
Math 21a: Multivariable calculus Fall 2017

Homework 8: Parametrized surfaces

This homework is due Monday, 9/25 rsp Tuesday 9/26.

1 a) Identify the surface ~r(u, v) = 〈
√
v sin(u), v cos2(u),

√
v〉.

b) Identity the surface ~r(s, t) = 〈t4, s12 + t8, s6〉.

Solution:

a) It is a hyperbolic paraboloid x2 + y = z2.

b) It is an elliptic paraboloid because y = x2 + z2.

2 Match the following surfaces:

I II III

IV V VI
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~r(u, v) = I-VI

〈(3 + cos(v)) cos(u), (3 + cos(v)) sin(u), sin(v) + u〉
〈sin(v), cos(u) sin(2v), sin(u) sin(2v)〉
〈|1− |u|| cos(v), |1− |u|| sin(v), u〉
〈u cos(v), u sin(v), 2 sin(u)〉
〈cos(u)3 cos(v)3, sin(u)3 cos(v)3, sin(v)3/2〉
〈v, u cos(v), u sin(v)〉

Solution:

V,IV, VI, II, III,I

3 Find parametric equations for the surface obtained by rotating

the curve x = f (y) = 4y2 − y5,−2 ≤ y ≤ 2, about the y-axis

and use the graph of f to make a picture of the surface.

Solution:

Letting θ be the angle of rotation about the y-axis, we can see

that the xz plane cross-sections are circles. Therefore, we can

write the parametrization x = (4y2 − y5) cos θ, y = y, z =

(4y2 − y5) sin θ, −2 ≤ y ≤ 2, 0 ≤ θ ≤ 2π.

4 Given an integer or half integer k, we can draw the surface with

parametric equations

~r(u, v) = 〈(2+v cos(ku)) cos(u), (2+v cos(ku)) sin(u),−v sin(ku)〉

with −1 ≤ v ≤ 1 and 0 ≤ u ≤ 2π is called the k-ribbon.

Sketch the surface in two cases, k = 1/2 (the Moebius strip) and

k = 3.
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Solution:
224 □ CHAPTER 10 VECTOR FUNCTIONS

32. First we graph the surface as viewed from the front, then from two additional viewpoints.

The surface appears as a twisted sheet,:
detail in Section 13.6.)

isual because it has only one side. (The Mobius strip is discussed in more

33. (a) Replacing cos u by sin u and sin u by cos u gives parametric equations

x = (2 + sin v) sin u, y = (2 + sin v) cos u, z = u + cos v. From the graph, it

appears that the direction of the spiral is reversed. We can verify this observation by

noting that the projection of the spiral grid curves onto the xy-plane, given by
x = (2 + sin v) sin u, y = (2 + sin v) cos u, z = 0, draws a circle in the clockwise

direction for each value of v. The original equations, on the other hand, give circular

projections drawn in the counterclockwise direction. The equation for z is identical in
both surfaces, so as z increases, these grid curves spiral up in opposite directions for

the two surfaces.

(b) Replacing cos u by cos 2u and sin u by sin 2u gives parametric equations

x = (2 + sin v) cos 2u, y = (2 + sin v) sin 2u, z = u + cos v. From the graph, it

appears that the number of coils in the surface doubles within the same parametric

domain. We can verify this observation by noting that the projection of the spiral grid

curves onto the xy-plane, given by x = y = (2 + sin v) sin 2m,
z = 0 (where v is constant), complete circular revolutions for 0 < u < it while the

original surface requires 0 < u < 2it for a complete revolution. Thus, the new
surface winds around twice as fast as the original surface, and since the equation for z

is identical in both surfaces, we observe twice as many circular coils in the same

z-interval.

3 4 . ( a ) H e r e z = a s i n a , y = \ A B \ , a n d x = \ O A \ . B u t z ,

\OB\ = \OC\ + \CB\ =6 + acosaandsin0= MM So that

y = \OB\ sm.9 = (b + acosa) sm9. Similarly cos# = so

x = (b + a cos a) cos 9. Hence a parametric representation for the

torus is x = b cos 9 + a cos a cos 9,y = b sin 9 + a cos a sin 9,

z = a sin a, where 0 < a < 2it, 0 < 9 < 2it.

5 Find a parametrisation of the bumpy torus, given as the set of

points which have distance 5 + 2 cos(7θ) from the circle

〈10 cos(θ), 10 sin(θ), 0〉, where θ is the angle occurring in cylindri-

cal and spherical coordinates.

Hint: Use r, the distance of a point (x, y, z) to the z-axis. This

distance is r = (10 + (5 + 2 cos(7θ)) cos(φ)) if φ is a suitable angle.

Make a picture to see also z = (5 + 2 cos(7θ)) sin(φ). To finish the

parametrization problem, translate back to Cartesian coordinates.

Solution:

~r(θ, φ) = 〈(10 + (5 + 2 cos(7θ)) cos(φ)) cos(θ), (10 + (5 +

2 cos(7θ)) cos(φ)) sin(θ), (5 + 2 cos(7θ)) sin(φ)〉.

Main definitions

A parametrization of a surface is given by

~r(u, v) = 〈x(u, v), y(u, v), z(u, v)〉 ,

where x(u, v), y(u, v), z(u, v) are three functions.

Plane: ~r(s, t) = ~OP + s~v + t~w
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Sphere ~r(u, v) = 〈ρ cos(u) sin(v), ρ sin(u) sin(v), ρ cos(v)〉.
Graph: ~r(u, v) = 〈u, v, f (u, v)〉
Surface of revolution: ~r(u, v) = 〈g(v) cos(u), g(v) sin(u), v〉
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