. The level set diagram of Lq(z,y) is | (C) |, and the level set diagram of La(x,y) is | (E) |

Why? Let’s think about what the linearization L(z,y) of a function f(x,y) at a point (a, b) represents.
One way to think about it is that L(z,y) is the linear function which best approximates f around (a, b).
Another way to think about it is that the graph z = L(z,y) is simply the plane tangent to the graph
z = f(x,y) of f at (a,b, f(a,b)). Either way you think about it, the level set diagram of L(z,y) should
consist of parallel lines, with the values of L(z,%) being evenly spaced.(!) This eliminates diagrams
(A), (B), and (D) from consideration.

Since the tangent plane and the graph of f touch at (a,b, f(a,b)), we know that the function f and its
linearization L should have the same value at (a,b).(?) From this, we can conclude that (C) must be
the level set diagram of L;(z,y) and (E) must be the level set diagram of Lo(z,y).

Mwe thought about this before in #1 on the worksheet “Functions and Graphs”, although we were in a slightly different
context there.

@ You can also see this from the formula we derived for the linearization: L(z,y) = f(a,b) + fz(a,b)(z — a) + fy(a,b)(y —b),
so if we plug in (z,y) = (a,b), we just get L(a,b) = f(a,b).



The Chain Rule

1. Warm-up problem: A clown is inflating a spherical balloon so that its radius at time ¢ is In(1 + ¢).
Find the rate at which the volume of the balloon is changing at time ¢. (Remember that the volume

of a sphere of radius z is 7z3.)

2. An ant is walking around on the blackboard. The temperature on the blackboard at the point (z,y)
is 2y%. The ant’s position at time ¢ is given by the vector-valued function 7(t) = (cost,e’). What is
the rate of change of temperature experienced by the ant (with respect to time) at any time ¢?

3. Quick gradient practice: Find the gradient V f of the following functions f.
(a) flz,y) =2"+y%
(b) f(z,y,2) = 2” +y* + 22
(c) f(z,y) =y
(d) flz,y,2) = zyz.
4. A fly is flying around a room; his position at time ¢ is 7(¢t) = (cost,sint,t). The temperature in

the room is given by the function f(z,y,z) = xyz. What is the rate of change of the temperature
experienced by the fly at time ¢?



d
5. Suppose z = 2% + xy + cosy, x = t?, and y = ¢'. Find d—j

du
6. Suppose u = 22 +y2 + 22, x = 5%, y = sin s, and z = e°. Find I
s

0 0
7. Suppose z = z2 — 3%, x = sin st, and y = te®. Find e and i

0s ot

8. (Implicit differentiation.) The equation z%y? + y?22 + 2%22% = 9 describes the surface shown. Find g—;
at the point (—1,1,—2).
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The Chain Rule

1. Warm-up problem: A clown is inflating a spherical balloon so that its radius at time t is In(1 + t).
Find the rate at which the volume of the balloon is changing at time t. (Remember that the volume of

. ‘4.3
a sphere of radius x is 3Tx°.)

Solution. Let’s write this using function notation. (Normally, there isn’t much reason to, but I'm
doing it here so that you can clearly see the analogy with the multi-variable chain rule.)

Let f(x) = §ma®; this function describes the volume in terms of the radius x. Let 7(t) = In(1 + ), the
radius of the balloon at time t.

The volume of the balloon at time ¢ is f(r(t)), so we are looking for the derivative 2 f(r(t)), which
the Chain Rule says is the same as f(r(t))r’(t). Now, we just compute:

fl(x) = 4ma?
Fr@) = Anln(i+ 0P
) 1
r'(t) = Tt
P = (A oP

2. An ant is walking around on the blackboard. The temperature on the blackboard at the point (x,y) is
xty?. The ant’s position at time t is given by the vector-valued function #(t) = (cost,e'). What is the
rate of change of temperature experienced by the ant (with respect to time) at any time t?¢

Solution. If we write the temperature as a function f(z,y) = 2?y?, then we are looking for 4 f(7(t)).
The Chain Rule says that & f(7(t)) = Vf(F(t)) -7 (t). Let’s calculate:

Vi = (4’y? 22%y)
Vi) = 4 (cost)3 2t 9(cost)el)
7 (—sint, e’)

= |4(cost)®e® (—sint) + 2(cost)tele’

3. Quick gradient practice: Find the gradient V f of the following functions f.
(a) f(z,y) =2 +y
Solution. Vf = (2z,2y).
(b) flz,y,2) =2 +y° + 22
Solution. Vf = (2x,2y,2z).
(c) f(z,y) = zy.
Solution. Vf = (y, z).

(d) f(z,y,2) = wyz.

Solution. Vf = (yz,zz, xy).



4. A flyis flying around a room; his position at time t is ¥(t) = (cost,sint,t). The temperature in the room
is given by the function f(x,y,z) = xyz. What is the rate of change of the temperature experienced by
the fly at time t?

Solution. The temperature experienced by the fly at time ¢ is f(7(¢)), so we are looking for %f(?(t)).
By the Chain Rule, this is equal to Vf(7(t)) - r (t). Let’s calculate:

Vf(#(t)) = (tsint,tcost,costsint)
7(t) = (—sint,cost,1)
VEEE) () = ’ ~tsin?t 4+t cos® t + costsint ‘

d
5. Suppose z = x> + xy + cosy, x = t2, and y = e'. Find d—j

Solution. Let’s write this in function notation. Let f(z,y) = 2®+xy+cosy and #(t) = (t?,e'). Then,
we are looking for 4 f((t)). By the Chain Rule, this is equal to V f((t)) - 7 (t). Let’s calculate:
Vf = (32% +y,z—siny)
) = (3t' 4l t? —sinel)
o) = (@)
)

= | (3t" + )2t + (t* — sinel)e!

d
6. Suppose u =z +y? + 2%, v =52, y =sins, and z = e°. Find d—u
S

Solution. Let’s write this in function notation. Let f(z,y, z) = 2% + y* + 2% and 7(s) = (s%,sin s, e*).

We are looking for - f((s)). By the Chain Rule, this is equal to V f(i(s)) - 7/(s). Let’s calculate:

Vi = (21,2y,2z)
VF(7(s)) = (2s% 2sins,2¢®)
F(s) = (2s,coss,¢€°)
Vf(T(s)-r(s) = ’ 483 + 2sin scos s + 2¢%

% and %
0s ot

Solution. This may look more complicated than the previous problems because there are two variables
s and t to worry about, but it really isn’t. After all, when finding %, we just treat ¢ as a constant, so
we’re really thinking only about one variable s. Similarly, when finding %, we can pretty much ignore

s and just focus on t.

7. Suppose z = 2% — y?, x = sinst, and y = te®. Find

Let’s write f(z,y) = 2% — y?, so Vf = (2z, —2y).

To find %, we'll treat ¢t as a constant and use 7(s) = (sin st, te®). Then, we’re looking for %f(f’(s)) =



-
/

Vf(7(s)) - r'(s) = (2sin st, —2te®) - (¢ cos st, te®), which simplifies to ’ 2t sin st cos st — 2t%e?s |.(1)

Similarly, to find %, we'll treat s as a constant and use 7(¢) = (sin st,te®). Then, we’re looking for
%f(f'(t)) = Vf(7(t)) - 7 (t) = (2sin st, —2tes) - (s cos st,e), or ’ (2sin st)(s cos st) — (2te”)(e”)

8. (Implicit differentiation.) The equation x?y* + y?22 + 2222 = 9 describes the surface shown. Find g—;
at the point (—1,1,—2).

Solution. One way to think about what this problem is asking is to remember what partial derivatives
mean. When we’re looking for %, we're really thinking of keeping y constant (in this case, y = 1).

Here is a picture of the trace in y = 1 of the surface:

4

-4

We're looking for %, which is the slope of this curve at (z,z) = (=1, —2). So, we should think of y as
being constant but z as depending on z.

There are two ways we could do this:
e Just using the single-variable chain rule:

Let’s take the partial derivative of both sides of the equation x2y? + y?22 + 2222 = 9 with respect
to z. Remember that we are thinking of y as being constant but z as depending on x. Therefore,

0] 0
2zy% + y2(22)8—; + z2(2z)8—; +222% = 0.
(This is exactly how you do implicit differentiation in single-variable calculus.) Rearranging,
0
(2y%z + 2x2z)—z = —2xy? — 222%,
Oz

SO
0z 2xy? + 222

dr 2Pz + 222z

0 5
Plugging in 2 = —1, y = 1, 2 = —2 gives 9z _ 2|
Ox 4

(D1f you prefer, you can certainly write 7(s,t) = (sin st, te®). Then, use partial derivatives instead of ordinary derivatives and
write %f(?(s, t)) = Vf(7(s,t)) - 7s. This amounts to exactly the same thing.



e Using the multi-variable chain rule:

Alternatively, we can use the multi-variable chain rule. Let’s write F(x,vy,2) = 22y? +y?22 + 2222
and differentiate both sides of the equation F(z,y,2) = 9 with respect to x. Using the multi-
variable chain rule, we get

OF 0r OF 0y OF 0z

— +t 5+ 575 =0.

Or 0x Oy Odxr 0z Ox

Of course, g—i is just 1. Since we are thinking of y as a constant, %—5 = 0. Finally, %i is just %,
the thing we are looking for. So, the above equation simplifies to
0z
F,+F.— =0,
oz
and we can solve for % to get
0z I,
or  F,
If we differentiate and plug in x = —1, y = 1, z = —2, we again get that % = —%.



The Gradient and Level Sets

1. Let f(z,y) = 22 + 2.
(a) Find the gradient Vf.
(b) Pick your favorite positive number k, and let C be the curve f(z,y) = k. Draw the curve on the

axes below. Now pick a point (a,b) on the curve C. What is the vector V f(a,b)? Draw the vector
V f(a,b) with its tail at the point (a,b). What relationship does the vector have to the curve?

y

(c) Let 7(t) be any parameterization of your curve C. What is f(7(t))? What happens if you use the
Chain Rule to find % f(7(t))? Use this to explain your observation from (b).

2. Here is the level set diagram (contour map) of a function f(z,y). The value of f(x,y) on each level
set is labeled. For each of the three points (a,b) marked in the picture, draw a vector showing the
direction of V f(a,b). (Don’t worry about the magnitude of V f(a,b).)

1 /




3. Let S be the cylinder 2 + y? = 4. Find the plane tangent to S at the point (1, V3, 5).

4. Let S be the surface z = ysinz. Find the plane tangent to .S at the point (%, 2, 1).

5. Suppose that 3z + 4y — 52 = —4 is the plane tangent to the graph of f(x,y) at the point (1,2, 3).

(a) Find Vf(1,2).

(b) Use linear approximation to approximate f(1.1,1.9).



The Gradient and Level Sets

1. Let f(z,y) = 2% + 2.

(a)

(b)

Find the gradient V f.
Solution. Vf(z,y) = (2z,2y).

Pick your favorite positive number k, and let C be the curve f(x,y) = k. Draw the curve on the
azes below. Now pick a point (a,b) on the curve C. What is the vector V f(a,b)? Draw the vector
V f(a,b) with its tail at the point (a,b). What relationship does the vector have to the curve?

Solution. The curve f(x,y) = k is a circle in the zy-plane centered at the origin. The vector
Vf(a,b) is equal to (2a,2b), and this vector is perpendicular to the circle (no matter what value
of k you picked and what point (a,b) you picked).

-
NI

Let 7(t) be any parameterization of your curve C. What is f(7(t))? What happens if you use the
Chain Rule to find %f(?(t)) ? Use this to explain your observation from (b).

Solution. f(r(t)) is always equal to k, since 7(t) parameterizes the curve C, and the curve C is
exactly the set of points where f(x,y) = k.

Since f(7(t)) = k for all ¢, &£ f(7(t)) = 4k = 0. By the Chain Rule, we know that % f(i(t)) is
also equal to Vf(7(t)) - 7(t), so the gradient Vf(7(t)) is always perpendicular to (¢). Recall
that 7/ (t) gives the direction of the tangent vector, so V f is always perpendicular to the tangent
vector.

2. Here is the level set diagram (contour map) of a function f(x,y). The value of f(x,y) on each level set
is labeled. For each of the three points (a,b) marked in the picture, draw a vector showing the direction
of Vf(a,b). (Don’t worry about the magnitude of V f(a,b).)



By

i

o]

Solution. Let’s look at the upper right point. We know that V f(a,b) is perpendicular to the curve
at (a,b), but there are still two possible directions:

1 |~

«
. ./\

To determine which is correct, we use the definition of V f(a,b): it is defined to be (fz(a,b), fy(a,b)).
We can tell from the original picture that f,(a,b) > 0 (see the worksheet “Partial Derivatives” for
more explanation), so the vector V f(a,b) must point to the right.

3.
=T

Using the same reasoning for the other two points, we get the following vectors:

1] —

[o]

3. Let S be the cylinder x> 4+ y* = 4. Find the plane tangent to S at the point (1,/3,5).



Solution. If we let f(x,y,2) = 2?4+ 32, then S is the level set f(x,y, z) = 4. Therefore, Vf(1,/3,5)
will be a normal vector for the tangent plane we want.

Vf = (22,2y,0), so Vf(1,v3,5) = (2,2v/3,0). Since (1,1/3,5) is a point on the tangent plane, the
tangent plane has equation (2,2v/3,0) - (x — 1,y — /3,2 —5) = 0, or [ 2(z — 1) + 2v/3(y — V3) = 0|.

Note that this is exactly the same problem as #1 from the worksheet “Tangent Planes and Linear
Approximation”; this solution, however, is simpler than the one we came up with before.

4. Let S be the surface z = ysinz. Find the plane tangent to S at the point (%, 2, 1),

Solution. If we let f(x,y,2z) = ysinx — z, then S is the level set f(x,y, z) = 0. Therefore, V f (%, 2, 1)
will be a normal vector for the tangent plane we want.

Vf={ycosx,sinx,—1),s0 Vf (%, 2, 1) = <\/§7 %7 —1>. Since (%, 2, 1) is a point on the tangent plane,

,%,—1>-<x—%,y—272—1>20,or \/5(3:—%)—}—%(34—2)—(2’—1):0.

the tangent plane has equation (/3

Note that this is exactly the same problem as #2 from the worksheet “Tangent Planes and Linear
Approximation”; this solution, however, is simpler than the one we came up with before.

5. Suppose that 3z + 4y — 5z = —4 is the plane tangent to the graph of f(z,y) at the point (1,2, 3).

(a) Find Vf(1,2).

Solution. We are told that 3x 4+ 4y — 52 = —4 is the plane tangent to the surface z = f(z,y) at
the point (1,2, 3).

Let’s think about how we normally find the tangent plane to a graph. We could use the result of
#3 from the worksheet “Tangent Planes and Linear Approximation”, or we could simply express
the graph as a level surface. Let’s take the second approach.

To find the plane tangent to z = f(z,y) at the point (1,2,3), let’s write g(x,y,2) = f(z,y) — 2.
Then, the surface z = f(z,y) can also be described as the level set g(z,y,z) = 0. Therefore,
Vg(1,2,3) must be a normal vector for the tangent plane. From the equation we are given
from the tangent plane, we can see that (3,4, —5) is also a normal vector for the tangent plane.
Therefore, we know that Vg(1, 2, 3) must be parallel to (3,4, —5); in other words, Vg(1,2,3) must
be a scalar multiple of (3,4, —5).

Of course, we're interested in Vf = (fz, fy), and we had defined g in terms of f, so let’s try
to write Vg in terms of f. Since g(z,y,2) = f(z,y) — 2, Vg = (fz, fy,—1), and Vg(1,2,3) =
<f.L(17 Q)a fy(L 2)a _1>

So, we can conclude that (f,;(1,2), f,(1,2), —1) is a scalar multiple of (3,4, —5). What scalar?

Well, looking at the last component of each vector, we can see that the scalar must be %; that
is, (f2(1,2), fy(1,2),-1) = £(3,4,-5). So, fz(1,2) = 2 and f,(1,2) = %, which means that

vin - |(2.5)]

(b) Use linear approzimation to approzimate f(1.1,1.9).

Solution. Now that we know f;(1,2) and f,(1,2), we can write down the linearization L(z,y)
of f(x,y) at (1,2).) However, there is an even simpler way to do this problem. Remember

Wt is L(z,y) = f(1,2) + fo(1,2)(@ = 1) + f(1,2)(y = 2) =3+ 2z~ 1) + 5(y — 2).



that the graph of L(z,y) was exactly the tangent plane to f at (1,2). So, z
same as 3v + 4y — 5z = —4, or z = ga: + %y + %. That is, L(xz,y) = %x

FL1,1.9) ~ L(1.1,1.9) = 3(1.1) + 2(1.9) + £ =[2.98]



Directional Derivatives

1. Here is the level set diagram of a function f(x,y); the value of f on each level set is labeled. Imagine
that f(z,y) represents temperature on the blackboard, and an ant is standing at the point (a, b), which
is marked on the diagram.

1] 7
B \

e What direction should the ant go to warm up most quickly? That is, in what direction should
he go to experience the highest instantaneous rate of change of temperature (with respect to
distance)?

[o]

e What direction should the ant go to cool down most quickly? That is, in what direction should
he go to experience the lowest (most negative) instantaneous rate of change of temperature?

2. Let f(z,y) = (x —y)? = 22 — 22y + y?. (The graph and level set diagram of f are shown.)

Calculate the following directional derivatives of f.

(a) Dgzf(1,0) where @ = < (¢) Dgzf(0,1) where @ = <

)

S

;¢> 1

(b) Daf(1,0) where @ = <%,f > (d) Daf(0,1) where @ = @%,

)

S
S



3. A fly is flying around a room in which the temperature is given by T'(x,y,2) = 22 + y* + 222. The fly
is at the point (1,1,1) and realizes that he’s cold. In what direction should he fly to warm up most
quickly? If he flies in this direction, what will be the instantaneous rate of change of his temperature?

4. You're hiking a mountain which is the graph of f(z,y) = 15—22—2xy—3y>. You're standing at (1,1,9).
You wish to head in a direction which will maintain your elevation (so you want the instantaneous
change in your elevation to be 0). How many possible directions are there for you to head? What are
they?



Directional Derivatives

1. Here is the level set diagram of a function f(x,y); the value of f on each level set is labeled. Imagine
that f(z,y) represents temperature on the blackboard, and an ant is standing at the point (a, b), which
is marked on the diagram.

[1]

S

[o]

e What direction should the ant go to warm up most quickly? That is, in what direction should he go
to experience the highest instantaneous rate of change of temperature (with respect to distance)?

o What direction should the ant go to cool down most quickly? That is, in what direction should he
go to experience the lowest (most negative) instantaneous rate of change of temperature?

Solution. Using the same reasoning as in #3, the fly should fly in the direction of V f(a,b) to warm
up most quickly (marked in red below) and the direction of —V f(a,b) to cool down most quickly
(marked in blue below). Remember that we always want our direction vectors to be unit vectors, so

the direction of V f(a,b) really means the vector g%zg;w and the direction of —V f(a, b) really means
V f(a,b)
the vector — |VfEa,b)\'
1] L —
3 \
[o]

2. Let f(z,y) = (v —y)? = 22 — 22y + y?. (The graph and level set diagram of f are shown.)



Calculate the following directional derivatives of f.

(a) Dgzf(1,0) where 4 = <%,%>
Solution. We'll use the formula Dz f(1,0) = V£(1,0)-@. In thls case, Vf = (2(x—y), —2(z—y)),
s0 V£(1,0) = (2,-2) and Dyzf(1,0) = (2,-2) - <%%>

(b) Dzf(1,0) where @ = <%,—%>

Solution. Dy f(1,0) = Vf(1,0) @ = (2,—2) - <

%\
E‘/
3

(¢) Dzf(0,1) where @ = <%, \/5>

Solution. Dzf(0,1) = V£(0,1) - @ = (—2,2) - <7 %>= —2v2|

Solution. Dy f(0.1) = Vf(0,1) -7 = (~2,2) - (~ 4, &) =

3. A fly is flying around a room in which the temperature is given by T(x,y,z) = 22 + y* + 222. The fly
is at the point (1,1,1) and realizes that he’s cold. In what direction should he fly to warm up most
quickly? If he flies in this direction, what will be the instantaneous rate of change of his temperature?

Solution. To answer the first question, we want to find the unit vector # which maximizes the
directional derivative DzT(1,1,1). We know that this directional derivative is equal to VT'(1,1,1) - @
which is in turn equal to |VT'(1,1,1)||@| cos 8, where 0 is the angle between VT'(1,1,1) and @. Since
we are looking for a unit vector @, |@| = 1, so the directional derivative will just be [VT'(1,1,1)|cos 6.
To maximize this, we need to make cos as large as possible. The largest that cos@ can be is 1, and
this happens when 6 = 0.

So, we want the angle 6 between VT'(1,1,1) and @ to be 0, which means that we want # to go in the
same direction as VT'(1,1,1). We can calculate VT'(1,1,1) easily:

VT = (2x,4y° 4z)
VT(1,1,1) = (2,4,4)

We want u to be a unit vector going in the same direction, which means we simply divide this vector

122
by its length (which is v/22 442 442 =6), so 4 = <3’ 3 3> i




The instantaneous rate of change of the fly’s temperature when he flies in this direction is simply
DgT(1,1,1) = VT(1,1,1) - @ = (2,4,4) - (3,2, 2) =[6].

You're hiking a mountain which is the graph of f(z,y) = 15 — 2% — 22y — 3y%. You're standing
at (1,1,9). You wish to head in a direction which will maintain your elevation (so you want the

instantaneous change in your elevation to be 0). How many possible directions are there for you to
head? What are they?

Solution. If you head in a direction given by a unit vector @, then the directional derivative will
be Vf(1,1) - 4. You want this to be 0, so you want @ to be perpendicular to Vf(1,1). There are
’ two unit vectors ‘ in the plane which are perpendicular to Vf(1,1).

We calculate V f = (—2z — 2y, —2x — 6y), so Vf(1,1) = (—4,—8). The two unit vectors perpendicular

to this are <%, —%) and ( S

_ 2 L>
Vs VB! |

(DT find these, start with any vector that is perpendicular to (—4, —8); one example is (8, —4) (we can tell it is perpendicular
to (—4, —8) because if we dot it with (—4, —8), we get 0). To get a unit vector, divide this vector by its length (4/5) to get

2
(%7

1

7ﬁ>' The other unit vector which is perpendicular to (—4, —8) must be the negative of the one we have already found.



Maxima and Minima

1. Find all critical points of f(z,y) = 2% + y2.

2. Find all critical points of f(z,y) = —2% — y? — 4xy.

3. Let f(x,y) be a function of two variables and @ = <%, %> Write Dg(Dgzf) in terms of fyg, fzy, and
fyy- (You may assume, as we do most of the time, that f and all of its derivatives are continuous.)

4. Find all critical points of f(x,y) = xy? — 22 — 2y? and determine whether each is a local minimum,
local maximum, or saddle point.



5. Find the absolute maximum and minimum values of f(z,y) = y* — 2% on the square |z| < 1,|y| < 1.



Maxima and Minima

1. Find all critical points of f(x,y) = x2 + y>.

Solution. We want Vf = 0. We calculate Vf = (2z,2y), and the only way that this can be equal to
(0,0) is for  and y to both be 0. Thus, the only critical point is (z,y) = .

2. Find all critical points of f(z,y) = —2? — y? — dxy.

Solution. We want Vf = 0, and we can calculate V f = (—2z—4y, —2y—4z). So, we want —2z—4y = 0
and —2y — 4z = 0. The first equation tells us that x = —2y; plugging this into the second, we get that

6y = 0, so y = 0. Plugging this back into the first equation gives = 0, so | (0,0) | is the only critical
point.

3. Let f(z,y) be a function of two variables and @ = (2, §> Write Dg(Dgf) in terms of fow, foy, and
fyy- (You may assume, as we do most of the time, that f and all of its derivatives are continuous.)

Solution. Let’s write ¢ = Dz f. Then, we are looking for Dzg. First, let’s just figure out what Dy f
is:

Daf = Vf-d
3 4
3 4
= ng+gfy

We're looking for Dgzg, which (by the same reasoning) is %gw + %gy. Now, since g = gfL + %fy,

3 4
3 4
9y = gfzy + gfyy
Therefore,
Dg(Dzf) = Dag
3 4
= ggac + ggy

3 /(3 4 4 /3 4
= 5 <5fmz + 5fyac> + 5 <5fzy + 5fyy>

9 12 12 16
= %fx;c + %fyx + %fmy + %fyy

9 24 16
= |3 foz + 2% foy + % fyy | by Clairaut’s Theorem (which says that f,, = fyz)

4. Find all critical points of f(x,y) = zy? — x? — 2y? and determine whether each is a local minimum,
local mazximum, or saddle point.

Solution. We want Vf = 0, and we can calculate Vf = (y? — 2z, 2xy — 4y). So, we want y? — 2z =0
and 2zy — 4y = 0. The first equation tells us that z = ;; plugging this into the second equation gives



y> — 4y = 0. We can factor this as y(y — 2)(y +2) =0, so y = 0, 2, or —2. Since x = %2, this gives us
three points, (0,0) and (2, +2).

To classify our three critical points, we need to calculate the discriminant fy; fy, — fgy at each point.
Let’s first just calculate it in terms of x and y: for = =2, foy = 2y, and fyy = 20 —4, 50 foz fyy ffgy =
—4(z — 2) — 49°. So:

e At (0,0), the discriminant is 8, which tells us that (0,0) is either a local minimum or a lo-
cal maximum. To decide which, we can use the fact that f,, = —2 < 0, which tells us that

’ (0,0) is a local maximum ‘

e At (2,2), the discriminant is —16, so ’ (2,2) is a saddle point ‘

e At (2,-2), the discriminant is —16, so ’ (2, —2) is a saddle point ‘

2

5. Find the absolute mazimum and minimum values of f(z,y) = y? — a2 on the square |z| < 1,|y| < 1.

Solution. Since || < 1, |y| < 1 is a closed bounded region in R?, we know that f(x,y) must attain
its maximum and minimum values on this region. Remember that the basic strategy is to check the
critical points and boundary separately. That is, we’ll find all the critical points, and then we’ll find all
the points on the boundary where the absolute minimum or maximum might occur; after we’ve done
that, we’ll plug each point into f to see which gives the highest value and which gives the lowest.

The critical points are where V = 0. Since Vf = (—2x,2y), the only critical point is (0, 0).(")

Now, we look at the boundary. The boundary is composed of four separate pieces, and we’ll look at
each one individually:

e Let’s look at the piece where x = 1. Here, f(z,y) = f(1,y) = y* — 1, and we are concerned with
y in the interval [—1,1]. So, we want to maximize and minimize y? — 1 on the interval [—1,1].
You can do this using calculus or just by looking at the graph of y? — 1; either way, you should
find that it’s biggest when y = +1 and smallest when y = 0. This gives us three candidate points,
(1,1), (1,-1), and (1,0).

e On the piece where z = —1, f(x,y) = f(—1,y) = y* — 1, and we again want to maximize and
minimize y? — 1 on the interval [—1, 1]. The maximum is when y = £1 and the minimum is when
y = 0. This gives us three more candidate points, (—1,1), (=1,—1), and (—1,0).

e On the piece y = 1, f(x,y) = f(x,1) = 1 — 22, and we want to maximize and minimize this on
the interval [—1,1]. The maximum occurs when x = 0, and the minimum occurs when z = +1,
so we get three more candidates, (0,1), (—1,1), and (1,1).

e On the piece y = —1, f(z,y) = f(x,—1) = 1 — 22, and we get three more candidates, (0,—1),
(—=1,—1), and (1,—1).

So, we now have a big list of points where the absolute minimum and maximum might occur: (0,0),
(17 1); (17 _1)3 (LO)’ (_17 1)a (_1’ _1)a (_1’0)7 (Oa 1)’ (_17 1)v (1a 1)’ (07 _1)a (_17 _1)a and (1a _1)'
We evaluate f at each of these points, and we find that the absolute maximum occurs at (0, £1), where
the function is equal to 1. The absolute minimum occurs at (+1,0), where the function is equal to
—1.

(DYou can use the Second Derivative Test to see what type of critical point (0,0) is, but it’s not necessary to do so since we
are really just compiling a list of candidate points that we will check later.



Lagrange Multipliers

Here are some examples of problems that can be solved using Lagrange multipliers:

e The equation g(z,y) = ¢ defines a curve in the plane. Find the point(s) on the curve closest to
the origin.

e The temperature in a room is given by T(z,y, z) = 100x + xy + 5yz2. A bug walks on a spherical
balloon which is given by the equation 22 + y% + 22 = 3. What is the warmest point the bug can
reach?

1. Here is the level set diagram of f(x,y) = 2zy.

2
a) Estimate the maximum and minimum values of f on the ellipse r +y?=1.
4

2
(b) Find the maximum and minimum values of f on the ellipse % +y? =1.




2. Minimize 2z + 4y + 6z if 22 + y? + 22 = 14.

3. Minimize 22 + y? + 22 subject to the constraints  +y + z = 6 and = + 2y — 3z = 14.

4. Maximize and minimize f(z,y,2) = xyz subject to the constraint that 22 + y? + 2% = 1.



Lagrange Multipliers

1. Here is the level set diagram of f(z,y) = 2zy.

(a)

2
Estimate the mazimum and minimum values of f on the ellipse % +y? =1.

Solution. Let’s draw in the ellipse on the level set diagram:

From this picture, we can see that the highest value f achieves on the ellipse is 2, and the lowest
value is —2.

2
Find the mazimum and minimum values of f on the ellipse % +y?=1.

Solution. Let’s write g(z,y) = %2 + y2. Then, we are trying to extremize f(z,y) = 2xy subject
to the constraint that g(xz,y) = 1. Therefore, the method of Lagrange multipliers says that we
should look for points where Vg =0 or Vf = AVg.

Vg = <%, 2y>7 so Vg can only be 0 at (z,y) = (0,0). However, the point (0,0) does not lie on the
ellipse ‘%2 +y? =1, so we can ignore it.

So, we need Vf = AVg, or (2y,2z) = A <%, 2y>. We also need to make sure we are on the ellipse,



so we are really trying to solve three equations simultaneously:

2 = A(5) (1)
2 = A@2y) (2)
2
z 2
— =1 3
Tty 3)
(2) tells us that # = \y; if we plug this into (1), we get that 2y = 2%, or 4y = A\%y. Rewriting this
as (4 — %)y = 0, we find that either A> =4 (so A = £2) or y = 0. Let s look at these possibilities

separately:

e If y = 0, then the equation z = Ay tells us that © = 0. But (0,0) does not lie on the ellipse,
so this does not satisfy all three equations.

e If A = 2, then z = 2y. Plugging this into (3), 242 =1, s0 y = i%. Since x = 2y, this gives

us two candidate points (f f) and (—%7 —%) (We can check that all three equations

are satisfied.)
o If A = —2, then # = —2y. Plugging this into (3), 2y> = 1,50 y = j:%. Since x = —2y, this
gives us two candidate points (—%, %) and (\/5, _ﬁ)'

We have four candidate points, and we just evaluate f at each of them to figure out the maximum
and minimum values of f on the ellipse:

So, the maximum value of f on the ellipse is , and the minimum value is .

2. Minimize 2z + 4y + 62 if 22 + 9% + 22 = 14.

Solution. Let f(z,y,2) = 2z + 4y + 6z and g(z,y,2) = 2% + y?> + 22. Then, Vf = (2,4,6) and
Vg = (2x,2y,2z).

We want Vg = 0or Vf = AVg. The former happens when x = y = z = 0, but this point does not
satisfy our constraint z2 + y? + 22 = 14.

To have Vf = )\Vg,weneedlf)\:c 27)\y,and3f/\z soxfwyf)\,andsz. To find A, we
use the fact that 22 4+ y2 + 22 = 14: we need )\2—1—)\2—&—)\2 =14, s0 A\ = +1.

Therefore, our candidate points are (1,2,3) and (—1, —2, —3). Evaluating f at each point, we have

f(1,2,3) = 28
f(-1,-2,-3) = -—28

So, the minimum value is f(—1,-2,-3) = —28.



3. Minimize x> + y% + 22 subject to the constraints  +y + 2 = 6 and = + 2y — 3z = 14.

Solution. Let f(x,y,2) = 22 +y* + 22, g(z,y,2) = 2 +y + 2, and h(z,y, 2) = x + 2y — 32. Then,

Vi, y,z) = (2z,2y,2z2)
Vg(r,y,2) = (1,1,1)
Vh(z,y,z) = (1,2,-3)

Since Vg and Vh are not parallel, we just need to solve Vf = A\Vg + uVh. That is, we need

2 = A+p
2y = A+2pu
2z = A=3u

So,

R A+

2
A+ 2

Y7 T
o A=3u

T T

Now we use our constraints:  +y + z = 6 and = + 2y — 3z = 14. Plugging in our expressions for z,
y, and z, we need 7)‘ =6 and 7 = 14. The first condition tells us that A = 4, and the second tells us
that p = 2. Therefore, x =3, y =4, and z = —1.

The minimum is therefore f(3,4,—1) = 26.

4. Mazimize and minimize f(x,y,z) = zyz subject to the constraint that x> +y* + 22 = 1.

Solution. Let g(z,y,2) = 22 + y? + 22, so that we can write our constraint as g(w,y,z) = 1. Then,
we want to solve Vg =0 or Vf = AVg.

Since Vg = (2z,2y,2z), Vg = 0 only when (x,y,2) = (0,0,0), but this point does not satisfy the
constraint.

So, let’s focus on Vf = AVg. Since Vf = (yz,xz,xy), we have three equations:

yz = 2\x
rz = 2y
Ty = 2\z

We also have a fourth equation, the constraint 22 + 52 + 22 = 1. There are a number of ways to tackle
solving these equations. Here, notice that if we multiply the first equation by z, the second by y, and
the third by z, then we end up with three equations with zyz on the left side:

zyz = 2X\z°
zyz = 2X\y°
ryz = 2\22

So, 2Ax? = 2\y? = 2Xz2. There are two ways this could happen: either A = 0 or 22 = 2 = 22



e If A =0, then the three equations each say xyz = 0. We could try to figure out what values of =z,

y, and z work out with this, but we actually don’t really need to: no matter what points we find,
we already know that zyz = 0, so f(x,y, 2) = xyz will be 0.

o If 22 = 42 = 22, then the constraint z2 + 3% + 22 = 1 tells us that each of 22, y2, and 22 must be

3. So, x, y, and z are each i%. Therefore, f(z,y, z) = xyz will be iﬁ.

1 1
So, the minimum value of f(x,y,2) on 2% + 4%+ 2% =1 is —3—\/3 , and the maximum value is | —= |.

Notice that we did not need to completely solve for z, y, z, and A to answer the question.



More Extremal Problems

1. (a) Use Lagrange multipliers to find the absolute minimum and maximum values of f(z,y) = 22+ 43>
subject to the constraint y = 22 — 2, if they exist.

(b) Sketch the level set diagram of f(x,y) = 22 + 4y? and the constraint curve y = x? — 2. Where
are the candidate points that the method of Lagrange multipliers finds?



2. Decide whether each statement is true or false. (If true, explain what strategy you would use to find
the absolute minimum and maximum values.)

Every continuous function f(x,y) must attain an absolute minimum and absolute maximum value
on 22 + 4y% < 1.

Every continuous function f(x,y) must attain an absolute minimum and absolute maximum value
on z2 +4y% = 1.

Every continuous function f(x,y) must attain an absolute minimum and absolute maximum value
2 2
on x* —4y° = 1.

Every continuous function f(z,y) must attain an absolute minimum and absolute maximum value
on 22 +4y% <1,y >0.

Every continuous function f(z,y,z) must attain an absolute minimum and absolute maximum
value on a2 + 432 + 22 = 1.

Every continuous function f(z,y,z) must attain an absolute minimum and absolute maximum
value on 2?2 + 432 = 1.

Every continuous function f(z,y,z) must attain an absolute minimum and absolute maximum
value on the intersection of 22 +4y?> + 22 =l and z +y + 2 = 1.

3. Find the absolute maximum and minimum values of zyz? on the solid =2 +4y? + 22 < 16, if they exist.



More Extremal Problems

1. (a) Use Lagrange multipliers to find the absolute minimum and mazimum values of f(x,y) = 12+ 4y>
subject to the constraint y = 2 — 2, if they exist.

Solution. Since the constraint curve y = x? — 2 goes on forever, there is no reason to expect that
the function f(xz,y) will actually attain an absolute minimum or absolute maximum. However,
if we sketch the level set diagram (see (b)), we can see that f(z,y) should have a minimum on

To find the absolute minimum value, we’ll use Lagrange multipliers. Our constraint is y = 2% — 2,
or 22 —y = 2. Let g(x,y) = 22 —y. Then, we want to solve Vf = AVg or Vg = 0. Since
Vg = (2z,—1), Vg can never be 0 (the second component of Vg is always —1).

So, we focus on Vf = AVg, or (2z,8y) = A\(2x,—1). Together with our constraint, we have three
equations:

2 = M2x) (

8y = - (2)

-y = 2 (3)

—_
~—

(1) can be rewritten as 2x(1 — \) = 0, so either x = 0 or A = 1.(Y) Let’s look at these possibilities
separately.

e If z = 0, then (3) tells us that y = —2, so we have the point (0,—2). (In this case, (2) tells
us that A = 16, but we don’t really need that information.)

o If A = 1, then (2) tells us that y = —3, and (3) then says that z = +,/%, so we get two

possible points, (:I: 2 —%).
Now, we evaluate f at our three candidate points:

£0,-2) = 16

15 1 31
f( 8’_8> = 16
15 1 31
f(‘ 8’_8> = 16

Since we’ve already decided that f achieves a minimum but no maximum on the constraint curve,

we can see that | the minimum value of f on the constraint curve is % .

(b) Sketch the level set diagram of f(z,y) = 2%+ 4y? and the constraint curve y = x? —2. Where are
the candidate points that the method of Lagrange multipliers finds?

Solution. Here is the diagram, with the constraint curve shown in red and the points shown in
blue:

(1) Be very careful: it’s temping to see the equation 2z = A(2z) and cancel 2z from both sides to get A = 1, but then you lose
the possibility that = 0.



Note that the constraint curve is tangent to the level sets of f at the blue points; this is exactly
what the Lagrange multiplier equation looks for.

2. Decide whether each statement is true or false. (If true, explain what strategy you would use to find
the absolute minimum and maximum values.)

(a)

Every continuous function f(x,y) must attain an absolute minimum and absolute mazimum value
on x? + 4y < 1.

Solution. False; this region is not closed (it doesn’t include its boundary).

Every continuous function f(z,y) must attain an absolute minimum and absolute mazimum value
on x? + 4y = 1.

Solution. True. To find the absolute minimum and maximum, use Lagrange multipliers (find
the maximum and minimum of f(x,y) subject to the constraint that 22 + 4y? = 1).

Every continuous function f(xz,y) must attain an absolute minimum and absolute maximum value
2 2
on x° — 4y = 1.

Solution. False. 22 — 4y? = 1 describes a hyperbola in the plane, which goes on forever.

Every continuous function f(x,y) must attain an absolute minimum and absolute mazimum value
on x? +4y> <1, y>0.

Solution. True. To find the absolute minimum and maximum, first find the value of f on all
critical points of f which satisfy 22 + 4y? < 1 and y > 0 (that is, critical points inside the
boundary), and then find the maximum and minimum values of f on the boundary. The largest
of these values is the maximum; the smallest is the minimum.

Notice that the boundary really has two pieces: y = 0 (with —1 < z < 1) and 22 + 4y% = 1 (with
x > 0). To deal with the first, just substitute y = 0 into the expression for f to get a single
variable problem. To deal with the second, you could use Lagrange multipliers (be sure to discard
any points you find with y < 0).

Every continuous function f(x,y,z) must attain an absolute minimum and absolute mazimum
value on x? + 4y + 22 = 1.

Solution. True, as this is an ellipsoid; use Lagrange multipliers to find the minimum and maxi-
muim.

Every continuous function f(x,y,z) must attain an absolute minimum and absolute mazimum
value on z2 + 4y? = 1.

Solution. False; since f is a function of three variables, we must think about the domain as living



in R3 (space). In R3, the equation 22 + 4y = 1 describes a cylinder which is infinitely long.

(g) Every continuous function f(x,y,z) must attain an absolute minimum and absolute mazimum
value on the intersection of x> + 4> + 22 =1 andx +y+ 2 = 1.

Solution. True, as we are talking about the intersection of an ellipsoid and a plane, which is a
closed loop. To find the minimum and maximum, use Lagrange multipliers (with two constraints).

3. Find the absolute mazimum and minimum values of xyz? on the solid x* +4y? + 2% < 16, if they exist.

Solution. This is a homework problem!



Double Integrals

1. Write a double integral / / f(z,y) dA which gives the volume of the top half of a solid ball of radius

R
5. (You need to specify a function f(z,y) as well as a region R.)

2. (a) If R is any region in the plane (R?), what does the double integral / / 1 dA represent? Why?
R

(b) Suppose the shape of a flat plate is described as a region R in the plane, and f(z,y) gives the
density of the plate at the point (x,y) in kilograms per square meter. What does the double

integral // f(z,y) dA represent? Why?
R

3. If R is the rectangle [1,2] x [3, 4], compute the double integral // 62%y dA.
R



4. Tf R is the rectangle [0, 1] x [—1, 2], compute the double integral // 2ye” dA.
R

5. Find the volume of the solid that lies under z = 22 4 3? and above the square 0 < x <2, —1 <y < 1.

6. Find the volume of the solid enclosed by the surfaces z =4 —a22 —¢y2, 2 =22+ 2y -2,z = -1,z = 1,
y=—1,and y=1.



Double Integrals

1. Write a double integral // f(z,y) dA which gives the volume of the top half of a solid ball of radius
R
5. (You need to specify a function f(x,y) as well as a region R.)

Solution. We know that // f(x,y) can be interpreted as the volume of the solid under z = f(x,y)
R

over the region R. So, we’d like to think of a function f(z,y) and a region R so that the solid under
z = f(z,y) over R is the top half of a solid ball of radius 5.

Let’s look at the sphere of radius 5 centered at the origin. We know that it has equation 2 + 3% 4
22 = 25, so the top half of this sphere can be described by z = /25 — 22 — 2. The solid under
2z = /25 — 22 — 42 and over the region 22 + y? < 25 is therefore half of a solid ball of radius 5. So,

the double integral // V25 — 22 — y2 dA where R is the disk 22 + y? < 25 | gives the volume of the
R

top half of a solid ball of radius 5.

2. (a) If R is any region in the plane (R?), what does the double integral // 1 dA represent? Why?
R

Solution. Remember that we are thinking of the double integral / / f(z,y) dA as a limit of
R

Riemann sums, obtained from the following process:
1. Slice the region R into small pieces.

2. In each piece, the value of f will be approximately constant, so multiply the value of f at any
point by the area AA of the piece.(!)

3. Add up all of these products. (This is a Riemann sum.)

4. Take the limit of the Riemann sums as the area of the pieces tends to 0.
Now, if f is just the function f(x,y) = 1, then in Step 2, we end up simply multiplying 1 by the
area of the piece, which gives us the area of the piece. So, in Step 3, when we add all of these

products up, we are just adding up the area of all the small pieces, which gives the area of the
whole region.

So, // 1 dA represents the ’ area of the region R |.
R

(b) Suppose the shape of a flat plate is described as a region R in the plane, and f(x,y) gives the
density of the plate at the point (x,y) in kilograms per square meter. What does the double integral

/ f(z,y) dA represent? Why?
R

Solution. Following the process described in (a), in Step 2, we multiply the approximate density
of each piece by the area of that piece, which gives the approximate mass of that piece. Adding
those up gives the approximate mass of the entire plate, and taking the limit gives us the exact

’mass of the plate |

(1) Actually, it’s also fine to just approximate the area of the piece.



3. If R is the rectangle [1,2] x [3,4], compute the double integral // 62%y dA.
R

2 4
Solution. We can rewrite this as an integrated integral in two ways: / ( / 622y dy) dx or
. ) 1 3
/ ( / 622y das) dy. These will give the same answer (that’s what Fubini’s Theorem says), so let’s
3 1

4
just use the first. We need to first do the inner integral, which is / 622y dy. When we do this integral,
3

y=4
we treat = as a constant. So, this integral is equal to 312y2‘ = 3x2(16 -9) = 2122. So, our iterated
y=3

2 r=2
integral becomes / 212% dox = 7x3’ = .
1 =1

4. If R is the rectangle [0,1] x [—1,2], compute the double integral // 2ye” dA.
R

1 g2
Solution. We can rewrite the double integral as an iterated integral in two ways: / / 2ye” dy dx
0o J-1

2 1
or / / 2ye® dx dy. Let’s use the first to compute.
-1Jo

12 1

// 2ue” dy dx = / (er’”
0o J-1 0
1

= /36“7 dx
0

r=1
= 3e”
=0

- [5—]

y=2
) dr
y=—1

5. Find the volume of the solid that lies under z = x> +y? and above the square 0 < x <2, =1 <y < 1.

Solution. We know that the volume of the solid lying under a surface z = f(z,y) and above a region

‘R in the plane is given by the double integral / / f(z,y) dA, so the volume we want in this problem is
R

given by the double integral // (22 +9?) dA where R is the square [0,2] x [~1,1]. We know that this
R

2 1 12
double integral is equal to the iterated integrals / / (2 +9?) dy dx and / / (22 + 9?) dx dy.
0 J-1 -170



Let’s use the first iterated integral:

2 1
/ / (sc2 + y2) dy dx
0o J-1

2 3\ [¥=1

0 3 y:—l
2 2
= 202 +2) d
f (2t 5)
223 =2

x

= 7-1-%96

3 3 =0
_ [
|3

6. Find the volume of the solid enclosed by the surfaces z =4 —2% —y?, z =2 +2y* -2, 2= 1,2 =1,

y=-—1,andy = 1.

Solution. When we study triple integrals, we’ll see another way to do this problem.

First, let’s figure out what this solid looks like. The surface z = 4 — x

2 _ 4?2 is a paraboloid which

opens downward, with its highest point at (0,0, 4). The surface z = ? + 2y* — 2 is a paraboloid which
opens upward, with its lowest point at (0,0, —2). So, here is a picture of the solid:

Here, the top surface is z = 4 — 22 — y2, and the bottom is z = 22 + 2y% — 2. To find the volume of the
solid, let’s imagine approximating it using boxes:

Basically, what we are doing is chopping the rectangle R = [—1, 1] x [—1, 1] into lots of small rectangles,
each of area AA. Then we look at a particular box:



Its volume is the area AA multiplied by the height of the box. The height of the box is the difference
between the z-value at the top (on the surface z = 4 — 22 — y?) and the bottom (on the surface
z = 22+2y*—2). So, its volume is approximately [(4—z2 —y?) — (2% +2y? —2)]AA = (6 —222 —3y?)AA.

If we add all of these up and take the limit as AA — 0, we get the double integral // (6—22%—3y?) dA,
R
which we compute by converting to an iterated integral:

11
// (6 —22% —3y*) dA = / / (6 — 222 — 3y*) dy dx
R —1J-1
1 y=1
= / <6y — 222y — 9 ) dx
1 y=—1

Il
\,_‘
—
—
o
I
W
]

[\v]
S~—
IS
)

=1
= 10— -2

z=—1
2
T3




Double Integrals over General Regions

1. Let R be the region in the plane bounded by the lines y = 0, z = 1, and y = 2z. Evaluate the double

integral // 2zy dA.
R
y

2

2. Let R be the region bounded by y = 22 and y = 1. Write the double integral // f(z,y) dA as an
R
iterated integral in both possible orders.

y

1

3. For many regions, one order of integration will be simpler to deal with than the other. That is the case
in this problem: use the shape of the region to decide which order of integration to use. Why is the
other order more difficult?

Let R be the trapezoid with vertices (0,0), (2,0), (1,1), and (0,1). Write the double integral
// f(x,y) dA as an iterated integral.
R

y
1




4. Sometimes, when converting a double integral to an iterated integral, we decide the order of integration
based on the integrand, rather than the shape of the region — some integrands are easy to integrate
with respect to one variable and much harder (or even impossible) to integrate with respect to the other.

That is the case in this problem.

Evaluate the double integral / / Vy? + 1 dA where R is the region in the first quadrant bounded by
R

x=0,y=1, and y = /z. (To decide the order of integration, first think about whether it’s easier to
integrate the integrand with respect to « or with respect to y.)

y
1

5. In each part, you are given an iterated integral. Sketch the region of integration, and then change the
order of integration.

@ [ [ st ay i

(b) / 4 / Y fevy) do dy.

© [ 1 | f/i;f(x,y) dx dy.



6. Let a be a constant between 0 and 4. Let R be the region bounded by y = 22 + a and y = 4. Write
the double integral / / f(z,y) dA as an iterated integral in both possible orders.
R

1 0 3
7. Evaluate the iterated integral / / 2x cos <y - y) dy dx.
0o J-vizz 3

More problems on the other side!



8. A flat plate is in the shape of the region in the first quadrant bounded by + =0, y = 0, y = Inz and
y = 2. If the density of the plate at point (x,y) is re¥ grams per cm?, find the mass of the plate.
(Suppose the z- and y-axes are marked in cm.)

9. Let U be the solid above z = 0, below z = 4 — y?, and between the surfaces 2 = siny — 1 and
x =siny 4+ 1. Find the volume of U.



Double Integrals over General Regions

1. Let R be the region in the plane bounded by the lines y =0, x = 1, and y = 2z. Fwvaluate the double

integral // 2zy dA.
R

Solution. We can either slice the region R vertically or horizontally.(!)

y y
2 2

e Slicing vertically:
Slicing vertically amounts to slicing the interval [0, 1] on the z-axis, so our outer integral will be
1

something dz. To figure out the inner integral, we look at a general slice. Remember that, on
0
a single slice, = is (roughly) constant, and we want to describe what y does. The bottom of each

slice is on the line y = 0, and the top is on the line y = 2z, so the inner integral has endpoints of
integration 0 and 2x. Therefore, our iterated integral is

1 20 1 y=2z
// 2cy dy dr| = /(myQ‘ )dx
o Jo 0 y=0
1
= /4;103 dx
0

e Slicing horizontally:
Slicing horizontally amounts to slicing the interval [0,2] on the y-axis, so our outer integral will

2
be / something dy. To figure out the inner integral, we look at a general slice. The left end of

0
each slice is on the line y = 2z, and the right end is on the line x = 1. Since we are describing

(’Remember that this is a streamlined version of the real process. Really, to get a Riemann sum approximation, we chop
the region R into lots of small rectangles, each of width Az and height Ay. The area of each piece is then AA = AzAy. We
have one product “f(z,y)AzAy” per little rectangle, and we need to add these all up to get a Riemann sum. (See #2 of the
worksheet “Double Integrals” for more details.) When converting to an iterated integral, we're really deciding whether we want
to add up in rows or columns first. If we add up in rows, we visualize adding up in a horizontal slice first and getting one sum
per horizontal slice (then we add up all of those sums, one per slice). Similarly, if we add up in columns, we visualize adding
up in a vertical slice first and then adding up all those sums, one per vertical slice. So, when we say “slice horizontally,” we
really mean we’re going to add up in rows first.



a horizontal slice, we want to describe how x varies, so = goes from % to 1. Thus, the iterated

integral is / / 2zxy dx dy |, which is of course also equal to 1.
y/2

2. Let R be the region bounded by y = 22 and y = 1. Write the double integral // flz,y) dA as an
R

iterated integral in both possible orders.

Solution. Again, we think of slicing either vertically or horizontally.

y y

1

e Slicing vertically:
Slicing vertically amounts to slicing the interval [—1,1] on the z-axis, so the outer integral will be
1

/ something dz. To write the inner integral, we want to describe what y does within a single

1
slice (thinking of x as being constant). The bottom of each slice lies on y = 22, and the top lies

on y = 1, so the iterated integral is / / flz,y) dy dx |

e Slicing horizontally:
Slicing horizontally amounts to slicing the interval [0, 1] on the y-axis, so the outer integral will
1
be / something dy. The left side of each slice lies on y = x2, and the right side of each slice also
0

lies on y = z2. Remember, though, that we are trying to describe how x varies in a slice (and we
think of y as being constant), so x goes from the left half of y = 22, where x = —+/¥, to the right

{7
half, where = ,/y. Thus, the iterated integral is / / flx,y) dx dy |

3. Let R be the trapezoid with vertices (0,0), (2,0), (1,1), and (0,1). Write the double integral // f(z,y) dA
R

as an iterated integral.

Solution. Let’s compare slicing vertically with slicing horizontally:

y y

1 1

X X
1 2 1 2

Notice that, if we slice vertically, there are two “types” of slices. The slices to the left of z = 1 go from
y =0 to y = 1, whereas the slices to the right go from y = 0 to the diagonal side of the trapezoid.



In contrast, if we slice horizontally, all of the slices have the same description: they go from = = 0 to

the diagonal side. This seems simpler, so let’s go with this method. When we slice horizontally, we
1

are slicing the interval [0,1] on the y-axis, so our outer integral will be / something dy. Each slice

0
goes from 2 = 0 to the diagonal side. The diagonal side is y = 2 — z (we know it’s a line containing
the points (2,0) and (1,1)). We want to describe how x varies in each slice, so & goes from 0 to 2 — y.

1 2—y
So, the iterated integral is / / flz,y) dx dy|.
0o Jo

—~

2)

4. FEvaluate the double integral // V3 +1 dA where R is the region in the first quadrant bounded by
R

x=0,y=1, and y = /z. (To decide the order of integration, first think about whether it’s easier to
integrate the integrand with respect to x or with respect to y.)

Solution. The integrand is much easier to integrate with respect to x than with respect to . Therefore,
we should try to rewrite the double integral as an iterated integral where the inner integral is with
respect to . This means our outer integral will be with respect to y, which corresponds in our strategy
to slicing the region horizontally.

y
1

= X
1

1
This amounts to slicing the interval [0, 1] on the y-axis, so the outer integral will be / something dy.
0

Each slice has its left end on # = 0 and its right end on y = /z. We want to describe how z varies
within a slice, so we rewrite y = / as x = y?. This gives the iterated integral

1 py? 1 z=y?
// VP 1 de dy /(x\/y?’—kl‘ O)dy
0 0 0 =
1
/y2\/y3+1dy
0

We can evaluate this integral using substitution: if we let u = 3® 4+ 1, then du = 33? dy, and we can
rewrite the integral as

u=2

2
1 2 .
/f\/adu = i
1 3 u=1

@)

1 1
(@ If you used the other order of integration, you should have a sum of iterated integrals / / flz,y) dy dz +
o Jo

/;2 /0271 f(z,y) dy dz.

ol @




5. In each part, you are given an iterated integral. Sketch the region of integration, and then change the
order of integration.

(a)

/:/;f(x,y) dy dx.

Solution. Let’s just think of our strategy in reverse. The fact that the outer integral is
4

something dz tells us that we are slicing the interval [0,4] on the z-axis, so we are mak-

0
ing vertical slices from x = 0 to x = 4. The inner integral tells us that the bottom of each slice is

on y = 0, and the top of each slice is on y = x. So, the region of integration (with vertical slices)
looks like the picture on the left:

y y
4 4
3 3
y=X y=X
2 2
1 1
1 2 3 5 1 2 3 5"

To change the order of integration, we want to instead use horizontal slices (the picture on the
4

right). Now, we are slicing the interval [0, 4] on the y-axis, so the outer integral is something dy.

0
Each slice has its left edge on y = x (or « = y, since we really want to describe x in terms of y)

4 4
and its right edge on = = 4, so we can rewrite the iterated integral as / / flz,y) dz dy|.
0 Jy

/04/0ﬁf(x,y) dx dy.
4

Solution. The fact that the outer integral is / something dy tells us that we are slicing the

0
interval [0,4] on the y-axis, so we are making horizontal slices from y = 0 to y = 4. The inner
integral tells us that the left side of each slice is on 2 = 0 and the right side is on x = /y (or
y = 22). So, the region of integration looks like this:

y y
4 4
3 3
2 y=x 2 y=x
1 1
X X
1 2 1 2

To change the order of integration, we use vertical slices. Now, we are slicing the interval [0, 2]
on the z-axis. The bottom of each slice is on y = 2, and the top of each slice is on y = 4, so we

2 4
can rewrite the integral as / / flz,y) dy dx|.
0 Jz2




(c) /01 /_\/\;ji;f(w,y) dx dy.

1
Solution. The fact that the outer integral is / something dy tells us that we are slicing the

interval [0, 1] on the y-axis, so we are making hgrizontal slices from y = 0 to y = 1. The inner
integral tells us that the left side of each slice is on z = —+/1 — %2 and the right side of each
slice is on = /1 —y2. & = —y/1 — 42 describes the left half of the circle 2 + y?> = 1, and
x = y/1 — y? describes the right half, so the region of integration looks like this:

y y

J—

\
\
|
| X
| j K‘
To change the order of integration, we use vertical slices. Now, we are slicing the interval [—1,1]

1

on the z-axis, so the outer integral is / something dz. Each slice has its bottom edge on y = 0
1

and its top edge on the top half of the circle 22 +y? =1 (or y = v/1 — 22), so we can rewrite the

1 V1—z2
iterated integral as / / f(z,y) dy da |.
-1Jo

6. Let a be a constant between 0 and 4. Let R be the region bounded by y = 2% + a and y = 4. Write the
double integral // f(z,y) dA as an iterated integral in both possible orders.
R

Solution. The curves y = 22 4+ a and y = 4 intersect where 22 = 4 — a, so £ = +v/4 — a. So, the
region R looks like this:

(-V4-a,d 4 (V4-a,4
y=x*+a

To write the double integral as an iterated integral, we think of slicing either vertically or horizontally.



(-V4-a,d (V4-—a,4 (—\/4;5\,4) 4 (\/4—ra,4)
z

\ /
/

y=x*+a y=xt+a

e Slicing vertically:

Slicing vertically corresponds to slicing the interval [—v/4 — a, v/4 — a] on the z-axis, so the outer
Vi—a

integral will be / something dz. Each slice has its bottom edge on y = z? + a and its top
_Visa

Vi—a 4
edge on y = 4, so the iterated integral is / / f(z,y) dy dz|. Remember that a is a
—V4d—a Jx2+a
constant, so it’s fine to have it in the outer integral.

e Slicing horizontally:
Slicing horizontally corresponds to slicing the interval [a,4] on the y-axis, so the outer integral

4
will be / something dy. Each slice has its left edge on y = 22 +a (so = —/y — a) and its right

4 Jy—a
edge on y = 22 + a (so x = \/y — a). Thus, the iterated integral is / / flz,y) dz dy|
a J-vi=a

1 0 3
7. Fwvaluate the iterated integral / / 2x cos (y — y) dy dx.
0 Jovica? 3

Solution. We don’t know how to integrate the integrand with respect to y, but we can integrate it
with respect to z. This suggests that we should change the order of integration, as in #5. First, let’s
1

figure out what the region looks like. The fact that the outer integral is / something dz tells us that

0
we are slicing the interval [0, 1] on the z-axis, so we are making vertical slices from z = 0 to z = 1.
The inner integral tells us that the bottom of each slice is on y = —v/1 — 22 (the bottom half of the
circle 22 + 32 = 1) and the top of each slice is on y = 0. So, the region of integration looks like this:

y y




To change the order of integration, we switch to using horizontal slices. Now, we are slicing the interval
0

[—1,0] on the y-axis, so our outer integral will be / something dy. Each slice has its left edge on
-1

x = 0 and its right edge on the right half of the circle 2% + y? = 1 (so z = /1 — y2). Therefore, we
can rewrite the given integral as

0 py/1-9y2 3 0 3
Y 2 Y
/ / 2x cos (y — > dx dy / x“ cos (y - )
_1Jo 3 1 3 /1o
0 y?
/ (1—y?)cos <y — ) dy
1 3

We can use substitution to evaluate this integral: let u =y — %3; then, du = (1 —y?)dy, so the integral

becomes
0 u=0
cosu du = sinu

—2/3

1—y2

dy

. A flat plate is in the shape of the region in the first quadrant bounded by x =0, y =0, y = Inx and
y = 2. If the density of the plate at point (x,y) is xeY grams per cm?, find the mass of the plate.
(Suppose the x- and y-azes are marked in cm.)

Solution. As we learned in #2(b) of the worksheet “Double Integrals”, we can find the mass of the
plate by taking the double integral of the density, where the region of integration is the plate. In this
case, the integrand xe¥ is easy to integrate with respect to x and with respect to y, so we will pick an
order of integration based on the shape of the region. We can either slice horizontally or vertically:

y y
2 2

X X
1 e e 1 e e?

As in #3, this region is simpler to describe using horizontal slices: with vertical slices, there are two
“types” of slices, but with horizontal slices, there is only one.

If we use horizontal slices, we are slicing the interval [0, 2] on the y-axis. Each slice goes from = = 0 to
y=Inz (or z = e¥), so the iterated integral is

2 ey 2 1
/ / zeV de dy = / —x%e¥
o Jo o \ 2




9. LetU be the solid above z = 0, below z = 4—1y?, and between the surfaces x = siny—1 and x = siny+1.
Find the volume of U.

Solution. The picture on the left shows the four surfaces z = 0, z = 4 — y?, © = siny — 1, and
x =siny + 1. The picture on the right shows just the solid i/.

z

x

This solid can be described as the solid under z = 4 — y2 over the region R, where R is where the solid
meets the zy-plane. So, its volume will just be // (4 —y?) dA.
R

To calculate this double integral, we need to describe R and convert the double integral to an iterated
integral. The surface z = 4 — y? intersects the zy-plane z = 0 where 4 — % = 0, or y = +2, s0 y = 2
and y = —2 are 2 boundaries of the region R. The other two are x = siny — 1 and z = siny + 1. So,
R looks like this:

y
%
yé
2 A 1 2%

x=siny+1

=

This amounts to slicing the interval [—2, 2] on the y-axis, so the outer integral will be / something dy.
—2
The left side of each slice is on = siny — 1, and the right side is on x = siny 4 1, so we can rewrite



the double integral as an iterated integral

sin y+1 2
/ / Ydx dy = / [x(él )
siny—1 —2

2
[ s

r=sin y+1

o

r=siny—1

-2
23 V=2
— gy
3 |, s
_ |64
13




Double Integrals in Polar Coordinates

1. A flat plate is in the shape of the region R in the first quadrant lying between the circles 2% 4+ % = 1
and 22 + y? = 4. The density of the plate at point (z,y) is x + y kilograms per square meter (suppose
the axes are marked in meters). Find the mass of the plate.

y

2
R

[
N

2. Find the area of the region R lying between the curves r = 2 + sin36 and r = 4 — cos 36. (You may
leave your answer as an iterated integral in polar coordinates.)

y
51

ad

e

3. In each part, rewrite the double integral as an iterated integral in polar coordinates. (Do not evaluate.)

(a) // V1 —a% —y? dA where R is the left half of the unit disk.
R



(b) // 2?2 dA where R is the right half of the ring 4 < 22 + 2 < 9.
R

i

2 4—y?
4. Rewrite the iterated integral in Cartesian coordinates / / zy dx dy as an iterated integral in
0 VA4a—y?

polar coordinates. (Try to draw the region of integration.) You need not evaluate.

5. Find the volume of the solid enclosed by the zy-plane and the paraboloid z = 9 — 22 — y2. (You may
leave your answer as an iterated integral in polar coordinates.)

6. The region inside the curve r = 2 + sin 30 and outside the curve r = 3 — sin 36 consists of three pieces.
Find the area of one of these pieces. (You may leave your answer as an iterated integral in polar
coordinates.)

2y
L




When doing integrals in polar coordinates, you often need to integrate trigonometric functions. The
double-angle formulas are very useful for this. (For instance, they are helpful for the integral in #2.)

The double-angle formulas are easily derived from the fact
t = cost+isint (1)

ei

If 0 is any angle, then
10t — o200

Using (1) with ¢t = 6 on the left and ¢t = 260 on the right, this becomes

(cosf + isinf)(cosd + isind) = cos20 + isin 20
cos?@ —sin? @ + 2isinfcosf = cos20 + isin26

Equating the real parts of both sides, ’cosQH—sinzﬁ =cos20| Equating the imaginary parts,

2sinf cos @ = sin 20 |.

The formula cos 20 = cos? § — sin® § also leads to useful identities for cos? @ and sin? 6:

cos20 = cos?0 —sin®0 cos20 = cos?6 —sin?0
= cos?f — (1 —cos?0) = (1—sin®6) —sin?0
= 2cos?f—1 = 1-—2sin%0
9 1 . 9 1
cos” f = 5(14—00529) sin® 0 = 5(1—C0820)

These two identities make it easy to integrate sin®# and cos? 6.

For the remaining problems, use polar coordinates or Cartesian coordinates, whichever seems easier.

7. Find the volume of the “ice cream cone” bounded by the single cone z = y/x2 + y2 and the paraboloid




8. A flat plate is in the shape of the region R defined by the inequalities 2 + 3% <4, 0<y <1, z <O0.
The density of the plate at the point (x,y) is —zy. Find the mass of the plate.

9. Find the area of the region which lies inside the circle 2%+ (y—1)? = 1 but outside the circle 22 +y? = 1.



Double Integrals in Polar Coordinates

1. A flat plate is in the shape of the region R in the first quadrant lying between the circles x> + y? = 1
and z? + y*> = 4. The density of the plate at point (x,y) is ¥ + 1y kilograms per square meter (suppose
the azes are marked in meters). Find the mass of the plate.

y

2
R

X

1 2
Solution. As we saw in #2(b) of the worksheet “Double Integrals”, the mass is the double integral of

density. That is, the mass is // (z+y) dA.
R

To compute double integrals, we always convert them to iterated integrals. In this case, we’ll use a
double integral in polar coordinates. The region R is the polar rectangle 0 <6 < 7,1 <r < 2, so we
can rewrite the double integral as an iterated integral in polar coordinates:

//R(ery)dA

/2 2
/ / (rcosf + rsin@)(r dr df)
0 1
w/2
J
7r/2 ) r=2
/ —r3(cos @ + sin 0) de
0 3 r=1

/2 7
= / —(cos@ +sin6) db
o 9

2
/ 72 (cos @ + sin 6) dr df
1
1

7 0=m/2
= 3 (sin @ — cos 0)
=0
Y
BRE

2. Find the area of the region R lying between the curves 1 = 2 +sin360 and r = 4 — cos36. (You may
leave your answer as an iterated integral in polar coordinates.)

Solution. As we saw in #2(a) of the worksheet “Double Integrals”, the area of the region R is equal
to the double integral / / 1 dA. To compute the value of this double integral, we will convert it to an
R

iterated integral.

This region is not a polar rectangle, so we’ll think about slicing. Let’s make slices where 6 is constant:



—5¢

Our slices go all the way around the origin, so the outer integral will have 6 going from 0 to 27. Along
each slice, r goes from the inner curve (r = 2 + sin36) to the outer curve (r = 4 — cos36). So, the

iterated integral is

27 4—cos 30
/ / 1-7rdrdf
0 2+sin 36

r=4—cos 360
) do

r=2-sin 30

2m
1
/ 77"2
0 2

1

/QW [(4 — cos30)* — (2 +sin30)*] db
0

2

1 27

5/ (16—8cos30+005239—4—4sin39—sin230) do
0

1 27

5/ (12 — 8 cos 30 + cos 60 — 4sin 360) db
0

by the double angle identity cos 2t = cos? t — sin? ¢

1 4 =27

- 129—fsm39+751n69+700539

2 6 3 6=0

3. In each part, rewrite the double integral as an iterated integral in polar coordinates. (Do not evaluate.)

) / V1 —122 —y2 dA where R is the left half of the unit disk.
R

s

Solution. The region R is the polar rectangle 5 < 0 < 37’7, 0 < r < 1. In polar coordi-
nates, the integrand is v/1 —r2. So, we can rewrite the double integral as an iterated integral

3m/2 1
/ /\/1—r2-rdrd9.
/2 0




(b) // 22 dA where R is the right half of the ring 4 < 2% +y*> < 9.
R

™ s

Solution. The region R is the polar rectangle —5 < 6 < 7,2 < r < 3.0 In polar coordi-
nates, the integrand is (rcosf)?. So, we can rewrite the double integral as an iterated integral
/2

3
/ r2cos? 0 -r dr do.
2

—m/2

2 py/4—y?
4. Rewrite the iterated integral in Cartesian coordinates / /
0 V4a—y?

xy dx dy as an iterated integral in
polar coordinates. (Try to draw the region of integration.) You need not evaluate.
Solution. Let’s first write the integrand in polar coordinates. Since x = rcosf and y = rsiné, the

integrand can be written as 72 sin @ cos .

2
Next, let’s figure out the region of integration. Since the outer integral is something dy, we are

0
slicing the interval [0, 2] on the y-axis, so we are making horizontal slices from y = 0 to y = 2. The
inner integral tells us that the left side of each slice is on # = —4/4 — 32 and the right side of each slice

ison x = /4 —y2. = = —/4—y? is the left half of the circle 22 + y? = 4, and z = /4 — y? is the

right half of the circle 22 + y? = 4, so our region of integration (with horizontal slices) looks like this:

3

ST

This region is the polar rectangle 0 < 6 < 7, 0 < r < 2. So, the integral in polar coordinates is

s 2
/ / r2sin@cos - r dr df |
o Jo

5. Find the volume of the solid enclosed by the xy-plane and the paraboloid z = 9 — x> — y2. (You may
leave your answer as an iterated integral in polar coordinates.)

(1)Normally, we want 0 to be between 0 and 27. However, if it’s more convenient for a polar integral, we relax this restriction.



Solution. Let’s break this down into two steps:
1. First, we’ll write a double integral expressing the volume.
2. Then, we’ll convert the double integral to an iterated integral.

Notice that the solid can be described as the solid under z = 9 — 22 — y? over the region R, where R

is where the solid meets the zy-plane. So, its volume will be // (9 — x? — y2) dA. Let’s describe R
R

in more detail. The surface z = 9 — 22 — y? intersects the zy-plane z = 0 where 2% + 3% = 9, so the
region R is the disk 2 +y? < 9.

Now, we’ll convert this double integral to an iterated integral. The region R is the polar rectangle
0<60<2m0<r <3, so we can rewrite the double integral as

27 3
//(9—x2—y2)dA / /(9—7‘2)7‘de9
R o Jo
2m 3
/ / (9r — ) dr df
o Jo
2 03 4 7=3
9, T
—rt = — do
/O A <2 4 r—O)
27 81
[
=21
4

8ir
2

6=0

6. The region inside the curve r = 2+ sin 30 and outside the curve r = 3 — sin 360 consists of three pieces.
Find the area of one of these pieces. (You may leave your answer as an iterated integral in polar
coordinates. )

Solution. Since we are finding area, our integral will be / / 1 dA, where R is the region of integration.
R

As always, to evaluate the double integral, we need to rewrite it as an iterated integral (this time, in
polar coordinates).

Let’s make slices where § = constant.(?)

(2)When we’re dealing with regions that aren’t polar rectangles, it’s almost always easier to slice where 6 = constant.



—4+

We are slicing from the 6 of the red point to the 6 of the blue point. Let’s find these. The red point

and blue point are points where the curves r = 2 + sin 36 and r = 3 — sin 36 intersect, so let’s solve

2 4+ sin 30 = 3 — sin30. This happens when sin 30 = %, or 30 = %, ‘%’ So, the red point has § = Jg,
5T

the blue point has 6 = 51%, and our outer integral will have ¢ going from 75 to 1%.

Along a slice, r goes from the inner curve (r = 3 — sin36) to the outer curve (r = 2 + sin36), so we
can rewrite our double integral as
r=2+4sin 360
> de

57 /18 ,2+sin 36 57/18 1
/ 1-rdrdf / —r?
/18 3—sin 36 w/18 2 r=3—sin 30

1 [57/18

= 7/ [(2+5in30) — (3 —sin30)?] db
2 /18

1 57/18

= (=54 10sin 36) db

/18

1 10
3 <50 -3 cos 30>

om
9

O |

0=57/18

0=7/18

Sl e

7. Find the volume of the “ice cream cone” bounded by the single cone z = \/x% + y2 and the paraboloid

1,2 yQ

Solution. Let R be the projection of the solid onto the xy-plane; that is, let R be the region we see if
we look down on the solid from above. This will be a disk, so let’s do the integral in polar coordinates.



First, we’ll rewrite everything in terms of polar coordinates. The cone z = /22 + y2 can be rewritten
as z = r, and the paraboloid z = 3 — %2 — y; can be rewritten as z = 3 — %.

To find the disk R, notice that, if we look at the solid from above, the disk we see is the size of the
circle where the two surfaces intersect. The surfaces intersect where r = 3 — %; this can be rewritten
as r? +4r — 12 =0, or (r +6)(r —2) = 0. Since 7 > 0, the intersection is r = 2. So, the region R is a
disk centered at the origin with radius 2. This is a polar rectangle with 0 <r <2, 0 < 6§ < 27.

One way to find the volume of the solid is to find the volume under the paraboloid over R, find the
volume under the cone over R, and subtract the latter from the former.(®) That is:

volume under volume under
2 .
z2=3-" minus z=r equals volume we want
over R over R

So, the iterated integral in polar coordinates is

27 2 7,,2 2 2 27 2 7,2
/ /(3—)rd7‘d9—/ /r~rdrd9 = / /(3——r>rdrd9
0 0 4 0 0 0 0 4
21 2 3
= / / 3r——r2> dr df
0 0 4
(s
0 2 16 3
7
3

r

Notice that we end up simply integrating the difference between 3 — ; and r; this is really the height
of the solid above the point (r,0). For an explanation of why this works in terms of Riemann sums,
see #6 of the worksheet “Double Integrals”.

8. A flat plate is in the shape of the region R defined by the inequalities 2 +y?> <4, 0<y <1, z <0.
The density of the plate at the point (z,y) is —xy. Find the mass of the plate.
Solution. As we saw in #2(b) of the worksheet “Double Integrals”, the mass is the double integral of

density. That is, the mass is / / —xy dA.
R

Here is a picture of the region:

(3)This is similar to what you were asked to do in the homework problem §12.3, #30.



-
NI

There are four ways we could slice: two in Cartesian (vertically or horizontally) and two in polar (where
6 is constant or where r is constant). Here are pictures of all four:

mm =
- -

vertical (x = constant) horizontal (y = constant) 0 = constant r = constant

ﬁ

When slicing vertically, along # = constant, or along = constant, there are multiple “types” of slices.
However, if we slice horizontally, there is only one “type” of slice. This suggests that we should go with
horizontal slices. Slicing horizontally amounts to slicing the interval [0, 1] on the y-axis, so the outer

1
integral will be / something dy. Each slice has its left end on the left edge of the circle 2% 4+ 32 =4
0

(so where x = —y/4 — y?) and its right end on x = 0, so we can rewrite the double integral as

1 0 1 1 z=0
—zy dr dy| = / ——z?y dy
A /—’\/ 4—y? 0 2 r=—1/4—1y2

|
= /5(4—y2)ydy
0
1 1
= 5/(4y—y3)dy
0

y=1

y=0

9. Find the area of the region which lies inside the circle z?+(y—1)% = 1 but outside the circle z*+y? = 1.

Solution. Here is a picture of the region, which we’ll call R:



A
NP

There are four ways we could slice: two in Cartesian (vertically or horizontally) and two in polar (where
6 is constant or where r is constant). Here are pictures of all four:

A AAcF
N NN VN

vertical (z = constant) horizontal (y = constant) 0 = constant 7 = constant

When slicing vertically or horizontally, we can see that there are multiple “types” of slices. When
slicing where 6§ = constant or r = constant, there is only one type of slice. So, let’s do this in polar
coordinates.

First, let’s write the equations of the two circles in polar coordinates. The circle 2 + y? = 1 is just
r = 1. The circle 2% + (y — 1)? = 1 is more complicated:

?+y-1)7% =1
(rcos®)? + (rsind —1)2 = 1
r2cos?f +r?sin®f — 2rsinf+ 1 = [
r%(cos? 6 4 sin? 0) — 2r sin 6 0
r? = 2rsiné
r = 2sind

(In the last step, we’ve divided both sides by r; this is fine since r > 0 on the circle.(®)

We'll use the third picture, where we slice along § = constant. (We can use the fourth as well, but
we’re more used to doing polar integrals by slicing where § = constant.) Here’s a picture with more
detail.

(4) Actually, 7 = 0 at the very bottom of the circle, but as it’s just one point, it doesn’t really matter.



We are slicing from the 6 of the red point to the 6 of the blue point. Let’s find these values. The
red point and blue point are points where the curves » = 1 and r = 2sinf intersect, so let’s solve
1 = 2sinf. This happens when 6 = & and ¢ = %" So, the red point has § = %, the blue point has
0= %’r, and our outer integral will have 6 going from ¢ to “%“.

Along each slice, r goes from the lower circle (r = 1) to the upper circle (r = 2sin#), so the inner
integral will have r going from 1 to 2sinf. So, we can rewrite our double integral as

57/6 p2sinf 5m/6 1 r=2sin 0
/ / l-rdrdf| = / (7’2 >d0
/6 1 /6 2 r=1
57/6 1
= / <25in20> do
/6 2
57/6 1
= / (—cos2¢9> do
/6 2

1
by the identity sin® § = 5(1 — cos 20)

9 1 0=>57/6
= ———sin20
2 2 0=m/6
3
_ T3
3 2




Applications of Double Integrals: Center of Mass and Surface Area

1. A flat plate (“lamina”) is described by the region R bounded by y = 0, x = 1, and y = 2z. The density
of the plate at the point (x,y) is given by the function f(z,y).

(a) Write double integrals giving the first moment of the plate about the z-axis and the first moment
of the plate about the y-axis. (You need not convert to iterated integrals.)

(b) The center of mass of the plate is defined to be the point (Z,7) where

_ first moment of plate about y-axis _
T = and Y=

first moment of plate about x-axis
mass of plate ’

mass of plate

Write expressions for T and j in terms of iterated integrals.

2. In this problem, we will look at the portion of the paraboloid z = 22 + y? + 1 with z < 10. Let’s call
this surface S.

(a) Parameterize the surface S.(!) Describe any restrictions on the parameters.

(b) Find the surface area of S.

(D Remember that this basically means we want to describe the surface using two variables — those are the parameters.
Although we may use cylindrical or spherical coordinates to come up with a parameterization, our final parameterization
should always describe the surface in Cartesian coordinates.



3. In each part, write a double integral that expresses the surface area of the given surface S. Sketch the
region of integration of your double integral. (You do not need to convert the double integral to an
iterated integral or evaluate it.)

(a) S is parameterized by 7(u,v) = (ucosv,usinv,uv), 0 <u < 27, 0 < v < 47.

(b) S is the part of the surface from (a) under the plane z = 20.

4. Find the surface area of the following surfaces.

(a) S is the portion of the plane 3x — 3y + 2z = 12 which lies inside the cylinder x2 + y? = 1.

1s the portion of the plane 3x — +z= which lies inside the cylinder + 2z =1.
(b) S is th i f the pl 3 3y 12 which lies inside the cylinder 3?2 2=1

(c) S is a sphere of radius 1.



Applications of Double Integrals: Center of Mass and Surface Area

1. A flat plate (“lamina”) is described by the region R bounded by y = 0, © = 1, and y = 2z. The density
of the plate at the point (x,y) is given by the function f(z,y).

(a)

Write double integrals giving the first moment of the plate about the x-axis and the first moment
of the plate about the y-azxis. (You need not convert to iterated integrals.)

Solution. The first moment about the z-axis is / / yf(z,y) dA, and the first moment about
R

the y-axis is // zf(x,y) dA
R

The center of mass of the plate is defined to be the point (T,y) where

_ first moment of plate about y-axis d first moment of plate about x-axis
T = an Y=

mass of plate

mass of plate

Write expressions for T and y in terms of iterated integrals.

Solution. We know that the mass of the plate is obtained by integrating the density, so the mass
is equal to / f(z,y) dA. So, in terms of double integrals,
R

//xfmy " //yfxy
/ flz,y) d / flz,y)d

Since we are asked to write this in terms of iterated integrals, we need to actually look at the
region R. It looks like this:

2y

X

1

Let’s slice vertically. Then, we are slicing the interval [0,1] on the z-axis, so the outer integral
1

will be something dx. Each slice has its bottom end on y = 0 and its top end on y = 2z, so

0
the inner integral has y going from 0 to 2z. This is true for all of the integrals we have, so

2z 2z
// zf(z,y) dy dx // yf(z,y) dy dzx
— and -

2 2
/ f(z,y) dy dx / flz,y) dy dx




2. In this problem, we will look at the portion of the paraboloid z = 22 4+ y? + 1 with z < 10. Let’s call
this surface S.

(a) Parameterize the surface S. Describe any restrictions on the parameters.

Solution. This is the same problem as #1 on the worksheet “Parametric Surfaces”. There, we
came up with three possible parameterizations:

i (u,v) = (u,v,u? +v? + 1) with u? + 0% < 9.
ii. #(u,v) = (ucosv,usinv,u? + 1) with 0 <u < 3,0 < v < 27.
iii. 7(u,v) = (v/u— 1Lcosv,vVu — Lsinv,u) with 1 <u < 10,0 < v < 27.
(b) Find the surface area of S.

Solution. We can do this using any of the parameterizations from (a). Let’s use the second,

7(u,v) = (ucosv,usinv,u? + 1) with 0 < u < 3, 0 < v < 27. The region R in the uv-plane
described by the restrictions 0 < u < 3, 0 < v < 27 is a rectangle:

We know that the surface area is given by the double integral / / |7 X 7| dA. Let’s first calculate
R

[T X Tl
7w = {(cosv,sinv,2u)
7y = (—usinv,ucosv,0)
Py X 7y = (—2u?cosv, —2u? sinv, u)

o X T Viut 1 u?
= u?(4u? +1)
= um since u > 0

3
IS
X
<
<
I

So, the double integral expressing the surface area is / / uv4u?2 +1 dA|
R

As always, we evaluate double integrals by converting them to iterated integrals. In this case,
our region of integration is a rectangle, so it makes sense to do this in Cartesian coordinates (as



opposed to polar coordinates). The double integral becomes the iterated integral

3 27 3
/ uv4u? + 1 dv du / 2muv/4u? + 1 du
o Jo 0

u=3

%(4u2 1 1)3/2

u=0

- [

3. In each part, write a double integral that expresses the surface area of the given surface S. Sketch the
region of integration of your double integral. (You do not need to convert the double integral to an
iterated integral or evaluate it.)

(a)

S is parameterized by #(u,v) = (ucosv,usinv,uv), 0 <u <27, 0 < v < 4.
Solution. Since we are given a parameterization of S, we can just write down the double integral:
it is / / |7 X 7| dA, where R is the region in the wv-plane which describes the possible (u,v).

The restrictions 0 < u < 27, 0 < v < 47 define a rectangle in the uv-plane:

\
Ly

u

2n

Let’s compute the integrand |7, X 7|:

7w = {(cosv,sinv,v)
7y = (—usinv,ucosv,u)
Ty X Ty = (usinv — uvcosv, —ucosv — uv sin v, u)

[P X 7| = uv/2+4+ 0?2 since u >0

So, a double integral which gives the surface area of S is / / uv 2+ v? dA, where R is the region
R

shown (the rectangle 0 < u < 27, 0 < v < 47).

S is the part of the surface from (a) under the plane z = 20.

Solution. We can use the same parameterization as in (a), so the integrand |7, x 7| for the
double integral will not change. What will change is the region of integration: the restriction
z < 20 imposes restrictions on u and v.

In our parameterization #(u,v) = (ucosv,usinv,uv), z = uv, so the restriction z < 20 means
uv < 20. So, the region of integration R now consists of points (u,v) satisfying 0 < u < 2,
0 <wv <A4m, uv < 20. The region looks like this:



So, a double integral expressing the surface area is / / uv2+v?2 dA, where R is the region
R

shown.
4. Find the surface area of the following surfaces.

(a) S is the portion of the plane 3z — 3y + z = 12 which lies inside the cylinder x* + y* = 1.
Solution. First, we need to parameterize the surface S.

Since our surface is part of a plane, let’s first parameterize the plane. Then, since we only want
the part of the plane inside the cylinder 22 + y? = 1, we’ll use the inequality x2 + y? < 1 to figure
out restrictions on our parameters.

Remember that parameterizing a surface amounts to describing each point (x,y, z) on the surface
using just two variables. In this case, we can easily write z in terms of x and y: z = 12 — 3z + 3y,
so let’s use x and y as our parameters. To avoid confusion, we’ll rename them v and v, so our
parameterization is * = u, y = v, z = 12 — 3u 4+ 3v. We can write this as a parametric vector
function 7(u,v) = (u,v,12 — 3u + 3v).

Since we want 22 + y? < 1 and © = u, ¥y = v, the restriction on parameters that we have is
u? 4+ v? < 1. This describes a unit disk in the uv-plane, which we’ll call R:

We know that the double integral expressing the surface area is / / |7 X 7| dA, so let’s calculate
R
the integrand:

7 = (1,0,-3)

7 = (0,1,3)
Ty X Ty = (3,-3,1)
Fu X Tyl = V19



So, the double integral expressing the surface area is / / V19 dA |
R

Since the region R is a disk, we could do this integral in polar coordinates. However, since the
integrand is just a constant, there’s an even easier way: we can pull the constant out to get

// V19 dA =19 // 1 dA, and we know that // 1 dA is the area of R. In this case, R is a
R R R
unit disk, so its area is . Therefore, the value of the double integral is | v/197 |.

S is the portion of the plane 3x — 3y + z = 12 which lies inside the cylinder y* + 2% = 1.

Solution. Since we are talking about the same plane as in (a), we might think to parameterize
the surface the same way. However, then the part of the plane lying inside the cylinder is described
by v? + (12 — 3u + 3v)? < 1, which is a hard region to describe in the uv-plane. So, let’s try a
different parameterization.

The plane is described by 3z — 3y + z = 12, which means we can easily describe any of the three
variables x, y, and z in terms of the other two. Since we are restricting ourselves to points where
y? + 22 < 1, let’s use y = u and z = v; then, the region in the wv-plane is easy to describe: it’s
just the disk u? +v? < 1. Since 3z — 3y + 2z = 12, x = y—35+4=u—35+4. So, we have
the parameterization #(u,v) = <u -3 +4, u,v> with u? + v? < 1. If we let R denote the disk

u? 4+ v? < 1, then a double integral giving the surface area is / / |7 X 7| dA. Here’s a picture
R

of the region:

Let’s write out the integrand:

7, = (1,1,0)
1
ﬁv = 777071
n= {0)
Ty X Ty = <

|'Fu X 7:;)| =

V1 V1
So, the double integral we want to compute is / 79 dA = 79 / / 1 dA, which is @ times
R R
V19

the area of R. Since R is a disk of radius 1, its area is 7. So, the surface area of S is Tﬂ'

S is a sphere of radius 1.

Solution. We can position our sphere anywhere we want, so let’s put it with its center at the



origin. Then, the sphere can be described very simply in spherical coordinates as the surface
p =1, so it makes sense to use 6 and ¢ from spherical coordinates as our parameters. The point
(1,0, ¢) in spherical coordinates is z = sin ¢ cos, y = sin ¢sin b, z = cos ¢. If we write u = 6 and
v = ¢, this gives us the parameterization 7(u,v) = (sinv cosu,sinvsinu, cosv), and 0 < u < 27,
0 <wv < 7. So, if R is the rectangle 0 < u < 27w, 0 < v < 7, then the surface area is the double

integral // |7 X 7| dA. Let’s compute the integrand:
R

7y = (—sinvsinu,sinovcosu,0)

7y = {coswvcosu,cosvsinu, —sinv)
Tu X Ty = (= sin? v cos u, — sin® vsin u, — sin v cos v)
Ty X Ty| = \/sin4 v cos? u + sin vsin? u + sin® v cos2 v

= \/sin4 v + sin® v cos? v

= \/sin2 u(sin? v + cos? v)

= Vsin?v

= |sinv|

Since 0 < v < 7, sinv > 0, so |sinv| = sinv. Therefore, an integral giving the surface area of the

sphere is // sinv dA where R is the rectangle 0 < u < 2w, 0 < v < 7| Here is a sketch of the
R

region:

v
n

To compute, we need to convert this to an iterated integral. Since the region is a rectangle, it’s
easiest to do this in Cartesian coordinates, and we get

27 T 27
/ / sinv dv du = / (fcosv
0 0 0
27
/ 2 du
0




Triple Integrals

1. (a) If U is any solid (in space), what does the triple integral / / / 1 dV represent? Why?
u

(b) Suppose the shape of a solid object is described by the solid U, and f(z,y, z) gives the density
of the object at the point (z,y,2) in kilograms per cubic meter. What does the triple integral

/// f(x,y,z) dV represent? Why?
u

2. Let U be the solid tetrahedron bounded by the planes x = 0, y = 1, 2z = 0, and = + 2y + 3z = 8.
(The vertices of this tetrahedron are (0,1,0), (0,1,2), (6,1,0), and (0,4,0)). Write the triple integral

/// f(z,y,z) dV as an iterated integral.
u

(6,1,0



3. Let U be the solid enclosed by the paraboloids z = 22+ and z = 8—(2%2+y?). (Note: The paraboloids
intersect where z = 4.) Write /// f(z,y,2) dV as an iterated integral in the order dz dy dz.
u

1 z 1
4. In this problem, we’ll look at the iterated integral / / / f(z,y, 2) dx dy dz.
0 Jo Jy2

(a) Rewrite the iterated integral in the order dz dz dy.

(b) Rewrite the iterated integral in the order dz dy dx.

5. Let U be the solid contained in 22 + y? — 22 = 16 and lying between the planes z = —3 and z = 3.
Sketch U and write an iterated integral which expresses its volume. In which orders of integration can
you write just a single iterated integral (as opposed to a sum of iterated integrals)?



1. (a)

Triple Integrals

IfU is any solid (in space), what does the triple integral /// 1 dV represent? Why?
u

Solution. Remember that we are thinking of the triple integral /// f(z,y,2) dV as a limit of
u

Riemann sums, obtained from the following process:
1. Slice the solid U into small pieces.

2. In each piece, the value of f will be approximately constant, so multiply the value of f at any
point by the volume AV of the piece. (It’s okay to approximate the volume AV.)

3. Add up all of these products. (This is a Riemann sum.)

4. Take the limit of the Riemann sums as the volume of the pieces tends to 0.
Now, if f is just the function f(z,y,z) = 1, then in Step 2, we end up simply multiplying 1 by
the volume of the piece, which gives us the volume of the piece. So, in Step 3, when we add all

of these products up, we are just adding up the volume of all the small pieces, which gives the
volume of the whole solid.

So, /// 1 dV represents the ’ volume of the solid U |.
u

Suppose the shape of a solid object is described by the solid U, and f(x,y,z) gives the density
of the object at the point (x,y,z) in kilograms per cubic meter. What does the triple integral

/// f(z,y,z) dV represent? Why?
u

Solution. Following the process described in (a), in Step 2, we multiply the approximate density
of each piece by the volume of that piece, which gives the approximate mass of that piece. Adding
those up gives the approximate mass of the entire solid object, and taking the limit gives us the

exact ’mass of the solid object ‘

2. Let U be the solid tetrahedron bounded by the planes x = 0, y =1, 2z = 0, and * + 2y + 3z = 8.
(The vertices of this tetrahedron are (0,1,0), (0,1,2), (6,1,0), and (0,4,0)). Write the triple integral

/// f(z,y,z) dV as an iterated integral.
u

Solution. We'll do this in all 6 possible orders. Let’s do it by writing the outer integral first, which
means we think of slicing. There are three possible ways to slice: parallel to the yz-plane, parallel to
the xz-plane, and parallel to the xy-plane.

(a) Slice parallel to the yz-plane.

If we do this, we are slicing the interval [0, 6] on the z-axis, so the outer (single) integral will be

6
/ something dz.
0

To write the inner two integrals, we look at a typical slice and describe it. When we do this, we
think of = as being constant (since, within a slice, z is constant). Here is a typical slice:



(6,1,0)

Each slice is a triangle, with one edge on the plane y = 1, one edge on the plane z = 0, and one
edge on the plane x4 2y +3z = 8. (Since we are thinking of x as being constant, we might rewrite
this last equation as 2y + 3z = 8 — x.) Here’s another picture of the slice, in 2D:

3
y= 2y+3z=8-x
(8—x 0
.0 2 y

Now, we write a (double) iterated integral that describes this region. This will make up the inner
two integrals of our final answer. There are two ways to do this:

i.

ii.

If we slice vertically, we are slicing the interval [1, 8_7"”} on the y-axis, so the outer integral
(8—z)/2

(of the two we are working on) will be something dy. Each slice goes from z = 0 to

1
the line 2y 4+ 3z = 8 —  (since we'’re trying to describe z within a vertical slice, we’ll rewrite

3
6 (8—x)/2 (8—z—2y)/3
iterated integral / / / flz,y,2) dz dy dx |.
0o J1 0

If we slice horizontally, we are slicing the interval [0,

(8—z—2y)/3
this as z = 3=%£=2Y) 5o the inner integral will be / f(x,y,z) dz. This gives us the
0

66—z

?} on the z-axis, so the outer integral

(6—2)/3
(of the two we are working on) will be / something dz. Each slice goes from y =1 to
0

the line 2y + 32z = 8 — z (since we are trying to describe y in a horizontal slice, we’ll rewrite

2

6 p(6—x)/3 [(8—x—3z2)/2
final answer / / / f(z,y, 2) dy dz dx|.
0o Jo 1

(8—z—32)/2
this as y = 82=32) 5o the inner integral will be / f(z,y,z) dy. This gives the
1

(b) Slice parallel to the zz-plane.

If we do this, we are slicing the interval [1, 4] on the y-axis. So, our outer (single) integral will be

4

something dy. Each slice is a triangle with edges on the planes x = 0, z = 0, and x+2y+3z = 8

1
(or z + 3z = 8 — 2y). Within a slice, y is constant, so we can just look at z and z:



8-2y,0 ,

Our inner two integrals will describe this region.

i. If we slice vertically, we are slicing the interval [0,8 — 2y] on the z-axis, so the outer integral

8—2y
(of the two we're working on) will be / something dx. Each slice goes from z = 0 to
0

8—2y ,(8—2y—=z
z= 8_2%, which gives the iterated integral / / / f(z,y,2) dz dx dy |

ii. If we slice horizontally, we are slicing the interval [ , %] on the z-axis, so the outer integral

(8—2y)/3
(of the two we’re working on) will be / something dz. Each slice goes from z = 0 to
0

(8—2y)/3 ,8—2y—3z
x = 8—2y—3z, which gives the iterated integral / / / f(z,y, 2) do dz dy|.
0

(¢) Slice parallel to the zy-plane.
If we do this, we are slicing the interval [0, 2] on the z-axis, so the outer (single) integral will be

2
/ something dz. Each slice is a triangle with edges on the planes z = 0, y = 1, and x+2y+3z = 8
0

(or z + 2y = 8 — 3z). Within a slice, z is constant, so we can just look at z and y:

y

8-3z

(, 2

)

X+2y=8-3z

6-3z 1

I
|

0. 1) y

X

Our inner two integrals will describe this region.

i. If we slice vertically, we are slicing the interval [0,6 — 3z] on the x-axis, so the outer integral
6—3z
(of the two we're working on) will be / something dz. Each slice will go from y = 1 to
0

the line 2 + 2y = 8 — 3z (which we write as y = 3= 322 2

since we're trying to describe y),

6—3z (8—3z—x)
which gives us the final integral / / / flx,y,2) dy dx dz |.

ii. If we slice horizontally, we are slicing the interval [1, 87232} on the y-axis, so the outer integral




(8—32)/2
(of the two we're working on) will be something dy. Each slice will go from z = 0

1
to x + 2y = 8 — 3z (which we write as = 8 — 3z — 2y since we're trying to describe x), which

2 r(8-3z2)/2 ,8-3z—2y
gives us the answer / / / flz,y,2) do dy dz |.
0o J1 0

3. LetU be the solid enclosed by the paraboloids z = x?+y* and z = 8 — (z2+4y?). (Note: The paraboloids
intersect where z = 4.) Write /// f(z,y,z) dV as an iterated integral in the order dz dy dx.
u

Solution. We can either do this by writing the inner integral first or by writing the outer integral
first. In this case, it’s probably easier to write the inner integral first, but we’ll show both methods.

e Writing the inner integral first:

We are asked to have our inner integral be with respect to z, so we want to describe how z varies
along a vertical line (where x and y are fixed) to write the inner integral. We can see that, along
any vertical line through the solid, z goes from the bottom paraboloid (z = 2% + y?) to the top
8—(z*+y?)
paraboloid (z = 8 — (22 + 4?)), so the inner integral will be / f(z,y,2) dz.
x24y?

To write the outer two integrals, we want to describe the projection of the region onto the zy-
plane. (A good way to think about this is, if we moved our vertical line around to go through
the whole solid, what = and y would we hit? Alternatively, if we could stand at the “top” of the
z-axis and look “down” at the solid, what region would we see?) In this case, the widest part of
the solid is where the two paraboloids intersect, which is z = 4 and 22 4+ y? = 4. Therefore, the
projection is the region 22 + y? < 4, a disk in the zy-plane:

y

We want to write an iterated integral in the order dy dx to describe this region, which means we
2

should slice vertically. We slice [—2, 2] on the z-axis, so the outer integral will be / something dzx.
—2



Along each slice, y goes from the bottom of the circle (y = —v/4 — 22) to the top (y = V4 — 22),

VA=z2 8— (a: +'L/
so we get the iterated integral / / / f(z,y,2) dz dy dx |.

Va—z2

e Writing the outer integral first:

We are asked to have our outer integral be with respect to x, so we want to make slices parallel
to the yz-plane. This amounts to slicing the interval [—2,2] on the z-axis, so the outer integral

2
will be / something dz.
—2

Each slice is a region bounded below by z = 22 + y? and above by z = (8 — 2%) — 3. (Remember

that, within a slice,  is constant.) Note that these curves intersect where 22 + 32 = (8 — 2%) — 92,

or 2y?> = 8 — 222, This happens at y = £v/4 — x2. At either of these y-values, z = 4. So, here is
a picture of the region:

z

z2=8-x2 -y

N

-\ 4-x 4-x2

The two integrals describing this region are supposed to be in the order dz dy, which means we

are slicing vertically. Slicing vertically amounts to slicing the interval [—v/4 — 22, v/4 — 22] on
Va—z2

the y-axis, so the outer integral (of these two integrals) will be / something dy. Along
—Vi—aZ

each vertical slice, z goes from x2? + y? to 8 — (22 + y?), so we get the final iterated integral

Vi=z? (z +y )
/ / / flz,y,2) dz dy dx |.
Va—z2 Jx24y2

1 z
4. In this problem, we’ll look at the iterated integral / / / f(z,y, 2) da dy dz.
0 Jo Jy2?

(a) Rewrite the iterated integral in the order dx dz dy.

Solution. One strategy is to draw the solid region of integration and then write the integral as
we did in #3. However, drawing the solid region of integration is rather challenging, so here’s
another approach.

Remember that we can think of a triple integral as either a single integral of a double integral or a
double integral of a single integral, and we know how to change the order of integration in a double
integral. (See, for instance, #5 on the worksheet “Double Integrals over General Regions”.) This
effectively means that we can change the order of the inner two integrals by thinking of them
together as a double integral, or we can change the order of the outer two integrals by thinking
of them together as a double integral.



For this question, we just need to change the order of the outer two integrals, so we focus on those.

1 z
They are / / stuff dy dz.(!) Since this integral is dy dz, we should visualize the yz-plane. The
o Jo

1
fact that the outer integral is / something dz tells us that we are slicing the interval [0, 1] on
0

z

the z-axis. The fact that the inner integral is / stuff dy tells us that each slice starts at y = 0

0
and goes to y = z. So, our region (with horizontal slices) looks like the picture on the left:

z z
1 S S

To change the order of integration, we want to use vertical slices (the picture on the right). Now,

1
we are slicing the interval [0, 1] on the y-axis, so the outer integral will be / something dy. Each
0 1 z
slice has its bottom edge on z = y and its top edge on z = 1, so we rewrite / / stuff dy dz as
o Jo

1,1 1
/ / stuff dz dy. Remembering that “stuff” was the inner integral / f(z,y, z) dx, this gives
0 Jy y?

1 1 p1
us the iterated integral / / / flx,y,2) doe dz dy |.
0 Jy Jy?

(b) Rewrite the iterated integral in the order dz dy dx.

Solution. Let’s continue from (a). As explained there, we can change the order of the outer
two integrals or of the inner two integrals. From (a), we have our iterated integral in the order
dx dz dy. If we change the order of the inner two integrals, then we’ll have our iterated integral
in the order dz dx dy. If we then change the order of the outer two integrals of this, we’ll get it
into the order dz dy dx. So, we really have two steps.

e Step 1: Change the order of the inner double integral from (a).
1ol gl
We had / / / f(z,y,2) dx dz dy, so we are going to focus on the inner double integral
0 Jy Jy?

1,1

/ / f(z,y,2) de dz. Remember that, since this is the inner double integral and y is the
y Jy?

outer variable, we now think of y as being a constant.(®) Then, the region of integration of

1
the integral / / 1f(x,y,2) dz dz is just a rectangle (sliced horizontally):
y Jy?

1
(DHere, “stuff” is the inner integral / f(z,y,2) dz.
y2

(D1n fact, we should think of y as being a constant between 0 and 1, since the outer integral has y going from 0 to 1.



. B

X

y2 1
1,1
If we change to slicing horizontally, we rewrite this as / / flz,y,2) dz dz.®) Putting the
y2 Jy

1 op1 el
outer integral back, we get the iterated integral / / / f(z,y, z) dz dz dy.
0 Jy2Jy
e Step 2: Change the order of the outer double integral.

1 1 1
Now, we're working with / / / f(z,y,2) dz dx dy, and we want to change the order of
0 Jy2Jy

1,1
the outer double integral, which is / / stuff dz dy with “stuft” being the inner integral
0 Jy

2

1 1
/ f(z,y, z) dz. The region of integration of / / stuff dz dy looks like this (with horizontal
Yy 0 Jy2

slices):

X

1

Ve
If we change to slicing vertically, then the integral becomes / / stuff dy dx. Remembering
0 Jo

1 vz gl
that “stuff” was the inner integral, we get our final answer / / / f(z,y, 2) dz dy dzx |.
0 0 Yy

5. Let U be the solid contained in x? + y?> — 22 = 16 and lying between the planes z = —3 and z = 3.
Sketch U and write an iterated integral which expresses its volume. In which orders of integration can
you write just a single iterated integral (as opposed to a sum of iterated integrals)?

Solution. Here is a picture of ¢/:(*)

(3) Another way of thinking about it is that we’re using Fubini’s Theorem.
(9)To remember how to sketch things like this, look back at #3 of the worksheet “Quadric Surfaces”.



By #1(a), we know that a triple integral expressing the volume of U is /// 1 dV. We are asked to

u
rewrite this as an iterated integral. Let’s think about slicing the solid (which means we’ll write the

outer integral first). If we slice parallel to the zy-plane, then we are really slicing [—3, 3] on the z-axis,
3

and the outer integral is / something dz.
-3

We use our inner two integrals to describe a typical slice. Each slice is just the disk enclosed by the
circle 22 + 32 = 22 + 16, which is a circle of radius /22 + 16:

y

=

-\ A+ 16 2/+16

We can slice this region vertically or horizontally; let’s do it vertically. This amounts to slicing
Vz2+16

[—V/22 + 16, /22 + 16] on the z-axis, so the outer integral is / something dx. Along each slice,
—V22+16
y goes from the bottom of the circle (y = —v/22 + 16 — 22) to the top of the circle (y = v/22 + 16 — z2).
Vz24+16—zx2
So, the inner integral is / f(z,y,2) dy.
e T

3 V22416 pV22+16—22
Putting this all together, we get the iterated integral / / 1dy dx dz |
—3J V22416 J —v22+16—12

We are also asked in which orders we can write just a single iterated integral. Clearly, we’ve done so
with the order dy dx dz. We also could have with dz dy dz, since that would just be slicing the same
disk horizontally.

If we had dx or dy as our outer integral, then we would need to write multiple integrals. For instance,
if we slice the hyperboloid parallel to the yz-plane, some slices would look like this:



We would need to write a sum of integrals to describe such a slice. So, we can write a single iterated
integral only in the orders |dy dx dz and dz dy dz |.




Triple Integrals in Cylindrical or Spherical Coordinates

1. Let U be the solid enclosed by the paraboloids z = 2 +y? and z = 8— (22 +%?). (Note: The paraboloids
intersect where z = 4.) Write / / / xyz dV as an iterated integral in cylindrical coordinates.
u

2. Find the volume of the solid ball 22 4+ y? 4+ 22 < 1.

3. Let U be the solid inside both the cone z = y/22 + y2 and the sphere x? + 12 + 22 = 1. Write the triple
integral / / / z dV as an iterated integral in spherical coordinates.
u



For the remaining problems, use the coordinate system (Cartesian, cylindrical, or spherical) that seems
easiest.

4. Let U be the “ice cream cone” bounded below by z = 1/3(22 + y2) and above by z2 + y? + 22 = 4.
Write an iterated integral which gives the volume of U. (You need not evaluate.)

5. Write an iterated integral which gives the volume of the solid enclosed by z? = x2 + 2, z = 1, and
z = 2. (You need not evaluate.)

6. Let U be the solid enclosed by z = 22 + 32 and z = 9. Rewrite the triple integral /// x dV as an
u
iterated integral. (You need not evaluate, but can you guess what the answer is?)

T /2 2
7. The iterated integral in spherical coordinates / / p>sin® ¢ dp d¢ df computes the mass of a
/2 J0 1
solid. Describe the solid (its shape and its density at any point).



Triple Integrals in Cylindrical or Spherical Coordinates

1. LetU be the solid enclosed by the paraboloids z = x*>+y? and z = 8 — (x® +y?). (Note: The paraboloids
intersect where z = 4.) Write /// zyz dV as an iterated integral in cylindrical coordinates.
u

Solution. This is the same problem as #3 on the worksheet “Triple Integrals”, except that we are
now given a specific integrand. It makes sense to do the problem in cylindrical coordinates since the
solid is symmetric about the z-axis. In cylindrical coordinates, the two paraboloids have equations
z =72 and z = 8 — r%. In addition, the integrand zyz is equal to (r cosf)(rsin 6)z.

Let’s write the inner integral first. If we imagine sticking vertical lines through the solid, we can see

that, along any vertical line, z goes from the bottom paraboloid z = r? to the top paraboloid z = 8 —r2.
8—r?2

So, our inner integral will be / (rcosf)(rsinf)z dz.

r2

To write the outer two integrals, we want to describe the projection of the solid onto the xy-plane.
As we had figured out last time, the projection was the disk z2? + 32 < 4. We can write an iter-
ated integral in polar coordinates to describe this disk: the disk is 0 < r < 2, 0 < 6 < 27, so

2 2
our iterated integral will just be / / (inner integral) - r dr df. Therefore, our final answer is
0o_Jo

2 2 p8—1?
/ / / (rcos®)(rsinf)z-r dz dr do |
0 0 Jr2

2. Find the volume of the solid ball x> + 3% + 22 < 1.

Solution. Let U be the ball. We know by #1(a) of the worksheet “Triple Integrals” that the volume
of U is given by the triple integral / / / 1 dV. To compute this, we need to convert the triple integral

u
to an iterated integral.

The given ball can be described easily in spherical coordinates by the inequalities0 < p < 1,0 < ¢ < 7,
0 < 0 < 27, so we can rewrite the triple integral / / / 1 dV as an iterated integral in spherical
u



coordinates

p=0

p=1
) do do

sin ¢ d¢ df

p=r
coS ¢‘ do
$=0

27 T 1 27 T p3
[ [rmsmomaon) - [ [ (¢
0 0 0 0 0 3
1
3
1
3

3. Let U be the solid inside both the cone z = \/x2 +vy2 and the sphere x> + y? + 22 = 1. Write the triple
integral / / / z dV as an iterated integral in spherical coordinates.
u

Solution. Here is a picture of the solid:

We have to write both the integrand (z) and the solid of integration in spherical coordinates. We know
that z in Cartesian coordinates is the same as pcos ¢ in spherical coordinates, so the function we're
integrating is pcos ¢.

The cone z = /22 + y2 is the same as ¢ = T in spherical coordinates.(!) The sphere z2+y?+2% = 1 is

p = 1 in spherical coordinates. So, the solid can be described in spherical coordinates as 0 < p <1,0 <

2n pm/4 pl
¢ < Z. 0 <6 <27 This means that the iterated integral is / / / (pcos ¢)p*sing dp do d|.
o Jo 0

4

For the remaining problems, use the coordinate system (Cartesian, cylindrical, or spherical) that seems
easiest.

4. LetU be the “ice cream cone” bounded below by z = /3(x2 + y2) and above by x> +y*+ 22 = 4. Write
an iterated integral which gives the volume of U. (You need not evaluate.)

<1)\7Vhy? We could first rewrite z = y/22 + y2 in cylindrical coordinates: it’s z = r. In terms of spherical coordinates, this
says that pcos¢ = psin @, so cos ¢ = sin¢. That’s the same as saying that tan¢ =1, or ¢ = 7.



Solution. We know by #1(a) of the worksheet “Triple Integrals” that the volume of U is given by the

triple integral / / / 1 dV. The solid U has a simple description in spherical coordinates, so we will use
u
spherical coordinates to rewrite the triple integral as an iterated integral. The sphere 22 + 3% + 22 = 4

is the same as p = 2. The cone z = /3(22 + y?) can be written as ¢ = %.(2) So, the volume is

2n  pm/6 p2
/ / / 1-p*sing dp do d|.
0 0 0

5. Write an iterated integral which gives the volume of the solid enclosed by z*> = 2% + 4%, z = 1, and
z =2. (You need not evaluate.)

Solution. We know by #1(a) of the worksheet “Triple Integrals” that the volume of U is given by
the triple integral / 1 dV. To compute this, we need to convert the triple integral to an iterated

u
integral. Since the solid is symmetric about the z-axis but doesn’t seem to have a simple description
in terms of spherical coordinates, we’ll use cylindrical coordinates.

Let’s think of slicing the solid, using slices parallel to the zy-plane. This means we’ll write the outer
2

integral first. We're slicing [1, 2] on the z-axis, so our outer integral will be / something dz.
1

To write the inner double integral, we want to describe each slice (and, within a slice, we can think of

z as being a constant). Each slice is just the disk enclosed by the circle 22 + y? = 22, which is a circle
of radius z:

(2) This is true because z = 1/3(x2 + y2) can be written in cylindrical coordinates as z = r/3. In terms of spherical coordinates,
this says that pcos$ = v/3psin¢. That’s the same as saying tan ¢ = %, or ¢ =%.



N

We'll use polar coordinates to write the iterated (double) integral describing this slice. The circle can
be described as 0 < 6 < 27 and 0 < r < z (and remember that we are still thinking of z as a constant),

27 z
so the appropriate integral is / / 1-rdr df.
o Jo

2 27 z
Putting this into our outer integral, we get the iterated integral / / / 1-7drdfdz|
1 Jo Jo

Note: For this problem, writing the inner integral first doesn’t work as well, at least not if we want to
write the integral with dz as the inner integral. Why? Well, if we try to write the integral with dz as
the inner integral, we imagine sticking vertical lines through the solid. The problem is that there are
different “types” of vertical lines. For instance, along the red line in the picture below, z goes from the
cone (z = /a2 +y? or z =r) to z = 2 (in the solid). But, along the blue line, z goes from z = 1 to
z = 2. So, we’d have to write two separate integrals to deal with these two different situations.

6. Let U be the solid enclosed by z = 22 + 9% and z = 9. Rewrite the triple integral /// x dV as an
u

iterated integral. (You need not evaluate, but can you guess what the answer is?)

Solution. z = x2 + y? describes a paraboloid, so the solid looks like this:

Since the solid is symmetric about the z-axis, a good guess is that cylindrical coordinates will make
things easier. In cylindrical coordinates, the integrand x is equal to r cosf.



Let’s think of slicing the solid, which means we’ll write our outer integral first. If we slice parallel to the

9
xy-plane, then we are slicing the interval [0, 9] on the z-axis, so our outer integral is / something dz.
0

We use the inner two integrals to describe a typical slice; within a slice, z is constant. Each slice is a disk
enclosed by the circle 2 + y? = 2 (which has radius y/z). We know that we can describe this in polar

27z
coordinates as 0 < r < 1/z, 0 < 0 < 2w. So, the inner two integrals will be / / (rcos@)-rdr df.
o Jo

Therefore, the given triple integral is equal to the iterated integral

9 21 oz 9 p2m 1
/ / / rcosf-rdrdddz| = / / Zr3 cos 6
o Jo 0 o Jo 3 0
9 27 1
= / / ~23/2 cos 0 db dz
oJo 3
9

1 =27
= / ~23/2sing dz
o \3 9=0
That the answer is 0 should not be surprising because the integrand f(z,y,z) = z is anti-symmetric

about the plane x = 0 (this is sort of like saying the function is odd: f(—=z,y,2) = —f(x,y, 2)), but
the solid is symmetric about the plane z = 0.

r=yz
r=

) dr df dz

Note: If you decided to do the inner integral first, you probably ended up with dz as your inner integral.

21 3 9
In this case, a valid iterated integral is / / / rcos@-rdz dr df|
0 0 Jr2

s

/2 2 )
/ / p3sin® ¢ dp do d6 computes the mass of a
/2Jo 1

solid. Describe the solid (its shape and its density at any point).

7. The iterated integral in spherical coordinates /

Solution. The shape of the solid is described by the region of integration. We can read this off from
the bounds of integration: it is 5 < 0<m0<op< 5, 1 < p < 2. We can visualize 1 < p < 2 by
imagining a solid ball of radius 2 with a solid ball of radius 1 taken out of the middle. 0 < ¢ < g tells
us we’ll only have the top half of that, and g < 0 < 7 tells us that we’ll only be looking at one octant:

the one with = negative and y positive:

To figure out the density, remember that we get mass by integrating the density. If we call this solid
U, then the iterated integral in the problem is the same as the triple integral / / / psin? ¢ dV since
u

dV is p?*sing dp do df. So, the density of the solid at a point (p, ¢,0) is .



Vector Fields and Line Integrals

Here is a weather map showing the wind velocity at various points in the Northeastern United States at 10
am on April 14. This is an example of a vector field (representing velocity). If we wanted to write it using
mathematical notation, we could let F'(z,y) be the velocity of the wind at a point (x,y) on the map.

Winds 10 AM EDT

Tue Apriay

4 15

1. Match the following vector fields on R? with their plots.

y y
(a) F(z,y) = (z,1). A/ NN\ W2
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2. Match the following vector fields on R?® with their plots.

—05°%0

24227 Y2422

(b) ﬁ(x,y,z)=<o, vz >

7 - x y z
(c) Flw,y,2) = TRt (gt 232 (2 rytt 232

3. Vector fields are used to model various things. For each of the following descriptions, decide which of
the vector field plots in #2 (I, II, or III) gives the most appropriate model.
(a) Force of gravity experienced by a fly in a room. More precisely, F (2,9, 2) is the force due to gravity
experienced by a fly located at point (z,y, 2) in a room. (Remember that force is a vector.)

—

(b) Force of Earth’s gravity experienced by a space shuttle. More precisely, F'(z,y, z) is the force that
Earth’s gravitational field exerts on a space shuttle located at the point (z,y,z). In the picture
you’ve chosen, where is the Earth?

(¢) Vf, where f(z,y,z) is the temperature in a room in which there is a heater along one edge of
the floor. In the picture you've chosen, where is the heater? (Hint: The gradient of a function f
always points in the direction in which f is ?7)




4. Let F be the vector field on R? defined by F(z,y) = (1,z). (We saw this vector field already in #1.)

(a) Let C be the bottom half of the unit circle 22 + y? = 1 (in R?), traversed counter-clockwise.

Evaluate / F.dr.
c

Note: This line integral can also be written as / 1ldz+xdy.
c

(b) We write —C' to mean the same curve as C' (in this case, the bottom half of the unit circle) but

oriented in the opposite direction (so clockwise instead of counter-clockwise). What is / F-di?
-c

(¢) Now, let C be the line segment from (0,0) to (0,1). Looking at the picture of F (in #1), do you
think / F . dFis positive, negative, or zero? Why?
c

(d) What if C' is instead the line segment from (0,0) to (1,1)? Is the line integral / F' - dF positive,
c
negative, or zero?



(a) Compute the line integral / F - dF.
c

(b) What is f(#(¢))? Did you use this anywhere when you computed the line integral in (a)? Can
you explain why this happened?

(¢) Suppose we want to look at a new curve C, parameterized by 7(t) = <(sin t)ecos *+VE gint + cos t>

with 0 < ¢ < 7. Find/ﬁ-dﬁ
C



Vector Fields and Line Integrals

1. Match the following vector fields on R? with their plots.

(a)

—

F(z,y) = (z,1).
Solution. Any vector (x,1) points up, and the only plot that matches this is | (III) |

—

Fz,y) = (1,x).

Solution. Any vector (1, z) points up, and the only plot that matches this is | (I) |

F =V f, where f is the scalar-valued function fla,y) = 22 + 92

Solution. V f(z,y) = (2, 2y). If we draw the vector (2x, 2y) with its tail at (z,y), then it points
away from the origin. In addition, as z and y get bigger, the vectors (2z,2y) get longer, which

describes plot | (IV) |

. _ x Y
F(x7y)_<\/"[2+y27\/m2+y2>'

Solution. The only choice left is | (IT) | The vectors there all appear to be the same length, and

indeed <\/%,\/%>‘1for all (z,y) (except for (0,0), since F(0,0) is undefined).

y y
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2. Match the following vector fields on R?® with their plots.

—05°%0

X
0.0

—

(a) F(z,y,2)=1(0,0,-1).

Solution. This is a constant vector field; that is, at every point (z,y, z), we draw the same vector
(0,0, —1). This matches | (II) |

(b) ﬁ(x,y,z)=<o, L : >

24227 2422

Y
y2 + 227
it points toward the x-axis. This matches | (III) |

(c) Fla,y,2) = (- - - Y - : .
(22 + 92 + 22)3/27 (22 +y2 4 22)3/27 (22 + y2 4 22)3/2

Solution. If we draw the vector <O, - _T_ 5 > with its tail at the point (z,y, z), then
Y2+ 2

. x Y z
Solution. If we draw the vector <— @+ g2 1 2P - @212 1 292 - 21y 22)3/2>

with its tail at the point (z,y, z), then it points toward the origin. This matches | (I) |.

3. Vector fields are used to model various things. For each of the following descriptions, decide which of
the vector field plots in #2 (I, II, or III) gives the most appropriate model.
(a) Force of gravity experienced by a fly in a room. More precisely, ﬁ(m, y, z) is the force due to gravity
experienced by a fly located at point (x,y, z) in a room. (Remember that force is a vector.)

Solution. No matter where the fly is in the room, it experiences the same force due to gravity —
the magnitude of the force is just the fly’s mass multiplied by acceleration due to gravity, or 9.8
m/s? (this is really the fly’s weight), and the direction of the force is always straight toward the
ground. Therefore, we want a constant vector field with all vectors pointing toward the ground,

which means | (IT) | is the best model.

(b) Force of Earth’s gravity experienced by a space shuttle. More precisely, ﬁ(m,y, z) is the force that
Earth’s gravitational field exerts on a space shuttle located at the point (x,y,z). In the picture
you’ve chosen, where is the Earth?



Solution. No matter where the space shuttle is, the force exerted by Earth’s gravitational field
will be a vector pointing toward the Earth. The force should be stronger near the Earth (vectors of
greater magnitude or length) and less strong away from the Earth (vectors of smaller magnitude).

This matches , with the Earth at the origin.

(¢) Vf, where f(x,y,z) is the temperature in a room in which there is a heater along one edge of
the floor. In the picture you’ve chosen, where is the heater? (Hint: The gradient of a function f
always points in the direction in which f is ?)

Solution. We know that the gradient of a function f always points in the direction in which f
is increasing the most (instantaneously). In this case, f represents temperature, so the gradient

at any point points towards the warmest direction. This matches | (III) |, with the heater being
positioned along the z-axis.

4. Let F be the vector field on R? defined by F(z,y) = (1,z). (We saw this vector field already in #1.)

(a) Let C be the bottom half of the unit circle x*> + y* = 1 (in R?), traversed counter-clockwise.
Evaluate / F . dF.
c

Solution. First, we must parameterize the curve C. One possible parameterization is 7(t) =
(cost,sint) with m <t < 27.(1) Then, we can simply compute, using the definition of the line

integral:
/ F.dif =
C

27r
= / F(cost,sint) - (—sint,cost) dt

2m

"111
*1

(t) dt

2

=1

(1,cost) - (—sint,cost) dt

27r
= / (—sint + cos®t) dt

27
1 2t
= / (sint++(;os) dt

n 1 t=27
= cost+ -+ —sin2t
2 4 i
T
= 2 —
+ 2

(b) We write —C' to mean the same curve as C' (in this case, the bottom half of the unit circle) but

oriented in the opposite direction (so clockwise instead of counter-clockwise). What is F-dF?
—C

Solution. It is simply the negative of/ F.dF, or|—2— g )
c

(1)One way to arrive at this parameterization is to think about a particle traveling along the curve. In polar coordinates, the
unit circle is just r = 1. The particle starts at § = = and moves toward § = 27 (with 6 increasing). So, in polar coordinates,
we could parameterize the curve just by taking » = 1, § =t with 7 <t < 27. Translating this back to Cartesian coordinates,
z = cost and y = sint, so we have the parameterization 7(t) = (cost,sint).



(¢) Now, let C be the line segment from (0,0) to (0,1). Looking at the picture ofﬁ (in #1), do you
think/ F . dF is positive, negative, or zero? Why?
c

Solution. Here is a plot of the vector field, together with the curve (drawn in red):

y
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Along the path, F always points to the right, while the path goes up. In particular, Fis always
perpendicular to the path, so the line integral should be [zero].

To be more precise about it, if we were to find a parameterization #(t) of the curve C, then F(7(t))
is always perpendicular to 7/ (¢) (which is tangent to C'), so the dot product F(7(t))-r/(t) is always
0. This is the thing we integrate to compute the line integral, so the line integral must be 0 as
well.(2)

(d) What if C is instead the line segment from (0,0) to (1,1)? Is the line integral / F - dF positive,
c
negative, or zero?

Solution. Here is a plot of the vector field, together with the curve (drawn in red):

NN
NN
NN
NN >
NN T
~ /V/"/'/'J/'x

N

Along this path, the vector field generally goes the same direction as the path; that is, the path
makes an acute angle with the vectors in the vector field. So, the line integral is .

More precisely, if we were to find a parameterization 7(t) of the curve C, then F(7(t)) (the vector

(2)To confirm, we could parameterize the curve and compute the line integral; one parameterization of C is 7#(t) = (0,t),
0<t<1.



field F at a particular point on the path) always makes an acute angle with 7 (t) (the direction
the path is going), so the dot product F(7(t)) - r/(t) is always positive.(®) Since we integrate this
dot product to compute the line integral, the line integral will also be positive.(*

*1L—'

et f(x, ) = e* 4+ xy and F = V[, a vector field on R?. Let C be the curve in R? parameterized by
()= (L), 0 <t < 1.

(a) Compute the line integml/ F - dr.
c

Solution. We compute ﬁ(x,y) = Vf(z,y) = (¢ + y,x). To find the line integral, we just use
the definition of the line integral:

-
/

/Cﬁ.df - /Olf(F(t))-r(t)dt

/1 F(t,4%) - (1,2t) dt
0

1
/ (e! +12,t) - (1,2t) dt
0

1
/ (e! + 3t2) dt
0

t=1

— ety

= [¢]

t=0

(b) What is f(7(t)) ? Did you use this anywhere when you computed the line integral in (a)? Can you
explain why this happened?

Solution. f(7(t)) = €' +t3. We saw this in the second-to-last step of (a): it was what we got
from integrating F(7(t)) - 7 (t) (so we ended up just plugging the starting and ending values of ¢
into this).

This can be explained by the Chain Rule, which says that & f(7(t)) = Vf(7(t)) - 7 (t). In this
case, Vf = F, so %f(f’(t)) = F(7(t)) - r(t). This was the thing we were integrating with respect
to t, and we know by the Fundamental Theorem of Calculus that if we integrate %(something)
with respect to ¢, we’ll just get that “something” back.

(c) Suppose we want to look at a new curve C, parameterized by 7#(t) = <(sin t)eos t2+\/z, sint 4 cos t>

with 0 <t <. Find/ﬁ'df'.
C

(3)Remember that the dot product @ - @ can be written as |@||7] cos 8, where 6 is the angle between the vectors @ and 7. If  is
an acute angle, then cosf > 0; if 6 is an obtuse angle, then cosf < 0. So, if the angle between 4 and ¥ is acute, then @ - ¢ > 0;
if the angle between « and ¥/ is obtuse, then @ - ¢ < 0.

(#)To confirm, we could parameterize the curve and compute the line integral; one parameterization of C is 7(t) = (t,t),
0<t<1.



Solution. Using what we figured out (b), we can jump directly to the end of the computation:

/ Far = i)
C

t=0

= f(F(m) = f(7(0))
From the given formula for #(t), ¥(m) = (0, —1) and 7(0) = (0, 1), so the line integral is f(0, —1) —

£(0,1) =[0].



The Fundamental Theorem for Line Integrals; Gradient Vector Fields

1. Let f(x,y) = sinx + 2%y and F= Vf, a vector field on R?. Let C be the curve in R? parameterized
by #(t) = (t,t?), 0 <t < .

(a) Compute the line integral / F - dF.
c

(b) What is f(#(¢))? Did you use this anywhere when you computed the line integral in (a)? Can
you explain why this happened?

(c) Suppose we want to look at a new curve C, parameterized by 7#(t) = (Int,sin(Int) - vt3 + 1),

1<t<e?r. Find/ﬁ-dﬁ
C

Some terminology:

e A vector field F is called conservative (or a gradient vector field) if it is the gradient of a function
f; that is, F = V f. In this case, f is called a potential function of F'.

e A vector field F is called independent of path if / F.dr = F - dF for any two curves C7 and
el c
C5 that have the same starting point A and the same ending pgint B.

e A curve C is called closed (or a closed loop) if it starts and ends at the same point. A vector field

F has the closed loop property if / F - di = 0 whenever C is a closed loop.
c




2. In each part, F is a vector field on R?; what can you conclude from the given information about F?
Is F' definitely conservative, definitely not conservative, or is there not enough information to tell?

(a) / F-di = 1, where C is the unit circle, traversed once counter-clockwise.
c

(b) / F - dF = 0, where C is the unit circle, traversed once counter-clockwise.
c

Now, we will focus on vector fields on R2.

3. (a) F(x,y) = (y2,z) is not a conservative vector field. Why not? (Hint: If F' was the gradient of a
function f, what would f, and f, be? How about f,, and fy.?)

(b) Let’s generalize (a). Let F(x,y) = (P(z,y), Q(z,y)) be a vector field on R2. If F is a conservative
vector field, then what must be true about P and Q?

(¢) Using your answer to (b), which of the following vector fields can you be sure are not conservative?

i ﬁ($7y) = (y, _$>'

ii. F(z,y) = (ye”,e”).

iii. F(z,y) = (x2y, zy2).



4. The following vector fields ﬁ(m,y) = (P(x,y),Q(x,y)) have the property that P, = Q.. (You can
check this easily.) In each part, is it valid to conclude from this information that F' is conservative? If
so, find a function f such that Vf = F.

(a) F(z,y) = (y,2).

(¢) F(a,y) = (1+2zy,2% + 3y?).

5. Let C be the top half of the unit circle, traversed counter-clockwise. For each of the vector fields Fin
#4, what is / F . di?
c



Usually, we work with vector fields whose domains are open and connected. (§13.3, Theorem 4 in Stewart
only works if the domain of the vector field is open and connected.) These terms are defined on pg. 926 of
your book, but here’s a basic idea of what they mean.

Intuitively, saying that a domain D is connected means that it consists of just one piece. For example:

e R? is connected.

e The domain “all points (z,y) with y # 0” is not connected. It consists of two separate pieces: the
piece with y > 0 and the piece with y < 0.

Saying that a domain is open basically means that the domain does not include any of its boundary points.(*)
Here are some examples:

e The disk 22 + y? < 1 is not open because its boundary is the circle 2 + 2 = 1, and this is part of the
disk.

e On the other hand, the disk 22 + y? < 1 is open because its boundary is the circle 22 + 3% = 1, but
that’s not included in the disk.

e R? has no boundary, and it is an open set. (It doesn’t contain any of its boundary points because it
has no boundary points.)

(UThis is in contrast to closed, which meant that the domain included all of its boundary points. Although “open” and
“closed” sound like opposites, they are not — there are domains (like R?) that are both open and closed, and there are also
domains that are neither open nor closed (like “all points (x,y) with z > 0 and y > 07).




The Fundamental Theorem for Line Integrals; Gradient Vector Fields

1. Let f(x,y) = sinx + 2%y and F= Vf, a vector field on R2. Let C be the curve in R? parameterized
by 7(t) = (t,t2), 0 <t < 7.

(a) Compute the line integml/ F - drF.
C

Solution. F(z,y) = Vf(xz,y) = (cosz + 2zy,22). To evaluate the line integral, we just use the
definition of line integrals:

(cost + 4t%) dt

t=m

= sint+t*

t=0

Il
2]
=

(b) What is f(7(t))? Did you use this anywhere when you computed the line integral in (a)? Can you
explain why this happened?

Solution. f(F(t)) = sint + t. We saw this in the second-to-last step of (a): it was what we got
from integrating F( (t)) - 7 (t) (so we ended up just plugging the starting and ending values of ¢
into this).

This can be explained by the Chain Rule, which says that & f(7(t)) = Vf(7(t)) - 7 (t). In this
case, Vf = F, so 4 p(r(t) = F(7(t)) - "(t). This was exactly the thing we were integrating
(with respect to t), and we know by the Fundamental Theorem of Calculus that if we integrate

jt (something) with respect to ¢, we’ll just get that “something” back.

(¢) Suppose we want to look at a new curve C, parameterized by 7(t) = (Int,sin(Int)- vt + 1),
1<t <em. Fmd/ F - dF.
C

Solution. Using what we figured out in (b), we can jump directly to the end of the computation:

tZEQﬂ'

/ Foai = fw)]
C t=1
= f(7(e*)) - fOF

71

From the given formula for 7(t), 7 (€*™) = (27,0) and 7(1) = (0, > so the line integral is f(27,0)—

f(0,0) = @

2. In each part, F is a vector field on R?; what can you conclude from the given information about F?
Is F' definitely conservative, definitely not conservative, or is there not enough information to tell?




(a) / F-di =1, where C is the unit circle, traversed once counter-clockwise.
c

Solution. We are given a closed loop C such that / F.dF #£0, so F does not satisfy the closed
c

loop property. This means that Fis ’deﬁnitely not conservative ‘

(b) / F-dif = 0, where C is the unit circle, traversed once counter-clockwise.
C

Solution. There is ’not enough information‘ to determine whether F is conservative. We see

that, for one closed loop C, / F.dr = 0, but this doesn’t tell us anything about the line integral
c

of F along other closed loops.

3. (a) F(z,y) = (y2, ) is not a conservative vector field. Why not? (Hint: If F was the gradient of a
function f, what would f, and f, be? How about f, and fy.?)

Solution. Let’s pretend that F s conservative; that means that F=V f for some function
f(z,y). That is, F = (fos fy), 80 fz = y* and f, = z. If we differentiate f, = y* with respect to
y, we end up with f,, = 2y. If we differentiate f, = x with respect to x, we end up with fy, = 1.
But this is bad because it says that f,, # fy» (which we know is false!). So, F could not have
been conservative.

(b) Let’s generalize (a). Let F(z,y) = (P(z,y),Q(z,y)) be a vector field on R2. If F is a conservative
vector field, then what must be true about P and Q?

Solution. After all, if F is the gradient of a function f, that means F = Vf = (f,, fu)s
so P = f, and @ = f,. Then, P, = f;, and Q; = fy., and these ought to be equal.

(¢) Using your answer to (b), which of the following vector fields can you be sure are not conservative?

—

L F(z,y) = (y,—x).

Solution. Using the notation from (b), P(z,y) = y and Q(z,y) = —z, so P, = 1 and

Qs = —1. Since Py # @, |our answer to (b) tells us that F is not conservative |

—

it Fla,y) = (ye*, ev).

Solution. Using the notation from (b), P(z,y) = ye® and Q(z,y) = €%, so P, = e” and

Q; =€*. Then, P, = Q,, and ’ our answer to (b) does not tell us anything ‘

Note: Using what we learned later in class, we can actually conclude that Fis conservative,
since P, = @, and the domain of F' is simply connected (the domain is all of R?).

i, F(z,y) = (z2y, zy?).

Solution. Using the notation from (b), P(z,y) = 2%y and Q(z,y) = zy?, so P, = 2z and

Q. = y2. Since P, # Q,, and | our answer to (b) tells us that F' is not conservative |

4. The following vector fields ﬁ(w,y) = (P(z,y),Q(x,y)) have the property that P, = Q,. (You can



check this easily.) In each part, is it valid to conclude from this information that F is conservative? If
so, find a function f such that Vf = F.

—

(a) F(x,y) = (y,).

Solution. , because the domain of F is all of R2 (that is, there are no places where ﬁ(x, y)
is undefined), and R? is simply connected (it has no holes).

We’d like to find a function f such that Vf = F. So, the function f we are looking for has f, =y
and f, = x. If we integrate the equation f, = y with respect to z, we find that f = zy + g(y)
where g(y) can be any function of just y (not involving z).(Y) Plugging this into the equation
fy = x, we have z + ¢'(y) = z, so ¢’(y) = 0. This tells us that g(y) is just a constant C, so

’ f(x,y) = zy + C where C is any constant ‘ (And indeed, it is easy to check that the gradient of

this function is just (y,x).)

0) Fea) = (-~ o2 ).

Solution. , because the domain of F is all of R? except the point (0,0) (that is, F' is not
defined at (0, 0), although it is defined everywhere else), and this domain is not simply connected
(it has a hole at (0,0)).

(©) Fa,y) = (1+ 20y,2% +342).
Solution. , because the domain of F is all of R2, which is simply connected.

We’d like to find a function f such that Vf = F'. So, we want a function fsuch that f, = 14+2xy
and f, = x? 4+ 3y®. If we integrate the equation f, = 1 + 2zy with respect to x, we find that
f = o+ 2%y + g(y) where g(y) can be any function involving just y (and no z). Plugging this
into the equation f, = 2? + 3y?, we have 2% + ¢/(y) = 2% + 3y?, so ¢'(y) = 3y>. This tells us

that g(y) = ® + C, so ’f(amy) =+ 2%y +3® + C where C is any constant ‘ (Again, it is easy
to check that the gradient of this function is indeed F'.)

5. Let C be the top half of the unit circle, traversed counter-clockwise. For each of the vector fields F in
#4, what is / F.dir?
C

Solution. Let’s look at each one.

(a) We found in #4 that F(z,y) = (y,a) is the gradient of f(z,y) = 2y, so we can use the
Fundamental Theorem for Line Integrals (essentially the reasoning in #1) to evaluate this line

integral. Since the curve C starts at (1,0) and ends at (—1,0), / F-dfis just equal to f(—1,0)—
c
£(1,0) =[0].

(b) We were not able to conclude in #4 that F was conservative, so we’d better just compute the line

M Why +¢(y) instead of +C? Basically, we can add on anything whose derivative with respect to z is 0, since that will not
change fz.
(2)Really, we found that it was the gradient of zy + C for any constant C, so using C = 0 certainly works.



integral directly. Let’s parameterize the curve by 7(t) = (cost,sint) with 0 < ¢ < m. Then,

/ﬁ-df
C

/OW Fr()) - 7 (1) dt

F(cost,sint) - (—sint,cost) dt
sint cost . .
+ cost, —————— +sint ) - (—sint,cost) dt
" cos2t +sin?t cos?t +sin”t

s
(sin?t — sintcosT + cos® t + sintcos?) dt

1dt

J,
I,
= / (—sint + cost,cost + sint) - (—sint,cost) dt
0
J
J

|
2]

(c) We found in #4 that F(:r,y) = (1 + 2xy, 2% + 3y?) is the gradient of f(x,y) = x + 2%y + y>, so
we can use the Fundamental Theorem for Line Integrals to evaluate this line integral. The curve

C starts at (1,0) and ends at (—1,0), so / F-di = f(—1,0) — f(1,0) = .
c



Green's Theorem

1. Let C be the boundary of the unit square 0 < x < 1,0 <y < 1, oriented counterclockwise, and let F
be the vector field F(z,y) = (e¥ + z,22 — ). Find / F - dF.
c

2. Let C be the oriented curve consisting of line segments from (0, 0) to (2, 3) to (2,0) back to (0,0), and
let F(z,y) = (y2,22). Find / F - dF.
c

3. Find the area of the region enclosed by the parameterized curve 7(t) = (t —t2, ¢t —3), 0 <t < 1.

0.4

4. Let F(z,y) = (P(z,y),Q(z,y)) be any vector field defined on the region R (in R2) shown in the
picture, and let C; and C5 be the oriented curves shown in the picture. What does Green’s Theorem

say about / F . dr, / F . dF, and // (Qs — P,) dA?
C1 Cy R

Cy

>



5. Let F(x,y) = (P(z,y), Q(x,y)) = <\/x2x—|— = \/x2y+ " > You can check that P, = Q.

(a) What is wrong with the following reasoning? “P, = Q, so F' is conservative.”

In the remainder of this problem, you will show that F is conservative by showing that F satisfies the
closed loop property. (That is, if C is any closed curve, then / F.di = 0.) We observed last time

c
that this seemed like an impossible task; now that we know Green’s Theorem, it’s much more doable.

(b) Let C be any simple closed curve in R? that does not enclose the origin, oriented counterclockwise.
(A simple curve is a curve that does not cross itself.) Use Green’s Theorem to explain why

F.di=0.
C

(c) Let a be a positive constant, and let C' be the circle 22 + y? = a?, oriented counterclockwise.
Parameterize C' (check your parameterization by plugging it into the equation z2 +y? = a?), and
use the definition of the line integral to show that / F.di = 0. (Why doesn’t the reasoning from

c
(b) work in this case?)

(d) Let C be any simple closed curve in R? that does enclose the origin, oriented counterclockwise.

Explain why / F.d = 0. (Hint: Use (c) and #4.)
c



(e) Is it valid to conclude from the above reasoning that, if F(z,y) = (P(z,y),Q(z,y)) is a vector
field defined everywhere except the origin and P, = @, then F' is conservative?

6. In this problem, you’ll prove Green’s Theorem in the case where the region is a rectangle. Let F (z,y) =
(P(x,y),Q(z,y)) be a vector field on the rectangle R = [a,b] X [¢,d] in R2.

d b
(a) Show that / /R (Qula.y) — Pyl y)] dA = / Qb y) — Qlay)] dy - / [P(z,d) - P(x,¢)] dr.

(b) Let C' be the boundary of R, traversed counterclockwise. Show that / F - dr is also equal to
c

/ Qb y) — Qlay)] dy - / [P(z,d) — P(z,0)] dz.



Green's Theorem

1. Let C be the boundary of the unit square 0 < x < 1,0 <y < 1, oriented counterclockwise, and let F be
the vector field F(x,y) = (e¥ + 2,22 —y). Find / F - dF.

Solution. Let’s write P(z,y) = ¢¥ + x and Q(x,y) = 2% — y, so that F = (P,Q). Let R be the

region 0 < x < 1, 0 < y < 1. The boundary of R, oriented “correctly” (so that a penguin walking

along it keeps R on his left), is the given curve C. So, Green’s Theorem says that / F . dF =
c

// (Qu — Py) dA = // (22 — e¥) dA. We compute this by converting it to an iterated integral:
R R

/ﬁ-dF = //(Qx—ey)dA

c

// 2z — €Y) dz dy
z=1

/(1:2—1:67’ >dy

0 z=0

/01(1 —e¥) dy

y=1

y—e’

y=0
2—e€

2. Let C be the oriented curve consisting of line segments from (0,0) to (2,3) to (2,0) back to (0,0), and
let F(z,y) = (2, 22). Fz'nd/ F . drF.
c

Solution. Here is a picture of the curve C, along with the interior of the triangle, which we’ll call R:

3

—~t

1 2

The boundary of R, oriented “correctly” (so that a penguin walking along it keeps R on his left side),

is —C' (that is, it’s C' with the opposite orientation). So, Green’s Theorem says that / F.di =
/ / ) dA, where F = (P, Q). We are looking for / F' - dF, which we know is the negative of
c



/ F.dr. Therefore,
-c
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. Find the area of the region enclosed by the parameterized curve ¥(t) = (t —t2,t —3), 0 <t < 1.

0.4

0.2

00 0.2

Solution. Let R be the region in question. We know from #2(a) on the worksheet “Double Integrals”
that the area of R is / / 1 dA. Normally, we would evaluate this by converting it to an iterated

R
integral; in this case, that’s quite challenging, so we’ll instead use Green’s Theorem to evaluate this
integral. If we can come up with a vector field F(z,y) = (P(z,y),Q(z,y)) such that Q, — P, = 1,
then Green’s Theorem will say that / / 1dA = / F. dr, where C' is the boundary of the region,

R c
traveled counterclockwise (so that a penguin walking along C' keeps R on his left). One such vector

field is F(z,y) = (0, z).

We are given a parameterization 7(t) of the curve, and this parameterization does in fact travel the



curve counterclockwise.(!) So,

J[ vaa

/1(0,t—t2> . <1 —2t,1 — 3t2> dt
0

/1<t—t2)(1—3t2) dt

0

1
/ (t —t2 — 3> 4 3t) dt
0

1 1 3 3 .=t
T2 1324 05

2 301 T —o
1

60

4. Let F(z,y) = (P(x,y),Q(x,y)) be any vector field defined on the region R (in R?) shown in the picture,
and let C1 and Cy be the oriented curves shown in the picture. What does Green’s Theorem say about

/ ﬁ~dF,/ F . dr, and//(mePy) dA?
C1 Cs R

Cy

<>

Solution. The boundary of R consists of two curves, C; and Cs. A penguin walking along C; in the
indicated direction would indeed keep R on his left, but a penguin walking along C5 in the indicated
direction would have R on his right. So, the boundary of R is really C; together with —C5, which

—P)dA= [ F-di-
Cy

means

/] @

/ﬁ-df.
Cy

T

Y

5. Let F(x,y) = (P(x,y), Q(z,y)) = <\/x2

, . You can check that P, = Q).
+y? Va?+y? > !

(a) What is wrong with the following reasoning? “P, = Q, so F is conservative.”

Solution. F is not defined at the origin, so its domain is R? except the point (0, 0). This domain
is not simply connected, so we cannot conclude anything from the fact that P, = Q.

(b) Let C be any simple closed curve in R? that does not enclose the origin, oriented counterclockwise.

(DThis is not completely obvious, but there’s an easy way to tell at the end whether the parameterization went the right way

— we are looking for an area, so our final answer must

be positive.



(A simple curve is a curve that does not cross itself.) Use Green’s Theorem to explain why

F.dr =0.
C

Solution. Since C does not go around the origin, F' is defined on the interior R of C. (The
only point where F is not defined is the origin, but that’s not in R.) Therefore, we can use

Green’s Theorem, which says / F.dr = / (Qz — Py) dA. Since Q, — P, = 0, this says that
c R

/ﬁ.df:o.
C
2

(c) Let a be a positive constant, and let C be the circle 2 + y?> = a2, oriented counterclockwise.
Parameterize C (check your parameterization by plugging it into the equation x> +y* = a?), and

use the definition of the line integral to show that / F.dr=0. (Why doesn’t the reasoning from

c
(b) work in this case?)

Solution. One possible parameterization of C' is 7(t) = (acost,asint), 0 < ¢ < 27. Then,

/ﬁ-dF = / F(7(t)) -7 (t) dt
c
t Sin ¢
= / acos , asin - (—asint,acost) dt
V/(acost)? + (asint)? /(acost)? + (asint)?
0

as we wanted.

We cannot use the reasoning from (b) since F is not defined in the whole interior of C (in
particular, it’s not defined at the origin, which is inside ().

(d) Let C be any simple closed curve in R? that does enclose the origin, oriented counterclockwise.

Ezplain why/ F-di =0. (Hint: Use (c) and #4.)
c

Solution. No matter what C' looks like, we can draw a giant circle 22 +%2 = a? around the origin

that encloses all of C'. Let’s orient this giant circle counterclockwise and call it C’, and let’s have
R be the region between C and C' R

T
o™

Notice that F is defined on all of R (because it is defined everywhere except the origin, and R




doesn’t include the origin). So, #4 tells us that

// (Q. — P,) dA = ﬁ-df—/ﬁ-df:
R c’ C

We showed in (¢) that F - di =0, so this simplifies to

o
//R(szPy)dA:f/CﬁdF.

Since Q. = P, inside of R, the double integral is really a double integral of 0, so it’s equal to 0.
Therefore, we conclude that / F . di =0 as well.
c

(e) Is it valid to conclude from the above reasoning that, if F(z,y) = (P(xz,y),Q(z,y)) is a vector
field defined everywhere except the origin and P, = Q,, then F' is conservative?

Solution. No! The calculation in (¢) only applied to this particular vector field F (z,y) =

— x Y
<P< ’y)aQ( ,y)>_<\/x2+y27\/x2+y2 .

There are vector fields that are defined everywhere except the origin and satisfy Py, = @), but are
still not conservative; the vector field in #4(b) of the worksheet “The Fundamental Theorem for
Line Integrals; Gradient Vector Fields” is an example.

6. In this problem, you’ll prove Green’s Theorem in the case where the region is a rectangle. Let F (z,y) =
(P(z,y),Q(x,y)) be a vector field on the rectangle R = [a,b] X [c, d] in R2.

d b
(a) Show that / /R (Qu (e, y) — Py(z.y)] dA = / Q,y) — Qlay)] dy - / [P(z.d) — P(z,c)) dr.

Solution. Let’s first break the given double integral into a difference of two double integrals:

/A[Qz(x,y)*})y(m,y)] dA://RQm(x,y) dA*//RPy(w,y) A,

Now, we’ll convert the double integrals on the right side to iterated integrals. This is easy, since
the region R is just a rectangle. However, we’re going to do the two iterated integrals in different
orders: it makes sense to first integrate @, with respect to = (since it’s a derivative with respect
to x) and to first integrate P, with respect to y:

//R[Qz(x,y) — Py(z,y)] dA = /Cd /asz(x,y) dr dy — /ab /chy(x,y) dy da.

When we integrate @), with respect to x, we just get @Q); similarly, when we integrate P, with

respect to y, we just get P:
z=b b y=d
) dy —/ <P(a?,y) ) dx
r=a a y=c

[Qu(2,y) — Py(z,y)] dA = ' Q(z,y)
R c

d b
- / Q,y) — Qlay)] dy - / [P(z,d) - P(z,0)) d,

which is exactly what we were asked to show.



(b) Let C be the boundary of R, traversed counterclockwise. Show that / F - dF is also equal to
c

d b
/ Q,y) — Qlay)] dy - / [P(z.d) - P(z,c)] d.

Solution. Here is a picture of C":

y

a b
As we can see, it’s composed of 4 pieces, and we’ll parameterize each separately. The bottom piece

has y = ¢, so only x varies, and we can parameterize it using 71(t) = (t,¢) with a <t < b. The
right piece has x = b, so only y varies, and we can parameterize it using 7 (t) = (b, t), ¢ <t < d.

The top piece has y = d, so only z varies, and we’d like to parameterize it using 73(t) = (¢, d).
The slight problem with this is that it goes the wrong direction: as ¢ increases, (t,d) goes to the
right. This is actually not a problem, as long as we account for it later. So, we’ll go ahead and
use 753(t) = (t,d) with a <t < b. Similarly, for the left piece, we’ll use 74(t) = (a,t), ¢ <t < d.
Here’s a diagram showing the various things we’ve parameterized:

y

ra(t)

Fa(t) A AT2(D)

o
Y

—
i
—~
—
=2

a b
As we can see from the two diagrams,

/ﬁ-dF:/ ﬁ-dF+/ ﬁ~df'—/ ﬁ-df—/ F.dr.
C 71(t) 210) 73(t) 74 ()

Plugging the four parameterizations into this, / F - dF is equal to
c

/bﬁ(t,c).<1,o> dt+/dﬁ(b,t).<o,1> dt/bﬁ(t,d).a,m dt/dﬁ(a,t).<o,1> dt.

Writing F(z,y) = (P(z,y), Q(z,y)), we can simplify this to

/Cﬁ-dfz/abP(t,c) dt+/ch(b,t) dt—/abP(t,d) dt—/ch(a,t) dt.

This is exactly what we were supposed to show, which is more obvious if we rename ¢ to be x in
the first and third integrals, rename t to be y in the second and fourth integrals, and rearrange



the terms:
/Cﬁ-dF = /abP(a:,c) d:c—l—/ch(b,y) dy—/abP(;c,d) d;zc—/ch(a,y) dy
- /CdQ(b,y) dy—/ch(a,y) dy—/:P(:v,d) dm+/abP(x,c) do

b

d
- / Q. ) — Qlay)] dy - / [P(z.d) - P(x.¢)] dz



Curl and Divergence

1. (a) F(z,y,2) = (y+ 2,2 + 2y, + x2) is not a conservative vector field. Why not?

(b) Let’s generalize (a). Let F(z,y,z) = (P(z,y,2),Q(x,y,2), R(z,y,z)) be a vector field on R3. If
F is a conservative vector field, then what must be true about P, @), and R?

2. Find the curl and divergence of each vector field.

(a‘) ﬁ(x7y7z) = <—y7$70>

—~
2
ol

(1"7 Y, Z) = <0’ 0, y2>




3. Fill in each blank with either “scalar-valued function of 3 variables” (also sometimes called a “scalar
field on R3”) or “vector field on R3”.

(a) The gradient of a is a
(b) The curl of a is a
(¢) The divergence of a is a

4. If F(z,y,2) = (P(2,y,2),Q(x,y, 2), R(z,y, 2)) is a vector field on R3, what is div(curl F') in terms of
P, Q, and R? How about curl(div F')?

5. Suppose the surface of a very small planet is described by the equation 22 +y?+22 = 1 (where the axes
are marked in miles). The population density of green aliens at (x,y,z) is f(z,y,2) =10+ +y+ 2
green aliens per square mile. How many green aliens live on the planet? (You may leave your answer
as an iterated integral.)



Curl and Divergence

1. (a) ﬁ(w,y, 2) = (y+ 2z, + 2y, x + 2%) is not a conservative vector field. Why not?

Solution. Let’s pretend that F' is conservative. Remember that the definition of conservative
is simply that a conservative vector field is one that is the gradient of some function. So, if our
vector field F' is conservative, then that means that F' = Vf some function f(z,y,z). That is,

= (fuos fy, f2), 50 fo =y + 2z, f, = o+ 2y, and f, = x + 2%, Differentiating the first equation
With respect to z, fz, = 1. Differentiating the third equation with respect to =, f., = 1 + 2z.
But this is bad because it says that f,. # f.. (which we know is false!). So, F could not have
been conservative.

(b) Let’s generalize (a). Let F(x,y,z) = (P(z,y,2),Q(z,y,2), R(z,y,2)) be a vector field on R®. If
F is a conservative vector field, then what must be true about P, Q, and R?

Solution. P, = Q,, P, = R;, and ), = R,. In other words, curl F = (0,0,0).
2. Find the curl and divergence of each vector field.
(a‘) ﬁ(x7ya Z) = <_y7x70>
Solution. curl(F)(z,y,z) = (0,0,2) and div(F)(z,y, z) = 0.
(b) F(x,y,2) = (x,9,2)
Solution. curl(F)(z,y, z) = (0,0,0) and div(F)(z,y,z) = 3.
(c) Flw,y,2) = (0,4%,0)
Solution. curl(F)(z,y, z) = (0,0,0) and div(F)(z,y, z) = 2y.
(d) F(z,y,2) = (0,0,52)
Solution. curl(F)(z,y, z) = (2y,0,0) and div(F)(z,y, z) = 0.

3. Fill in each blank with either “scalar-valued function of 3 variables” (also sometimes called a “scalar
field on R3”) or “vector field on R3”.

(a) The gradient of a scalar-valued function of 3 variables is a

vector field on R3

(b) The curl of a vector field on R? is a

vector field on R?

(c) The divergence of a vector field on R? is a

scalar-valued function of 3 variables

4. If ﬁ(m,y,z) = (P(z,y,2),Q(z,y,2), R(x,y,2)) is a vector field on R3, what is div(curlﬁ) in terms of
P, Q, and R? How about curl(div ﬁ) ?



Solution. We know that curl F = (Ry — Q:,P. — Ry, Qy — Py), so

divcurl F) = (Ry —Q.)s+ (P. — Ry)y + (Qu — P,).
Ryw_sz+sz_Rwy+Qa:z_Pyz
(Ryr - Rry) + (sz - sz) + (sz - PyZ)
0

by Clairaut’s Theorem.

On the other hand, curl(div F ) does not make any sense: by #3, div F is a scalar-valued function of 3
variables, but we can only take the curl of a vector field.

. Suppose the surface of a very small planet is described by the equation x® +1y*+ 2% =1 (where the azes
are marked in miles). The population density of green aliens at (x,y,z) is f(x,y,2) =10+ +y+ 2
green aliens per square mile. How many green aliens live on the planet? (You may leave your answer
as an iterated integral.)

Solution. We are being asked to find the scalar surface integral // f(z,y,2) dS, where S is the
s

surface 22 + y2 + 22 = 1. To do this, we must first parameterize S.

We did this already in #4(c) on the worksheet “Applications of Double Integrals: Center of Mass and
Surface Area” (when we were finding the surface area of this sphere). There, we came up with the
parameterization 7(u, v) = (sinv cosu, sin v sin u, cos v) with the possible (u,v) values being described
by 0 <u < 27, 0 < v < 7. This described a rectangle R in the uv-plane:

v
n

Now that we have parameterized the surface, we use the definition

//S f@y,2) dS = //R F ([, 0)) |7y x 7] dA

to compute the surface integral. Let’s first figure out the integrand. Plugging 7(u,v) into f gives
f(F(u,v)) = f(sinwcos u, sinvsinu, cosv) = 10 + sinv cos u + sin v sin u + cosv. We found in #4(c) on
the worksheet “Applications of Double Integrals: Center of Mass and Surface Area” that |7, x7,| = sinv
for this parameterization. So,

// flz,y, z) dS:// (10 + sinw cosu + sinwv sin u 4 cosv) sinv dA.
s R

Remember that the right side is a double integral over the region R. We are asked to convert this to
an iterated integral. Since R is a rectangle, this is straightforward:

™ 2
// fz,y,2) dS = / / (10 4 sinw cosu + sinvsinu + cosv) sinwv du dv |-
s 0o Jo




Flux Integrals

The pictures for problems #1 - #4 are on the last page.

1. Let’s orient each of the three pictured surfaces so that the light side is considered to be the “positive”
side. Decide whether each of the following flux integrals is positive, negative, or zero. (F and G are
the pictured vector fields.)

(a) //SFdS
o) [f Fea
(©) /[Ssﬁ-d
W [f G-a
o[l
0 [[ é-a

2. In each part, you are given an orientation of one of the pictured surfaces. Decide whether this orien-
tation means that the light side or dark side of the surface is the “positive” side, or if the description
just doesn’t make sense.

Ly

Ly

Uy

Uy

el

(a) 81, oriented with normals pointing upward.
(b) Ss, oriented with normals pointing upward.
(¢) Ss, oriented with normals pointing toward the y-axis.
(d) Ss, oriented with normals pointing outward.

(e) Ss, oriented with normals pointing toward the origin.

3. In each part, you are given a parameterization of one of the three pictured surfaces. Decide whether
the orientation induced by the parameterization has the light side or dark side of the surface as the
“positive” side.

(a) For S, #(u,v) = (u,v, Vu? +v2) with u? + 02 < 1.



(b) For Si, #(u,v) = (ucosv,usinv,u) with 0 <u <1 and 0 <wv < 27.

(¢) For Sz, (u,v) = (cosv,u,sinv) with —1 <u <1 and 0 <v < 27.

(d) For Ss, 7(u,v) = (sinv cosu,sinvsinu, cosv) with 0 <u < 2r and 0 < v < 7.

4. Compute the following flux integrals (remember that parameterizations of the surfaces are given in
#3). Do the signs of your answers agree with your answers to #17

(a) / F - dS, where S; is oriented with normals pointing upward. (ﬁ(m,y,z) = (0,0,—z2), as
S1
before.)

(b) / G - dS, where S, is oriented with normals pointing toward the y-axis. (é(sc, y,2z) = (0,y,0),
Sa

as before.)



(c) / F - dS, where S is oriented with normals pointing outward. (ﬁ(m,y,z) = (0,0,—z), as
S3
before.)

5. Let S be the portion of the surface 3z — 3y + z = 12 lying inside the cylinder =2 + y? = 1, oriented
with normals pointing upward. Let F(z,y,z) = (—a2,0, —3y?2). Evaluate the flux integral // F.dS.
S



These are the surfaces for problems #1 - #4. Each is colored so that one side of the surface is light and the
other side is dark.

S is the portion of the cone S, is the portion of the cylin- Ss is the unit sphere 22 +y? +
2z = v/22 + 32 under the plane der 22 + 22 = 1 between the 22 =1.
z=1. planes y = —1 and y = 1.

z z

<

These are the vector fields F and G for problems #1 - #4. (Note that the origin is located in the middle of
each box.)

F(wayaz) = <ana _Z>




Flux Integrals
The pictures for problems #1 - #4 are on the last page.

1. Let’s orient each of the three pictured surfaces so that the light side is considered to be the “positive”
side. Decide whether each of the following flux integrals is positive, negative, or zero. (F and G are
the pictured vector fields.)

(a) //Slﬁ~d§.

Solution. We want to visualize the surface together with the vector field. Here’s a picture of
exactly that:

x

0

-1
Sk A

As we can see, vectors in the vector field F' that go through the surface &; all go from the yellow
side to the blue side. (We only care about the vectors that actually go through the surface; so,
for instance, we can completely ignore the vectors in the bottom half of the picture since they
don’t go through the surface.) Since the surface is oriented so that the yellow side is considered
to be the “positive” side, this means all of the vectors are going from the “positive” side to the

“negative” side, so the flux is .
(b) / / F-dS.
Sa

Solution. Vectors in the vector field F that go through the surface Sy go from the blue side
to the yellow side. Since the surface is oriented so that the yellow side is considered to be the
“positive” side, this means all of the vectors are going from the “negative” side to the “positive”

side, so the flux is .
(©) / / F-d3.
S3

Solution. Vectors in the vector field F that go through the surface S3 go from the blue side
to the yellow side. Since the surface is oriented so that the yellow side is considered to be the
“positive” side, this means all of the vectors are going from the “negative” side to the “positive”

side, so the flux is .



(d) //Slé-dﬁ.

Solution. Vectors in the vector field G that go through the surface S; go from the yellow side
to the blue side. Since the surface is oriented so that the yellow side is considered to be the
“positive” side, this means all of the vectors are going from the “positive” side to the “negative”

side, so the flux is .
(e) / / G-dS.
So

Solution. None of the vectors in the vector field G actually go through the surface Sy, so the

flux is [ zero].

(f) //Saé-dsf

Solution. Vectors in the vector field G that go through the surface Ss go from the yellow side
to the blue side. Since the surface is oriented so that the yellow side is considered to be the
“positive” side, this means all of the vectors are going from the “positive” side to the “negative”

side, so the flux is .

2. In each part, you are given an orientation of one of the pictured surfaces. Decide whether this orien-
tation means that the light side or dark side of the surface is the “positive” side, or if the description
just doesn’t make sense.

(a) 81, oriented with normals pointing upward.

Solution. In order for the normals to be pointing upward, they must be sticking out of the yellow
(light) side of the surface. (If they stuck out of the blue side, they would point downward.) So,

the ’yellow (light) side is “positive”

(b) S, oriented with normals pointing upward.

Solution. This ’ doesn’t make sense ‘ If the normals at the top of the cylinder point up, then the
normals at the bottom must point down. There’s no way for all of the normal vectors to point
upward.

(¢) Sa, oriented with normals pointing toward the y-azis.

Solution. This means that the ’yellow (light) side is “positive”

(d) Ss, oriented with normals pointing outward.

Solution. This means that the ’blue (dark) side is “positive”

(e) Ss, oriented with normals pointing toward the origin.

Solution. This means that the ’yellow (light) side is “positive” ‘

3. In each part, you are given a parameterization of one of the three pictured surfaces. Decide whether
the orientation induced by the parameterization has the light side or dark side of the surface as the



“positive” side.

(a)

(d)

For 81, 7(u,v) = (u,v, Vu? + v2) with u® + v* < 1.

Solution. To figure out what the normals look like, we’ll compute 7, X 77%:

u
Ty = (L0, 75—
< \/u2+v2>

v
Ty = 0,1, ——
: < \/u2+v2>
2 < u v 1>
T T = - y 9
v VuZ + 12 VuZ + 02

Once we’ve computed 7, X 7, it’s not always easy to tell what the resulting orientation looks
like. In this particular case, notice that the last component of 7, X 7%, is just 1, which is of course
always positive. This means that all of the normal vectors 7, X 7, point upwards. Looking at the

picture of the surface Sy, this means that the ’yellow (light) side is “positive” ‘ (Alternatively,

we could look back at #2(a), where we looked at this surface with upward normals.)
For 81, #(u,v) = (ucosv,usinv,u) with0 <u <1 and 0 <v < 27.
Solution. We first compute 7, X 77 :

7w = (cosv,sinv,1)

(—usinw,ucosw,0)

ﬁ
<
I

Ty X Ty = (—ucosv,—usinv,u)

Notice that the last component of 7, X 7, is just u, and our parameterization has 0 < u < 1. So,
the normal vectors 7, x 7, point upwards. Looking at the picture of the surface Sp, this means

that the ’yellow (light) side is “positive”

For S, #(u,v) = {cosv,u,sinv) with —1 <u <1 and 0 < v < 27.

Solution. We first compute 7, X 7:

7 = (0,1,0)
7y = (—sinwv,0,cosv)
Ty X Ty = {cosv,0,sinv)

Here, it’s not totally obvious what’s going on with the normal vectors. At the point 7(u,v) =
(cos v, u,sinv), the normal vector points in the direction (coswv,0,sinv). One way to figure out
what’s going on is just to find the normal vector at a particular point that’s easy to visualize.
For instance, let’s try to find the normal vector at the point (0,0, 1). To do this, we need to first
find the values of u and v corresponding to this point. That is, we have to solve #(u,v) = (0,0, 1)
for u and v; in this case, #(u,v) = (0,0,1) is the same as saying cosv = 0, u = 0, and sinv = 1.
Therefore, u = 0 and v = 5. When u = 0 and v = §, the normal vector 7, x 7, is (0,0, 1). This
tells us that the normal vector at the point (0,0,1) on top of the cylinder is just (0,0, 1), which

points upward. Looking at the picture of Sz, this means that the ’ blue (dark) side is “positive”

For 83, #(u,v) = (sinwv cos u,sinvsinu, cosv) with 0 < u < 27 and 0 < v < 7.



Solution. We first compute 7, X 77 :

7y = (—sinvsinu,sinvcosu,0)
7y = {cosvcosu,cosvsinu, —sinv)
7y x 7y = (—sin®wvcosu, —sin v sin u, — sin v cos v)

Since this looks a bit complicated, let’s try to just figure out the normal vector at a point we can
understand easily, like the point (1, 0,0).(l) To figure out the u and v values corresponding to
this point, we solve #(u,v) = (1,0,0) for v and v. This gives three equations:

sinv cosu
sinvsinu =

cosv = 0

By the third equation (and the fact that 0 < v < 7), we know that v = J. Then, sinv = 1,
so the first two equations say that cosu = 1 and sinu = 0, which means v = 0. So, the point
(1,0,0) corresponds to u = 0, v = F. With these two values, 7, x 7, = (—1,0,0). That is,
the normal vector at (1,0,0) points toward the origin. From our picture, this means that the

’yellow (light) side is “positive” ‘

4. Compute the following flux integrals (remember that parameterizations of the surfaces are given in
#3). Do the signs of your answers agree with your answers to #17

(a) // F - dS, where Sy is oriented with normals pointing upward. (F(z,y,z) = (0,0,—z), as
s
bef();”e.)

Solution. I like to organize my thinking into a few steps.

e Step 1 - Parameterize the surface, and figure out the region in the wuwv-plane
describing the possible parameter values.

We were given this information in #3; actually, #3(a) and #3(b) gave us two different
parameterizations. Let’s use the parameterization from #3(b), 7¥(u,v) = (ucosv,usinv, u)
with 0 < u < 1, 0 < v < 27.()) The region R in the uv-plane described by 0 < u < 1,
0 <wv < 27 is a rectangle:

2 T iy A AT A A |

\
\
\
\
\
\
|
\
\
\
1
1

(M1If you try the point (0,0, 1) in this example, youwll find that the normal vector is (0,0,0). This happens occasionally, and
it really doesn’t give you any useful information. Just pick another point and try again.

(Q)Why did T choose this one instead of the parameterization from #3(a)? Well, in the parameterization from #3(a), the
region in the wv-plane describing the possible parameters is a disk; in the parameterization from #3(b), the region in the
uv-plane describing the possible parameters is a rectangle, which seems like an easier region of integration to deal with.



e Step 2 - Decide whether the orientation given by the parameterization matches
the desired orientation.

In #3(b), we had already figured out that this parameterization had the yellow side as the
“positive” side.

The problem asks us to orient & with its normals pointing upward, which also means that
the yellow side should be the “positive” side.

So, the orientation described by the parameterization does match the desired orientation.

e Step 3 - Compute!

Since the orientation described by our parameterization matches the orientation we want, we
know the flux integral is

//5 F.dS = //Rﬁ(F(uvv)) (o X 7y) dA.

To find ﬁ(f’(u, v)), we just plug our parameterization into ﬁ(x, y,z) = (0,0, —z), which gives
F(7(u,v)) = (0,0, —u). In #3(b), we found 7, X 7, = (—ucosv, —usinv, u). So, we have

// F.dS = // (0,0, —u) - (—ucosv,—usinv, u) dA
81 R
= // —u? dA
R
2m 1
= / / —u? du dv
o Jo
2m

3

Note that the sign matches our guess from #1(a); we had said that, if the yellow side was
considered the “positive” side (which it is, according to Step 1), then the flux should be negative.

(b) / G - dS, where Sy is oriented with normals pointing toward the y-azis. (G(x,y,z) = (0,y,0),
s
as béfore,)

Solution. Let’s follow the same three steps as in (a):

1. From #3(c), we have the parameterization #(u,v) = {cosv,u,sinv) with —1 < u < 1 and
0 < wv < 27. The region R in the uv-plane described by these inequalities is a rectangle:




2. In #3(c), we decided that this parameterization had the blue side as the “positive” side,
which does not match the described orientation (the described orientation has the yellow side
as the “positive” side).

3. Since the orientation described by our parameterization does not match the orientation we
want, we know the flux integral is

//S2é-d§:—//73@(F(U>U)>'(Fu X 7y) dA.

We already found in #3(c) that 7, X 7, = {cosv, 0,sinv), so

// G-dS = —//<0,u70>~<cosv,0,sinv>dA
So R
— [ 0
R

= [0]

Note that this matches our guess from #1(e), where we guessed that the flux would be zero.

(c) / F - dS, where S; is oriented with normals pointing outward. (ﬁ(x,y,z) = (0,0, —2), as
S.
befoj“e.)

Solution. Let’s follow the same three steps as in (a):

1. From #3(d), we have the parameterization 7(u,v) = (sinwv cosu,sinvsinu,cosv) with 0 <
u < 27 and 0 < v < m. The region R in the uv-plane described by these inequalities is a
rectangle:

A\
Ve

2. In #3(d), we decided that this parameterization had the yellow side as the “positive” side,
which does not match the described orientation (the described orientation has the blue side
as the “positive” side).

3. Since the orientation described by our parameterization does not match the orientation we
want, we know the flux integral is

JJ Feds=— [ Frtwu)- ) aa



We already found in #3(d) that , x 7, = (—sin®v cosu, — sin® vsinu, — sin v cos v), so

// F.dS = 7// (0,0, — cos ) - (— sin® v cos u, — sin? v sin u, — sin v cos v) dA
S3 R

= 7// sinvcos?v dA
R
27
= —// sinv cos® v du dv
o Jo

s
s

= —/ 27 sinw cos® v dv
0

Note that the sign matches our answer from #1(c): we had decided that, if the yellow side of the
sphere was the “positive” side, then the flux would be positive. This means that, if the blue side
of the sphere is “positive” (as it is in this problem), then the flux should be negative.

. Let S be the portion of the surface 3z — 3y + z = 12 lying inside the cylinder x% +y? = 1, oriented with
normals pointing upward. Let ﬁ(a:,y, 2) = (—2%,0,-3y?). Evaluate the flux integral // F.dS.
S

Solution. Let’s follow the same three steps as in #4(a):

1. First, we need to parameterize the surface. If we rewrite the equation 3z — 3y + z = 12 as
z = 12 — 3z + 3y, then we see that we can parameterize it by 7(u,v) = (u,v,12 — 3u + 3v). We
want only the portion with 22 + 32 < 1. In terms of our parameters, this says u? 4+ v? < 1, so the
region R in the uv-plane describing the possible parameter values is the disk u? + v? < 1:

2. Next, we need to see what orientation this parameterization describes, as we did in #3. First, we
compute 7, X Ty:

7y (1,0,-3)
Ty (0,1,3)
Ty X T (3,-3,1)

This always points upward, so this matches the orientation we want (after all, we are told that

the normals should point upward).

3. Now, we just compute. Since the orientation given by 7(u,v) matches the orientation we want,



we know the flux integral is

//gﬁ'dg = /Aﬁ(ﬂ%v)%(mxmm
//R<_“270a ~3v?)-(3,-3,1) d4

//R(—QSUZ —3v%) dA

Since R is a disk, this integral will be easier to do in polar coordinates. In polar coordinates
(thinking of u and v as z and y), the region is 0 < r < 1, 0 < 0 < 27, so the integral is

2 pl 2 3 r=1
/ /—3r2-rd7“d9 = / —Zpt do
o Jo 0 4 |-
2
/ 3
0 4

= —=T

2




These are the surfaces for problems #1 - #4. Each is colored so that one side of the surface is light and the
other side is dark.

S is the portion of the cone S, is the portion of the cylin- Ss is the unit sphere 22 +y? +
2z = v/22 + 32 under the plane der 22 + 22 = 1 between the 22 =1.
z=1. planes y = —1 and y = 1.

z z

<

These are the vector fields F and G for problems #1 - #4. (Note that the origin is located in the middle of
each box.)

F(wayaz) = <ana _Z>




Stokes' Theorem

1. Let ﬁ(x, y,2z) = (—y, z, zyz) and G = curl F'. Let S be the part of the sphere 22+ y2 + 22 = 25 that lies
below the plane z = 4, oriented so that the unit normal vector at (0,0,—5) is (0,0, —1). Use Stokes’

Theorem to find // G-dS.
S

2. Let ﬁ(x, y,2) = (—y,x,2). Let S be the part of the paraboloid z = 7 — 22 — 4y that lies above the
plane z = 3, oriented with upward pointing normals. Use Stokes’ Theorem to find / / curl F - dS.
s

3. The plane z = = + 4 and the cylinder z2 + y? = 4 intersect in a curve C. Suppose C' is oriented
counterclockwise when viewed from above. Let F(x,y,z) = (23 + 2y,siny + 2,z + sin 22). Evaluate

the line integral / F - dr.
C



4. Let C be the oriented curve parameterized by 7(t) = (cost,sint,8 — cos>t —sint), 0 < t < 27, and let
F be the vector field ﬁ(x, y,z) = <z2 — 42, —22y2, eV* cos z> Evaluate / F.dr.
c

5. Let C be the curve of intersection of 222 +2y% + 22 = 9 with z = %\/xQ + 12, oriented counterclockwise

when viewed from above, and let ﬁ(m,y, 2) = (3y, 2yz, 123 + sin 22). Evaluate / F . dr.
c

6. The two surfaces shown have the same boundary. Suppose they are both oriented so that the light side
is the “positive” side. Is the following reasoning correct? “Since &; and Sy have the same (oriented)

boundary, the flux integrals / G-dS and / G-dS must be equal for any vector field G. Therefore,

51 82
you can compute any flux integral using the simpler surface.”
81 82




Stokes' Theorem

1. Let ﬁ(z, y,2) = (—y,z,zyz) and G =curl F. Let S be the part of the sphere 22 +y2 + 22 = 25 that lies
below the plane z = 4, oriented so that the unit normal vector at (0,0, —5) is (0,0,—1). Use Stokes’

Theorem to find // G- dS.
S

Solution. Here’s a picture of the surface S.

z

To use Stokes’ Theorem, we need to first find the boundary C' of S and figure out how it should be
oriented. The boundary is where 22 + y? + 22 = 25 and z = 4. Substituting z = 4 into the first
equation, we can also describe the boundary as where z2 + y?> = 9 and z = 4.

To figure out how C' should be oriented, we first need to understand the orientation of S. We are told
that S is oriented so that the unit normal vector at (0,0, —5) (which is the lowest point of the sphere)
is (0,0, —1) (which points down). This tells us that the blue side must be the “positive” side.

We want to orient the boundary so that, if a penguin walks near the boundary of S on the “positive”
side (which we’ve already decided is the blue side), he keeps the surface on his left. If we imagine
looking down on the surface from a really high point like (0,0,100), then the penguin should walk
clockwise (from our vantage point).

So, using Stokes’ Theorem, we have changed the original problem into a new one:

Evaluate the line integral / F - d7, where C is the curve described by 22 4+ 4% = 9 and z = 4,

oriented clockwise when viewed from above.

Now, we just need to evaluate the line integral, using the definition of the line integral. (This is like
#4(a) on the worksheet “Vector Fields and Line Integrals”.) We start by parameterizing C. One
possible parameterization is 7(t) = (3cost, 3sint,4), 0 < t < 27.(Y) If we look at this from above, it is
oriented counterclockwise, which is the wrong orientation. Therefore,

/ﬁ-d? =
C

27
— / F(7(t)) - 7'(t) dt
0
2
= f/ (—3sint,3cost,36 costsint) - (—3sint,3cost,0) dt
0
27
[ oa
0

- [

(M To come up with this, remember that we can parameterize a circle 22 + y?> = 1in R? by & = cost, y = sint (and, as t

. . . . . . . . 2 2
increases, this goes around the circle counterclockwise). Here, we're looking at 22 +y? = 9; if we rewrite this as (%) + (%) =1,
then we can write % = cost, % =sint.



2. Let ﬁ(m,y, 2) = (—y,x,2). Let S be the part of the paraboloid z = 7 — x* — 4y? that lies above the plane
z = 3, oriented with upward pointing normals. Use Stokes’ Theorem to find // curl F - dS.
s

Solution. Here is a picture of the surface S.

The strategy is exactly the same as in #1. The boundary is where z = 7 — 2% — 4y? and z = 3, which
is the same as x2 + 4y?> = 4 and z = 3.

Since S is oriented with normals pointing upward, the top side of the paraboloid (the yellow side in the
picture) is the “positive” side. If we imagine looking down on the surface from above, then a penguin
walking around on the “positive” (yellow, in this case) side keeps the surface on his left by walking
counterclockwise.

Therefore, by Stokes” Theorem, the original problem can be rewritten as

Evaluate the line integral / F. dr, where C is the curve described by z? + 4y?> = 4 and z = 3,

C
oriented counterclockwise when viewed from above.

A parameterization of this curve is 7(t) = (2cost,sint, 3).(2) This goes counterclockwise when viewed
from above (as we want), so

/ﬁ-dF = F(#(1)) -7 (t) dt
c
(—sint,2cost,3) - (—2sint, cost,0) dt

(2sin?t + 2cos? t) dt

(2)To come up with this parameterization, rewrite z2 + 4y2 = 4 as (%)2 + 92 =1 and then use % = cost, y = sint. It’s easy

to check that it’s reasonable: if we plug in = 2cost, y = sint, and z = 3, then the equations z2 + 4y? = 4 and z = 3 are
indeed satisfied.



3. The plane z = = + 4 and the cylinder x> + yi = 4 intersect in a curve C. Suppose C is oriented
counterclockwise when viewed from above. Let F(z,y,2) = (x3 + 2y,siny + z, x + sin 22). Evaluate the

line z'ntegml/ F . dr.
c

Solution. We'll use Stokes’” Theorem. To do this, we need to think of an oriented surface S whose
(oriented) boundary is C' (that is, we need to think of a surface S and orient it so that the given

orientation of C' matches). Then, Stokes’ Theorem says that / F.di = / / curl F-dS. Let’s compute
c s

curl F' first. (It’s worthwhile to do this first because, if we find out it’s 0, then we know the integral
will be 0 without any more work.) In this case, curl F = (—1, —1, —2).

Now, let’s think of a surface whose boundary is the given curve C. We are told that C'is the intersection
of a plane and a cylinder (left picture), so one surface we could use is the part of the plane inside the
cylinder (right picture):

Let’s call this S and figure out how it should be oriented. We want to orient S so that, if a penguin
walks along the given curve C' (going counterclockwise when viewed from above) on the “positive” side
of S, he keeps the surface on his left. This means that we want the top side of S to be the “positive”
side, so we should orient S with normals pointing upward.

So, using Stokes’ Theorem, we have changed the original problem into a new one:

Evaluate the flux integral // G - d§, where S is the part of the plane z = z + 4 inside the
s

cylinder 22 + 32 = 4, oriented with normals pointing upward, and G is the vector field é(x, Y, z) =
(—1,-1,-2).

To do this new problem, let’s follow the same three steps we used in #4(a) on the worksheet “Flux
Integrals”.

First, we parameterize S. Since the plane has equation z = x+4, we can use x and y as our parameters.
If we let « = v and y = v, then z = w+4. This gives the parameterization 7(u,v) = (u, v, u+4). Since
we are only interested in the part of the plane inside the cylinder 22 + y? = 4, we want 22 + 3% < 4.
In terms of u and v, this says u? 4+ v? < 4, so the region R in the uv-plane describing the possible
parameter values is a disk:



Next, we need to see what orientation this parameterization describes. To do this, we compute 7%, X 7:

Fu = <1707 1>
7?1) = <O7 170>
Tu X Ty = <—1,07 1>

This always points upward, which matches the orientation we want. So, the flux integral is

//Sé-dﬁ = //G (7 X 7y) dA
// —1,-2) - (~1,0,1) dA
//R—ldA

Although we could evaluate this double integral by converting it to an iterated integral, there is an

easier way — remember that / / 1 dA gives the area of R (see #2(a) on the worksheet “Double
R

/ G-dS = //1dA
S
= —(area of R)

= | —4r

Integrals”). Therefore,

4. Let C be the oriented curve parameterized by 7#(t) = (cost,sint,8 — cos®>t —sint), 0 <t < 27, and let
F' be the vector field ﬁ(x,y,z) = <22 — 42, —2z92, eV* cos z> Evaluate / F . dr.
c

Solution. The line integral is very difficult to compute directly, so we’ll use Stokes’ Theorem. The
curl of the given vector field F is curl F = (0, 2z, 2y — 2y?).

To use Stokes’ Theorem, we need to think of a surface whose boundary is the given curve C'. First, let’s
try to understand C' a little better. We are given a parameterization 7(¢) of C'. In this parameterization,
x = cost, y = sint, and z = 8 — cos?t — sint. So, we can see that 22 +y?> =1 and z = 8 — 22 — 4.
In other words, C must be the intersection of the surface 22 + y? = 1 (which is a cylinder) and the
surface 2 = 8 — 22 — y (which we don’t need to visualize particularly well, beyond noticing that it’s
the graph of a function f(z,y) = 8 — 22 — y). So, one surface we could use is the part of the surface
z =8 — 22 — y inside the cylinder 22 + y? = 1 (right picture).



x —

Let’s call this surface S and figure out how it should be oriented. The original curve was parameterized
using x = cost, y = sint, so when viewed from above, it was oriented counterclockwise. Therefore, we
want to orient S so that is top is the “positive” side (a penguin walking on the top along the boundary,
going counterclockwise when viewed from above, keeps the surface on his left). So, we should orient S
with normals pointing upward.

So, using Stokes’ Theorem, we have changed the original problem into a new one:

Evaluate the flux integral / / G-dS , where S is the part of the surface z = 8 — 22 — y inside the
s

cylinder 2% + y? = 1, oriented with normals pointing upward, and G is the vector field é(x, Y, z) =
(0,22, 2y — 2y?).

To do this new problem, let’s follow the same three steps we used in #4(a) on the worksheet “Flux
Integrals”.

First, we parameterize S. Since the surface has equation z = 8 — 22 — y, we can parameterize it as
7(u,v) = (u,v,8 — u? — v). Since we are only interested in the part of the surface inside the cylinder
2?2 + 9% =1, we want 22 + y? < 1; in terms of u and v, this says u? + v? < 1, so the region R in the
uv-plane describing the possible parameter values is a disk:

\
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Next, we need to see what orientation this parameterization describes. To do this, we compute 79, X 7%:

7= (1,0,—2u)
7, = (0,1,-1)
Fux iy, = (2u,1,1)

This always points upward, which matches the orientation we want. So, the flux integral is

//S@.d§ = /Aé(f(uw)).(;ﬂm)d/l

= // (0,2(8 — u? —v),2v — 20?) - (2u,1,1) dA
R

//72(16 —2u* — 20%) dA



Since our region R is a disk, let’s do this integral in polar coordinates. The disk R can be described

as0<r<1,0<60<2m so
. . 27 1
//G«dS = / /(16727'2)ord'rd0
S o Jo

27 1
/ / (16r — 27“3) dr do
o Jo
27

1 r=1
/ 8r? — —pt do
0 2 r=0
S

5. Let C be the curve of intersection of 222 +2y? +22 = 9 with z = %\/xﬂ + 2, oriented counterclockwise

when viewed from above, and let ﬁ(z,y, 2) = (3y,2yz, vz + sin 22). Evaluate / F . dr.
c

Solution. Again, we’ll use Stokes’ Theorem. The curl of the given vector field is curl F= <—2y, —23, —3>.

We'll start by thinking of an oriented surface S whose (oriented) boundary is the given curve C. The
curve is the intersection of an ellipsoid with a cone:

It appears from the picture that the curve lies in a plane parallel to the zy-plane. To verify this, let’s
look at the equations 2z2 +2y? + 22 =9 and z = %\/x2 + 12 defining the curve. The second equation
can be rewritten as 2 +y? = 422. Plugging this into the first equation, 922 = 9, so z = £1. Since the
cone is only defined for z > 0, we know the intersection is where z = 1, in which case 2 + y? = 4.

There are many surfaces whose boundary is the given curve C. From what we know so far, there are
several surfaces that might come to mind:



y y y y
X X X
The part of the cone The part of the el- The part of the el- The part of the
inside the ellipsoid. lipsoid lying above lipsoid lying below plane z = 1 lying in-
the curve. the curve. side 22 4+ y% = 4.

Each of these should be oriented so that the yellow side is the “positive” side. The last is probably
the simplest, so let’s use that. To have the yellow side be the “positive” side, we want the normals to
point upward. Thus, we have rewritten the original problem as:

Evaluate the flux integral / / G-dS, where S is the part of the plane z = 1 lying inside 22 +y2 = 4,
S

oriented with normals pointing upward, and G is the vector field G(z,y, z) = (—2y,—2%,-3).

To do this, we first parameterize the surface. Since it is part of the plane z = 1, we can parameterize
it by #(u,v) = (u,v,1). Since we want only the part inside 22 + y? = 4, the region R in the uv-plane
describing the possible parameter values is the disk u? + v? < 4:
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Next, we see what orientation this parameterization describes. To do this, we compute 7, X 77,:

7:'u = <17 Oa 0>
7 = (0,1,0)
Ty X Ty = (0,0,1)

This always points upward, so our parameterization matches the orientation we want. Therefore, the
flux integral is

//é.dg
S

/Aém%m«mxﬁmA

= //R<—2v, —1,-3)-(0,0,1) dA
- //R—3dA
—3//Rl dA

= —3(area of R) by the worksheet “Double Integrals”, #2(a)

- [z)



6. The two surfaces shown have the same boundary. Suppose they are both oriented so that the light side
is the “positive” side. Is the following reasoning correct? “Since 81 and Sy have the same (oriented)

boundary, the flux integrals // G-dS and // G-dS must be equal for any vector field G. Therefore,
Sy

Sa
you can compute any flux integral using the simpler surface.”
S1 S
z z

Solution. The statement is true if the vector field G is the curl of some other vector field,
say G = cwl F. In that case, if C' is the (properly oriented) boundary, Stokes’ Theorem says that

/ G -dS and / G - dS are both equal to / F - d7. But there’s no reason that G has to be the
S1 S1 C

curl of some other vector field, so the statement is false in general.



The Divergence Theorem

1. Describe the boundary of each of the following solids. (Your description should be thorough enough
that somebody reading it would have enough information to find the surface area of the boundary).

(a) The solid 2% + 4y? + 922 < 36.
(b) The solid 22 +y% < 2 < 9.

¢) The solid consisting of all points (z,y, z) inside both the sphere 22 + 2 4 22 = 4 and the cylinder
g Y ) y
2% + 9% =3.

2. Let ﬁ(a:, y,2) = (x2,2y, e*). Let S be the surface of the cube whose vertices are (&1, 41, 41), oriented
with outward normals. Evaluate the flux integral / / F-dS.
s

3. Let ﬁ(m,y,z) = (23,22,3y2). Let S be the surface z = 22 + y2, 2 < 4 together with the surface
z=8— (22 +4?), 2 > 4. Evaluate the flux integral / / F-dS if 8 is oriented with outward normals.
s



4. True or false: If F is a vector field whose divergence is 0 and S is any surface, then the Divergence

Theorem implies that the flux integral / / F.dSis equal to 0.
s

5. Let &1 be the surface consisting of the top and the four sides (but not the bottom) of the cube whose
vertices are (+1,+1,41), oriented the same way as in #2. Let ﬁ(m,y,z) = (22,2y,¢e%), as in #2.

Evaluate the flux integral // F-dS. (Hint: Use #2.)
S

6. Let F be the vector field ﬁ(m, Yy, z) = <z3 sine?, 3¢ sinz g2 4 z>, and let S be the bottom half of the

sphere z? + y2 + 22 = 4, oriented with normals pointing upward. Find / / F.dS.
s



The Divergence Theorem

1. Describe the boundary of each of the following solids. (Your description should be thorough enough
that somebody reading it would have enough information to find the surface area of the boundary).

(a) The solid 2% + 4y® + 922 < 36.
Solution. The boundary is just the ellipsoid x? + 4y? + 922 = 36.
(b) The solid 2% +y* < 2 < 9.

Solution. The boundary has two pieces:

z

One (the red one) is the part of the paraboloid z = x2 + y? lying below the plane z = 9, and the
other is the part of the plane z = 9 satisfying 2% + 3% < 9.

(c) The solid consisting of all points (x,y, z) inside both the sphere 2 +y? + 22 = 4 and the cylinder
x? +y? =3.

Solution. The boundary of this solid has 3 pieces, as we can see from the picture:

The cylinder and the sphere intersect when z? = 1, or z = £1. Therefore, the top (red) piece is
the part of the sphere x2 + y? + 22 = 4 above the plane z = 1. The bottom (blue) piece is the
part of the sphere 22 + y? + 22 = 4 below the plane z = —1. The middle (yellow) piece is the part
of the cylinder 22 4 y? = 3 between the planes z = —1 and z = 1.

2. Let F(m,y, 2) = (2%, 2y,€*). Let S be the surface of the cube whose vertices are (£1,+1,£1), oriented
with outward normals. Evaluate the flux integral // F.dS.
s

Solution. Although it is possible to compute the flux integral directly, we would have to parameterize
all 6 sides of the cube, compute a flux integral through each, and add up the answers. That doesn’t
seem like much fun.



Instead, we’ll use the Divergence Theorem. Since S is oriented with outward normals, the Divergence
Theorem says that / / F.dS = / / / div F dV, where E is the solid interior of S. We just calculate
S E

div F: it is div F = 2r + 2 + e~.

So, our goal now is: “Compute the triple integral /// (22 + 2 + €*) dV where F is the interior of
E
the cube with vertices (£1,+1,+1).” Like any other triple integral, we do this by converting it to an

iterated integral:
11 gl
///(2x+2+ez)dV = / / / (2 4+ 2+ €*) dz dy dz
E 11/
4

= |16 ——-+4e
€

. Let F_"(z,y,z) = (23,22,3y%2). Let S be the surface z = x? + y?, 2 < 4 together with the surface

z=8— (22 +y?), z > 4. Evaluate the flux integral // F.dS if S is oriented with outward normals.
S

Solution. Here is a picture of the surface.

Since S is oriented with outward normals, the Divergence Theorem tells us that / / F.dS =
s

/// div F dV, where F is the solid interior of S. In this case, div F = 322 + 3y2.
E

So, our goal now is: “Compute the triple integral / / / (3:152 + 3y2) dV where F is the solid enclosed
E
by z = 2% +y? and z = 8 — (2% — y?).”

It’s probably easiest to do this as an iterated integral in cylindrical coordinates. In fact, we’'ve already
done a triple integral with this solid as the region of integration before, in #1 on the worksheet “Triple
Integrals in Cylindrical or Spherical Coordinates”. Using the work we did there, we can rewrite the



triple integral as an iterated integral

///E3(m2 +y%) dv
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4. True or false: Ifﬁ is a vector field whose divergence is 0 and S is any surface, then the Divergence

Theorem implies that the flux integral / / F.dS is equal to 0.
s

Solution. The statement is only true if S is the boundary of some solid. Many surfaces do
not fall into this category. For instance, the disk 2 + 2 < 1 in the plane z = 0 is not the boundary
of any solid.

5. Let 81 be the surface consisting of the top and the four sides (but not the bottom) of the cube whose
vertices are (£1,+1,£1), oriented the same way as in #2. Let F(x,y,z) = (x2,2y,¢e*), as in #2.

FEvaluate the flux integral // F.dS. (Hint: Use #2.)
S1

Solution. Let Sz be the bottom of the cube, oriented with normals pointing downward (so that the
bottom side of Sy is the “positive” side). Then, S; and S together form the surface S in #2. So, by
#2, we know that

S = S = 4
/ F-dS+/ F-dS=16—- - +4e (1)
51 82 €
If we can evaluate F. dg, then this equation will tell us what / F.dS is as well. Evaluating
:52 Sl
// F-dS should be a lot easier than evaluating // F. dg, since Sy consists of one face of the cube,
82 Sl

while 87 consists of five faces.

To evaluate / / F-dS , we’ll use the definition of the flux integral. That is, we start by parameterizing
Sa

the surface S. In this case, Sy is the portion of the plane z = —1 with —1 <z <land -1 <y <1.
So, we can parameterize it by © = u, y = v, z = —1, or #(u,v) = (u,v,—1), with —1 < u < 1 and
—1 <wv < 1. (The region R in the uv-plane described by the inequalities —1 <u <1, —-1<wv<lisa
square.) We should check whether this gives the right orientation:

7 = (1,0,0)
F’u = <07 17 0>
Ty X7 = (0,0,1)



This points upward, but we wanted to orient Sy with normals pointing downward, so we have the
wrong orientation. Therefore,

JLFas = - [ Fotn) g ia
_//R<u2,2v,i>.<0’0,1> dA
[ Faa

[ 1aa

1

= ——(area of R) by the worksheet “Double Integrals”, #2(a)
e
4

(&

Plugging this into (1), we find that // F-dS =16+ 4e.
s

. Let F be the vector field ﬁ(z, Yy, z) = <z‘3 sine?, B’ sinz 2 4 Z>, and let S be the bottom half of the

sphere 2% + y? + 2% = 4, oriented with normals pointing upward. Find // F.dS.
s

Solution. Since the vector field F has quite a complicated definition, we can guess that doing the flux
integral directly would be horrible. Since this problem is on a Divergence Theorem worksheet, we can
guess that we should use the Divergence Theorem.")

However, we can’t directly apply the Divergence Theorem because the given surface S is not the
boundary of a solid. So, we’ll have to be a bit more clever and use the strategy of #5. That is, we
want to think of another surface S’ which, together with S, encloses a solid E. Then, the Divergence

Theorem will relate // F. dg, // F. dg, and /// div F dV. So, if we can compute // F.dS
s ’ E ’

and /// div F dV directly, we’ll be able to find // F.dS.

E s
There are lots of surfaces S’ which, together with S, enclose a solid E. Let’s take S’ to be the disk
22 +y? < 4 in the plane z = 0, oriented with its normals pointing upward (so that the top side of S’ is
the “positive” side).(?) Then, S and &’ together enclose the bottom half of the ball 22 4 y? 4 22 < 4,
and we’ll call this solid E.

(D A better way to tell that the Divergence Theorem is a good approach is to think through our options. We’ve already decided
we don’t want to compute the flux integral directly, so that means we need to use an integral theorem. The ones we know
that tell us something about flux integrals are Stokes’ Theorem and the Divergence Theorem. Stokes’ Theorem only applies
to flux integrals in which the vector field being integrated is the curl of something. In this case, F is not the curl of anything
because div F' # 0, and #4 on the worksheet “Curl and Divergence” says that the divergence of a vector field that is the curl
of something must be 0.

(2)Here, we just make an arbitrary choice of which way to orient. It doesn’t make any difference, as long as we are consistent
throughout the rest of the problem.



The boundary of E, oriented outwards, is S oriented with downward normals (opposite of what we’re
asked for) and S’ oriented with upward normals (the way we decided to do it). So, the Divergence

Theorem says
J[ Feas- [[Fas= [[[ awFav 2)
’ s E

(In this equation, we're thinking of S as oriented with upward normals and S’ as oriented with upward

normals.) Let’s first calculate the right side. div EF = 1, so /// div F dV = /// 1 dV. We know
E E

that this is equal to the volume of E (see #1(a) on the worksheet “Triple Integrals”), which is 2.

Next, let’s calculate // F-dS. To do this, we need to parameterize S’. Since S’ is the part of the

plane z = 0 satisfying 2 +y? < 4, we can just parameterize it as #(u, v) = (u,v,0) (and the restriction
2?2 + 2 < 4 translates to u? + v? < 4). Next, we check whether we have the right orientation:

7 = (1,0,0)
7;I"U = <07 1’ 0>
'Fu X 'Fv = <O, 0, 1>

This always points upward, which is what we want. So, if we let R be the disk u? 4+ v2 < 4 in the

uv-plane,

I Feas =[] oty ¢ocn)
//R<070,v2>~<0,0, 1) dA 3)
= //Rv2 dA

Since R is a disk, this double integral is probably a bit easier in polar coordinates: it is

2 2
// F.dS = / /(rsin9)2~rdrd9
' o Jo
4m

Plugging this all into (2), 47 — // §: —77 SO / F.dS=|-=n|

Notice that, when we calculated the flux integral // F-dS, F(#(u,v)) became very simple in (3): it
S/

was just (0,0, v?). In fact, we could tell as soon as we chose the surface &’ that this term would become
very simple: 7(u,v) parameterizes §’, and the surface S’ that we chose had z = 0. When z = 0, the
vector field F' becomes very simple. This is one reason the choice of S’ that we made was a good one.



The Integral Theorems

1. Let C be the curve in R? consisting of line segments from (4,1) to (4,3) to (1,3) to (1,1). Let
F.

F(z,y) = (z+y,(y—1)3"¥). Evaluate the line integral /C dr.
7
3l
ol
1l

2. Let C be the (oriented) curve parameterized by 7(t) = (cost,sint,t), 0 < t < 27. Let ﬁ(az,y,z) _
<€$27 (siny + 3)Y, 22). Evaluate / F.dr.
c



The Integral Theorems

1. Let C be the curve in R? consisting of line segments from (4,1) to (4,3) to (1,3) to (1,1). Let F(z,y) =

<a: +y,(y— 1)3eSi“y>. FEvaluate the line integral / F . dr.
c

y
4

: : : X
1 2 3 4

Solution. Let’s consider our options. This problem is asking us to evaluate a line integral in R?, so
we seem to have three choices:

e Evaluate using the definition of line integral. (Parameterize the curve, check the orientation, etc.,
like what we did in #4(a) on the worksheet “Vector Fields and Line Integrals” or what you did
on homework in §13.2, #24(a).)

e Use the Fundamental Theorem for Line Integrals, which tells us how to integrate / F-drif Fis
c
conservative (a gradient vector field).

e Use Green’s Theorem.

The first option is not great, partly because C' consists of three separate pieces, and partly because if
you try to parameterize the two vertical pieces, you’ll end up with integrals that are impossible to do
by hand.

The second option seems nice, but we can only use it if F is conservative. In this case, we can check
fairly easily that F is not conservative: if we write F = (P,Q), then Q, = 0 and P, = 1. Since
Q. # Py, F is not conservative.(! So, the Fundamental Theorem for Line Integrals really isn’t an
option in this case.

The third possibility is to use Green’s Theorem. However, we cannot use Green’s Theorem directly
because Green’s Theorem is talking about a region and the boundary of that region, and our curve
C is not the boundary of any region. However, we can use a trick similar to the one we used in #b5
and #6 on the worksheet “The Divergence Theorem”. Let C” be the line segment from (1,1) to (4, 1).
Then, C and C’ together enclose a region, which we’ll call R:

(DWe're using (#3(b) on the worksheet “The Fundamental Theorem for Line Integrals; Gradient Vector Fields” here.



] ] ‘ L X
1 2 3 4

Then, since C and C’ together form the boundary of R, oriented so that a penguin walking along it
keeps R on his left, Green’s Theorem tells us that

/Cﬁ.dﬂ/cj.dq?://R(Qx—Py)dA, (1)

Let’s evaluate the right side first: // (Qe — Py) dA = // —1dA =— // 1 dA. We could change
R R R

where we write F = (P, Q).

this to an iterated integral to evaluate, but it’s easier to just remember that 1 dA represents the
R

area of R,(?) which we can see is 6. So, // (Qz — P,) dA = —6.
R

Next, let’s evaluate F . dr. To do this, we’ll use the definition of the line integral. C’ is part of the
C/

line y = 1, so we can parameterize it as 7(t) = (¢, 1), with 1 < ¢ < 4. This gives the correct orientation

of C’, so

4
/Iﬁ-df = /lﬁ(f(t)).ﬁ(t) dt
_ /4(t+1,0>-<1,0>dt

4

_ /(t—i—l)dt
1
21

2

Plugging this into (1), we get that / F.dr= 7% )
c

2. Let C be the (oriented) curve parameterized by 7(t) = (cost,sint,t), 0 < t < 2r. Let F(x,y,2) =
(e”” (siny + 3)¥, 22). Evaluate / F . dr.
c

Solution. We are asked to evaluate a line integral in R?, so we have three options.

e Use the definition of the line integral.

e Use the Fundamental Theorem for Line Integrals.

(2)See #2(a) on the worksheet “Double Integrals”



e Use Stokes’ Theorem.

In this case, the definition of the line integral results in an integral that is impossible to do by hand
(try and see).

To see if we can use the second option, we need to see if F is conservative. Since F is defined on
all of R? (so its domain is R3), we can check this simply by seeing if curl F = 0, and it is. So, F is
conservative, and we can use the Fundamental Theorem for Line Integrals. However, it’s not so easy
to find a function f such that Vf = F (again, try and see).

However, we can instead use another fact we know about conservative vector fields: they are indepen-
dent of path. That is, if C’ is any path that starts where C' starts (7(0) = (1,0, 0)) and ends where C

ends (F(27) = (1,0,27)), then [ F.di = / F-di.® So, perhaps we can find a simple path C’ from
C/

c
(1,0,0) to (1,0,27) and evaluate the line integral along that path. The most obvious choice is to use
the straight line path from (1,0,0) to (1,0, 27). Let’s call this C’.

z

C' can be parameterized by 7(¢) = (1,0, ¢), with 0 < ¢ < 27. This gives the correct orientation, so
— 2m — —
/ Fodr = / Fr(t)) - (t) dt
/ 0
27
/ (e,1,¢*)-(0,0,1) dt
0

27
= / t2 dt
0

o
3

(3)This follows directly from the Fundamental Theorem for Line Integrals, since, if F = V f, both integrals are equal to
f(17 Oa 271-) - f(17 Oa 0)



Practice Problems for Sections 13.6 - 13.9

1. Use the definition of the flux integral to evaluate // F - dS, where F(z,y,2) = (9y, -, z) and S is
s
the half of the ellipsoid 22 + 9y? + 422 = 16 with y > 0, oriented with normals pointing in the positive

y-direction.

2. Let C be the edges of the parallelogram with vertices (0,0,0), (1,2,3), (2,5,3), and (1, 3,0), traveled
counterclockwise when viewed from above. Let F(x,y,z) = (y,22,2). Evaluate the line integral

/ﬁ-df’.
C

3. True or false: If C is any curve in R? and F is a vector field on R® whose curl is 6, then Stokes’

Theorem implies that / F.di=0.
c

4. Let S be the part of the plane y = z contained inside the ellipsoid 422 + 32 + 22 = 8, oriented with

normals pointing upward. Evaluate / curl F - dS, where F"(:c, y,2) = (2x, 2,222 + 32).
S

5. Evaluate // curl F - dS, where F(z,y,2) = (y2 + sinyz, 223, 2(y% + 1)*) and S is the ellipsoid 22 +
S
4y? + 2% = 16.

=2

. Evaluate /// div F dV, where ﬁ(x,y, 2) = (z%y, —xy?, —2z) and F is the solid ball 2% + y? + 22 < 1.
E

7. Find the volume of the solid enclosed by the parameterized surface 7(u,v) = ((u — u?)cosv, (u —
u?)sinv,u+u?), 0 <u<1,0<v<2m.

8. Let S be the part of the sphere 2% + 4% + (2 — 1)? = 2 above the plane z = 0, oriented so that the unit
normal vector at (0,0,1++/2) is (0,0,1). Let F(z,y, 2) = (2xyz cos 2%, —xysinxz, — cos xz — ysin 22).

Evaluate // F.dS.
S



Extra Problems on Double and Triple Integrals

1. A flat plate is in the shape of the region R described by z? + y? < 4. Its density at the point (x,y) is
f(x,y) = 22 — 22 + 2y® + 2, measured in grams per cubic cm.

(a) Which point of the plate has the highest density? What is the density at that point?
(b) Which point of the plate has the lowest density? What is the density at that point?
(¢) Find the mass of the plate.

(d) Is your answer to (c) consistent with your answers to (a) and (b)? Explain.
2. A plot of land is shaped like the triangular region R with vertices (0,0), (2,0), and (2, 3).

(a) Vegetation density at the point (z,y) of the plot is given by the function f(z,y) = y. Use a double
integral to find the amount of vegetation in the plot.

(b) If you took Math 1b last semester, then you should be able to use the method of slicing to write a
single integral that computes the amount of vegetation in the plot. How does that single integral
relate to the double integral you found in (a)?

(c) Suppose the vegetation density at the point (z,y) is instead given by the function f(z,y) = yer’.
Compute the amount of vegetation in the plot.

(d) If you took Math 1b, can you do (c¢) using just what you learned in 1b? Why or why not?

3. Find the surface area of the portion of the plane 4 — y — 42z = 1 which lies inside the paraboloid
2 2
y=ux°+4z°.

4. Suppose we'd like to know the surface area of the piece of the sphere p = 10 (in spherical coordinates)
with g <@g < g + 0.2 and % <o < % + 0.1. Which of the following is the best estimate? (Hint:
You don’t need to do any integrating here; instead, think about how we came up with the surface area
formula.)

0.1 1 5) 50

5. Let U be the solid enclosed by the surfaces z = 0, z = 22y + 1, y = 22, and y = 2 — 2. In this problem,
you’ll find the volume of U/ in two different ways.

(a) Write a double integral that gives the volume of ¢/. Convert this to an iterated integral in the
order dy dzx.

(b) Write a triple integral that gives the volume of ¢{. Convert this to an iterated integral in the order
dz dy dx. How does this integral relate to the one you wrote down in (a)?

6. Let U be the solid bounded by y = 2% + 422 and y = 4. Write an iterated integral which gives the
volume of ¢/.(V)

(M You need not evaluate; it’s a bit of a pain, no matter what order you use. However, if you know the formula for the area
of an ellipse, you should be able to show that the volume is 4.



. Find the volume of the solid that lies within the sphere z? 4+ 32 + 22 = 4, above the xy-plane, and

below the cone z = /22 + 2.

. Let U be the solid /22 4+ y2 < z < 4 — y/22 + y2. The density of U at the point (x,y, 2) is given by
the function f(x,y,z) = z.

(a) Let S be the surface of U. Find the surface area of S.
(b) Find the volume of Y.

(¢) Find the mass of U.

. In this problem, you’ll look at a right circular cone of height H and base radius R.

(a) Show that the surface area of the cone is TRV R2 + H? + wR2.

(b) Show that the volume of the cone is 37 R*H.



Practice Problems for Week 7 (and Earlier)

1. True or false:

(a) The level sets of the function f(x,y,2) = x? + y? are circles.
(b) The graph of the function f(z,y,2) = 2? + y? + 22 is a sphere.
(c) The level sets of the function f(z,y,2) = x + y* + 22 are elliptic paraboloids.

2. One of the most confusing topics in Math 21a is using gradients to find tangent planes of graphs of
functions f(x,y). This problem looks at a simpler, analogous case — using a gradient to find the
tangent line of the graph of a function f(x).

Consider the parabola y = 22 (in R?). Use the fact that the gradient of a function is perpendicular to
level sets of the function to find the line tangent to the parabola at (3,9). Be thorough and precise in
your explanation: what function are you using the gradient of7 How many variables is it a function
of?

Use single-variable calculus to check that you have the right equation for the tangent line.

3. We know two ways of finding the tangent plane for a surface. (Can you explain both of them?) Let S
be a surface described as z = f(z,y); that is, S is the graph of f(z,y). Find the plane tangent to S at
(a,b, f(a,b)) using both methods. Make sure your answers agree with each other.

4. In each part, f(z,y) is a function of two variables and P is a point in R?. Based on the given
information, decide which conclusion you can draw from the given information. Here are the choices:

A

P is a local minimum of f.

)

B) P is a local maximum of f.
) P is a saddle point of f.
)

(
(
(C
(D) P is a critical point of f, but there is not enough information to determine what kind of critical

point.
(E) P is not a critical point of f.
(F) There is not enough information to determine whether P is a critical point of f.

Questions:
(a) VF(P) =0, foa(P) =1, fyy(P) =2, and fo,(P) = 3.
(b) VF(P) =0, fou(P) =1, fyy(P) =2, and fy, (P) = 1.
(c) VF(P) =0, fra(P) =2, fy(P) = —1.

(d) Vf(P)= 67 foa(P) = =2, fyy(P) = —1.

S
BN

(€) f» =0 and Dyf(P) =1, wherea:< L >

,%>andz7:<1, >

(f) Dgzf(P) =0 and Dzf(P) =0, where @ = (

[$21[9%)
S
S
(V)



(8) Dgf(P)=0and Dsf(P) =0, where @ = (£,%) and v/ = (—

[$1{[9¥]

)

(SN

).

(h) Dgaf(P) =0, Dsf(P) =0, [Dag(Dgf)|(P) = 1, and [Dg(Dzf)](P) = 1, where @ = <¢%—0 \/%—0>
and U = <%, —%
(i) Daf(P) =0, Dzf(P) =0, [Da(Daf)}(P) = 1, and [Dz(Dz[)](P) = —1, where @ = <¢% %>

() fex(P) =5 and [Dg(Dgzf)](P) = —1, where @ = <\/%, \/%>

5. (a) Find the maximum and minimum values of f(x,y,2) = 22 + y? + 222 subject to the constraint
that 22 + 2y +y? + 2% = 1. (You may assume that the maximum and minimum values are in fact

attained.)

(b) Find the maximum and minimum values of f(x,y,2) = 22 + y? + 222 subject to the constraint
that 2% + 32 + 22 = 1. (The maximum and minimum values are in fact attained: why?)

6. For which of the regions D described below is it true that every continuous function f(z,y) must attain
an absolute maximum value and absolute minimum value on D? (There may be more than one.)

(a) D is the set of points (x,y) such that |z| < 4 and |y| < 2.
(b) D is the set of points (z,y) such that |z + y| < 1.

(c) D is the set of points (z,y) such that 2% + 4y < 1.

(d) D is the set of points (z,y) such that 2% + 4y < 1.

(e) D is the set of points (z,y) such that —z <y < z.

For each region D that you picked, find the absolute mininimum and absolute maximum value of
f(z,y) = 22 — 4z + y? on the region.

7. The temperature in a room is described by the function T'(x,y,2) = 2%y + 2. A bug is walking on
a surface in the room, which can be described parametrically by #(u,v) = (u,e’,u+v), 0 < u < 1,
0 <wv < 1. What is the warmest point the bug can reach? What is the coolest?



Extra Problems on Sections 13.1 - 13.4

1. The first row shows level set diagrams (contour maps) of four functions f. The second row shows the
vector fields Vf for the same four functions. Match each level set diagram with the corresponding
vector field. Explain your reasoning.
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(a) (b) (c) (d)
2. Let F be the vector field on R? defined by ﬁ(m, y) = (2zy, 22 — siny).

(a) Let (a,b) be any point in R?, and let C be the straight-line path from (0,0) to (a,b). Parameterize

C, and use your parameterization to compute / F - dr.
c

(b) Show that F is a gradient vector field.

(¢) Find a function f such that Vf = F. (How does your answer relate to your answer from (a)?)

2 + y2 ) 2 + yQ
the worksheet “The Fundamental Theorem for Line Integrals; Gradient Vector Fields”. In class, we
did not decide conclusively whether this vector field was conservative. Now, show that it is in fact not
conservative.

3. Consider the vector field F(z,y) = (P(z,y), Q(z,y)) = < LA S y> from #4(b) on
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4. In each part, evaluate the line integral / F. dr, using any method you like.

C

ﬁ(ax y) = {y,—x) and C is the ellipse 422 4+ 9y? = 16, oriented counterclockwise.

F(z,y) = <tan(x3), ey2> and C is the circle (x — 2)? 4+ y? = 1, oriented counterclockwise.

F(z,y) = <em3, y?) and C is the right half of the ellipse 922 + y? = 1, oriented counterclockwise.

F(z,y) = (322ysin(z?) +y 42, — cos(z3)) and C is the top half of the circle z2 +y? = 1, oriented
counterclockwise.



