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Problem 1) True/False questions (20 points), no justifications needed

1) T F
There is a function f(x, y) for which the linearization at (0, 0) is L(x, y) =
x2 + y2.

2) T F
For any two functions f, g and unit vector ~u we have
D~u(f + g) = D~uf +D~ug.

3) T F
∫

2

0

∫

√
4−x2

0
(x2 + y2) dydx =

∫

2

0

∫ π/2
0 r2 dθdr.

4) T F If we solve sin(y)− xy2 = 0 for y, then y′ = −y2/(cos(y)− 2xy).

5) T F
If f(x, 0) = 0 for all x and f(0, y) = 0 for all y, then
g(x, y) =

∫ x
0

∫ y
0
f(s, t) dtds solves gxy(x, y) = f(x, y).

6) T F
If |∇f | = 1 at (0, 0), then there exists a direction in which the slope of the
graph of f at (0, 0) is 1.

7) T F
The function f(x, y) = x2 + y2 satisfies the partial differential equation
fxxfyy − f 2

xy = 4.

8) T F
The height of Mount Wachusett is f(x, y) = 4 − 2x2 − y2. On the trail
x2 + y2 = 1, the point (1, 0) is a maximum.

9) T F
Mount Wachusett has height f(x, y) = 4−2x2−y2. Except at the maximum
(0, 0), the gradient vector is perpendicular to the graph of the function.

10) T F
If fx(a, b) > 0 and fy(a, b) > 0 then for any unit vector ~u we must have
D~uf(a, b) > 0.

11) T F
If f(x, y) has two local minima, then f must have at least one local maxi-
mum.

12) T F
If ~r(t) is a curve on the surface g(x, y, z) = x2 + y2 − z2 = 6 then
∇g(~r(t)) · ~r ′

(t) = 0.

13) T F If f and g have the same trace {x = 5} then fx(5, y) = gx(5, y) for all y.

14) T F If f and g have the same trace {x = 5} then fy(5, y) = gy(5, y) for all y.

15) T F
The surface area of ~r1(u, v) = 〈u cos(v), u sin(v), u2〉 and ~r2(u, v) =
〈√u cos(v),

√
u sin(v), u〉 defined on {0 ≤ u, v ≤ 1 } are the same.

16) T F
If ~r(t) is a curve on a graph z = f(x, y) of a function f(x, y), then the
velocity vector of ~r is perpendicular to the vector 〈fx, fy,−1〉.

17) T F
A continuous function f(x, y) on the closed disc R = {x2 + y2 ≤ 512 }
(of course, R is called “area 51π”) has a global maximum on R.

18) T F
Any continuous function f(x, y) has a global minimum and maximum on
the curve y = x2.

19) T F Fubini’s theorem assures that
∫ b
a

∫ d
c f(x, y) dydx =

∫ b
a

∫ d
c f(x, y) dxdy.

20) T F
∫ ∫

R sin(x+ y) dxdy = 0 for R = {−π ≤ x ≤ π,−π ≤ y ≤ π }.



Problem 2) (10 points)

a) (6 points) Match the integration regions with the integrals. Each integral matches ex-
actly one region A− F .

A B C

D E F

Enter A-F Integral

∫

1

−1

∫ x2

−x2 f(x, y) dydx.

∫

1

−1

∫ y2

−y2 f(x, y) dxdy.

∫

1

−1

∫

1−y2

y2−1
f(x, y) dxdy.

∫

1

−1

∫

√
1−y2

0 f(x, y) dxdy.

∫

1

−1

∫

1−x2

x2−1
f(x, y) dydx.

∫

1

−1

∫

0

−
√
1−x2 f(x, y) dydx.

b) (4 points) Fill in one word names (like
“Heat”,“Wave” etc) for the partial differen-
tial equations:

Enter one word PDE

gx = gy

gxx = gyy

gxx = −gyy

gx = gyy

Problem 3) (10 points)



(10 points) A function f(x, y) of two variables has level curves as shown in the picture.
We also see a constraint in the form of a curve g(x, y) = 0 which has the shape of the
graph of the cos function. The arrows show the gradient. In this problem, each of the 10
letters A,B,C,D,E, F,G,H,K,M appears exactly once.

Enter A-P Description
a local maximum of f(x, y).
a local minimum of f(x, y).
a saddle point of f(x, y) where fxx < 0.
a saddle point of f(x, y) where fxx > 0.
a saddle point of f(x, y) where fxx is close to zero
a point, where fx = 0 and fy 6= 0
a point, where fy = 0 and fx 6= 0
the point, where |∇f | is largest
a local maximum of f(x, y) under the constraint g(x, y) = 0.
a local minimum of f(x, y) under the constraint g(x, y) = 0.

K

M

H

G

F

A

B

C

D

E



Problem 4) (10 points)

Find and classify all the extrema of the function f(x, y) = x5+y3−5x−3y. This function
measures “eat temptation” in the x=Easy-y=Tasty plane. Is there a global minimum or
global maximum?

The “Easy-Tasty plane” was introduced in the XKCD cartoon titled
“F&#% Grapefruits”.

Problem 5) (10 points)

After having watched the latest Disney movie “Tangled”, we want to build a hot air
balloon with a cuboid mesh of dimension x, y, z which together with the top and bottom
fortifications uses wires of total length g(x, y, z) = 6x + 6y + 4z = 32. Find the balloon
with maximal volume f(x, y, z) = xyz.



Problem 6) (10 points)

a) (8 points) Find the tangent plane to the surface f(x, y, z) = x2−y2+z = 6 at the point
(2, 1, 3).

b) (2 points) A curve ~r(t) on that tangent plane of the function f(x, y, z) in a) has constant
speed |~r ′| = 1 and passes through the point (2, 1, 3) at t = 0. What is d

dt
f(~r(t)) at t = 0?

Problem 7) (10 points)

a) (5 points) Estimate
√

sin(0.0004) + 1.0012 using linear approximation.

b) (5 points) We know f(0, 0) = 1, D〈 3
5
, 4
5
〉f(0, 0) = 2 and D〈− 4

5
, 3
5
〉f(0, 0) = −1. If L(x, y)

is the linear approximation to f(x, y) at the point (0, 0), find L(0.06, 0.08).

Problem 8) (10 points)

a) (5 points) Find the following double integral

∫

1

0

∫

√
x

x2

π sin(πy)

y2 −√
y

dydx .

b) (5 points) Evaluate the following double integral

∫ ∫

R

sin(π
√
x2 + y2)√

x2 + y2
dxdy

over the region
R = {x2 + y2 ≤ 1, x > 0 } .

Problem 9) (10 points)

a) (8 points) Find the surface area of the surface parametrized as

~r(u, v) = 〈u− v, u+ v, (u2 − v2)/2〉 ,

where (u, v) is in the unit disc R = {u2 + v2 ≤ 1 }.

b) (2 points) Give a nonzero vector ~n normal to the surface at ~r(4, 2) = 〈2, 6, 6〉.



Problem 10) (10 points)

a) (6 points) Integrate
∫ π/2

0

∫ π/2

x

cos(y)

y
dydx

b) (4 points) Find the moment of inertia
∫∫

R
(x2 + y2) dydx ,

where R is the ring 1 ≤ x2 + y2 ≤ 9.


