
Math 21a: Multivariable calculus Fall 2017

Homework 15: Directional Derivatives

This homework is due Monday, 10/16 rsp Tuesday 10/17.

1 a) Find the gradient of f (x, y, z) = sin(π(x + 5yz)) at the point

P = (1, 3, 5). b) Use it to find the rate of change of f at P in the

direction of the vector ~u = 〈2/7, 3/7, 6/7〉.
c) Find a direction of the form ~v = 〈u, a, b〉 in which the direc-

tional derivative of f at (1, 3, 5) is 10
√

2π.

Solution:

a) The gradient is

∇f (x, y, z) = 〈π cos(π(x+5yz)), 5πz cos(π(x+5yz)), 5πy cos(π(x+5yz))〉 .

and

∇f (1, 3, 5) = 〈π, 25π, 15π〉 .
b) The directional derivative is π〈1, 25, 15〉 · 〈2, 3, 6〉/7 = 167/7.

c) To find the direction, take 〈0, a, b〉 and solve 〈π, 25π, 15π〉 ·
〈0, a, b〉 = 10

√
2π for a with b =

√
1− a2. Its ok to solve

the quadratic equation with a computer. The answer is about

(a, b) = (−0.375926, 0.92665).

2 a) (5 points) Find the directional derivative of the function f (x, y) =

log(x2 + y2) at the point P = (2, 1) in the direction of the vector

~v = 〈−1, 2〉. (We use the notation log = ln).

b) (5 points) Find the directional derivative of f (x, y, z) = xy +

yz + zx at the point P = (1,−1, 3) in the direction from P to

Q = (2, 4, 5).
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Solution:

(a) ∇f = 〈 2x

x2 + y2
,

2y

x2 + y2
〉. At point (2, 1), it is 〈4/5, 2/5〉.

The directional derivative is

〈4/5, 2/5〉 · 〈−1, 2〉
|〈−1, 2〉|

=
〈4/5, 2/5〉 · 〈−1, 2〉

|〈−1, 2〉|
= 0.

(b) ∇f (x, y, z) = 〈y + z, x + z, y + x〉, so ∇f (1,−1, 3) =

〈2, 4, 0〉. The unit vector in the direction of ~PQ = 〈1, 5, 2〉
is ~u = 1√

30
〈1, 5, 2〉, so Duf (1,−1, 3) = ∇f (1,−1, 3) · ~u =

〈2, 4, 0〉 · 1√
30
〈1, 5, 2〉 = 22√

30
.

3 a) Find the direction of steepest descent for f (x, y, z) = (x+y)
z at

the point P = (1, 1,−1).

b) Find the value of the rate of change at (1, 1,−1) in that direc-

tion found in a).
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Solution:

(a) The maximum rate of change occurs in the direction of the

gradient. The gradient is

∇f = 〈1
z
,

1

z
,−x + y

z2
〉, ∇f (1, 1,−1) = 〈−1,−1,−2〉.

The direction of steepest decent is 〈1, 1, 2〉.

(b) The unit vector in the direction of the gradient is

〈− 1√
6
,− 1√

6
,− 2√

6
〉 and the rate of change is

〈− 1√
6
,− 1√

6
,− 2√

6
〉 · ∇f =

√
6.

It is not so clear whether one should define maximal rate of

change as an absolute value. If one wants to emphasis the

direction, then also −
√

6 should be a correct answer.

4 You know that a function f (x, y, z) satisfies f (0, 0, 0) = 33 and

D〈1,1,1〉/
√
3f (0, 0, 0) = 4/

√
3 and D〈1,1,0〉/

√
2f (0, 0, 0) = 7/

√
2 and

D〈1,2,2〉/3f (0, 0, 0) = 12. Estimate f (0.01,−0.001, 0.1) using lin-

earization!

Solution:

Call the gradient 〈a, b, c〉. We know a+ b+ c = 4 and a+ b = 7

and a+ 2b+ 2c = 36. The solution is a = −28, b = 35, c = −3.

Now get 33− 28 ∗ 0.01− 35 ∗ 0.001− 3 ∗ 0.1 = 32.38

5 On the course website there is a map of a neighborhood of Cam-

bridge from 1891. The map features level curves of the height

function f (x, y) as well as points A−K marked in red.
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a) At which of the points A-K is the directional derivative Dvf

zero in every direction v and the second directional derivative

Dv(Dvf ) negative in any direction. Think first of what this means.

b) Find two points for which all Dvf are zero and where the sec-

ond directional derivatives can take different signs.

c) Find a point where fx = 0 and fy > 0.

d) Find a point where fy = 0 and fx > 0.

e) Find a point where fy = 0 and fx < 0.

Solution:

a) These are hills. A,K,D,E

b) B and G c) H d) J e) C

Main definition:

If f is a function of several variables and ~v is a unit vector

then D~vf = ∇f ·~v is the directional derivative of f in

the direction ~v.

For ~v = ∇f/|∇f |, the directional derivative is

Dvf = ∇f · ∇f/|∇f | = |∇f | ,

so that f increases in the direction of the gradient. The

value |∇f | is the maximal slope.
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