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1. THE QUESTION

Let’s treat V = (%, 6%’ a%) as a vector of differential operators. Then all 3-
dimensional vector operations can be extended to the algebra including V and
all vector fields. R3 is flat so V even commutes with itself, however V does not
commute with ordinary functions and vector fields. We can ask which vector algebra
identities still hold.

For example, u- (v X w) = [u, v, w], so if u = v, the expression should evaluate to
0. On the other hand F-(V x F) is NOT always 0, take for instance F = (—y, z, 1).
The curl factor is not affected by the addition of a gradient field since the curl of a
gradient is 0, so perhaps the equation is true up to the addition of a gradient field:

Question 1.1. Given any vector field F in R3, is there a function f such that
(VXF)-F=(VxF)-Vf? (1)

Answer 1.2. Our reasoning shows that such an f can exist ONLY when (Vx F)-F
already vanishes.

2. QUATERNIONS

We can do all 3d vector algebra using the algebra of quaternions. This is the set
of all ¢ = a + ib + jc + kd with a,b,c,d € R and noncommutative multiplication
rule i = j2 = —1 and ij = k. Our usual notion of a scalar a will by represented by
Rq = a and our usual notion of a vector (b, ¢, d) will be represented Sq = ib+jc+kd.
In this setting, real multiplication and scalar multiplication behave as usual while
vector multiplication behaves as vw = v X w — v - w.

Note 2.1. (1) Sv? =0 since v x v = 0.
(2) Quaternion multiplication is associative u(vw) = (uv)w, however...
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(3) The vector operator V = i0, + jO, + k0. satisfies the Leibnitz rule
V(zy) = (Vo)y + 2(Vy)
for any quaternions x, y.
Now let F, G be vector fields. (G x F)-F = —R(GF)F = —RG(F?) = 0 by the
note. However, if we try the same trick replacing G with V...
(VX F)-F=-R(VF)F = -RV(F?) + RF(VF) = RF(VF)
which is not obviously zero.

The next two sections give counterexamples: F' such that there is no function f
with (VX F)-F=(VxF)-Vf.

3. FLOW LINES

Thinking of the right hand side of (1) as the directional derivative Dy« g f, my
first thought was to find a vector field F' so that V x F has a closed flow line
over which the line integral F' is nonzero. This would contradict the fundamental
theorem of line integrals implying no such f can exist.

Let

4 . 1
F=(=2y+39",0,—5(" + %)
In this case, VX F = (—y, x, 2—4y?) has the closed flow line 7(t) = (cost, sin t, sin 2t)
which projects onto the unit circle in the xy — plane. Lastly, F - (V x F) =
Y2+ %y‘l + 29222 — 22 which integrates positively over any closed loop that projects
onto the unit circle.
4. CONTACT FORMS
Another approach is motivated by contact structures.

Definition 4.1. A contact form on R? is a vector field F such that (V x F)-F > 0.

Example 4.2. One contact form is F' = (0,z,1). Here, V x F = (0,0,1) so
(VxF) - F=1.

Let F be any contact form on R? and h a function which is positive inside the
unit ball and outside. Suppose (V x hF')-hF = (V x hF') -V f. By the divergence
theorem, (check the vector identity here)

_— — . — 2 .
of/szvath/st (fV x hf) /B3th (V x F)dV > 0.

To obtain Answer 1.2, apply this cutoff function argument to any open set on
which the left hand side of (1) is nonzero.



