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NOTES on FLUX INTEGRALS

Motivation: We already know how to compute the flux of 2 2-dimensicnal vector field F across a

curve C in R For example, if F is the velocity vector field of a fluid, then the flux of F across C is
the net rate of flow of the fluid acroas C (i.e., normal to C) and is given by

Flux of F across C =f'i-‘-ﬁ.ia
e

where ds corresponds to As, 2 tiny arclength along the curve C, and # a unit normal.

Now we want to extend the concept of fux to three-space. In R? we cannot define flux across a
curve. {Our notico of “across” can no longer be well-defined since at any point on a curve in R3, there
is a whole plane of normal lines to choose from as opposed to the unique normal line in R2.) We can,

however, define the filnx of F across a surface 5, where the notion of '‘across’ shall correspond to the
direction normal to §, which is unique up to a sign. Dasically, we'll think of chopping the sutface §

into many minuscule pieces (called surface elements) and summing the normal component of F on
each piece times the area of the piece. That is, we'll integrate F - & over the surface. We make the

definition
Flux of F across § =ff?~ﬁd¢
5
where do corresponds to A, the area of a tiny piece of the surface 5. We need to understand what
this means and how to compute it.

First let's lock at some simple cases. Consider a fishnet S in flowing water. Let’s think of F as
the velocity vector field for the water. :

Case 1: F is 4 constant vector field, ?(ﬂ;,y. £) = T, and § is a fat surface perpendicular to ¥.

Flux of F across § = +|¥o| (area of §)

where |¥g| = the speed at which the finid moves, £ determined by orientation.

Case 2: F is a constant vector fisld, F(z,y.. z) = ¥y, and § is a flat surface but net perpendicular to
.

Flux of F across § = £(¥ - ii){area of §)

where V-1 is the component of T in the direction perpendicular to 5. For instance, if water is flowing
along the surface, as opposed to through it, ¥ - & will be zero. If the water flow is az shown below, the

flux is (¥o - B)(area of §) = (}(7]) (area of 5).
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Note that we always have a choice of unit normal & {out of two possibilities) and the sign of our
answer is determined by our choice of normal. Given a surface 5 we must make this choice of mormal
consistently. We call this choice of normal the orieniation of the surface.! Given an oriented surface 5,
the flux of F across §, as defined above, is uniquely determined. (The orientation of § tells uvs which
i to use.)

One problem in calculating the flux of F through §, denoted [ F - i do, is determining do, the

£
surface area element. We'll do this in the case that our surface 5 is given as the graph of a continuous

function, z = f{z,y).
Let 2 be the shadow of 5§ in the zy-plane. There is 4 ane-to-one correspondence between points

{z,y) in & and points {(z,y, f(z,y)) on §.

! Not every surface admits an crientation. For instance, a Maobins strip bas only ohe “side:" if you choose 3 normal
wactor at one point and move along the sirip, slways making & copsisient choice of normal vector, when you get back 1o
where you staried, you end up with the opposite vector you started with, a clear incomsistency! One cannot defiae an
onentation on a Mobios strip. However, most surfaces yon will encounter will be criemtahle.

An inconsistencyft!
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Partition ‘most'?of the region Q) lying in the zy-plane into tiny rectangles of area Ad = Azdy.
Fach tiny rectangle in the plane corresponds to a small piece of 5 whose area will be denoted by Ag.
We want to find cut what Ae is in terms of AA. (The area of Ao is always greater than or equal to
that of AA. Why? When would equality hold?)

If the rectangle in {2 is really tiny, the corresponding piece of § will be almost flat. We can
approximate it by a piece of the tangent plane to 5.

Let’s begin by tonsidering the following parallelogram. Three of its vertices are

P'—-(z.y.f[t,y}L q:{=+&=*l‘|f{1+&215’}}1 and R=(=,y+ﬂy,f{:,y+&y}],

the points on § corresponding to the points (x,¥), (= + Az,y), aad (3,5 + Ay) in L.

43 you make your partition finer and finer, more and mare of the region will be included in the partition.

| ]
y A

L
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The parallelogram is spanned by the vectars PQ and PR where

PG =Q-P=(Az,0,f(z+ Az,y) - f(2.3). .
Now, recall that 4
lim flz+Az9)~ flz,y) _8f R
Az Az dz’ y

so for small Ax o
flz+ Ayy) - flzay) = E&:

Therefore ;.r:_,

LR 1] .

Similarly, {'ll-lf,!'l,}
PR=R-P= (D,ﬁy,%ﬁy:] .

PG~ (ﬁ:.ﬂ.g—éd:) .

The area Ae¢ iz approximately equal to the area of the parallelogram spanned hy PR and f‘ﬁ

Ac = |PQ x PR| = l(h:,ﬂ. g—iﬂ:) x (D‘L\y. %ﬁy)l = |(—%ﬁ=ﬂ#. -%ﬁ:ﬁy,ﬁzﬁy)i

i,
Aa & |(~fe, = fys 1) AzAy| = (= fo, = 5 1) Azdy

Ao = \J(P + ([} + 144

[Nate that we have approximated the ares of & paralldogram which is tangent to our surface at the
point P.] Qur conjecture (which can be verified by a more rigorous argument) is:

do = I{-Jfl'r -.ry: 1” A = “;-Il‘! --lrrr 1]' dz dy'

Also, since PQ x PR = (-f,—f,,1)Az Ay, we know that (- fe,—f,,1) must be normal to the

parallslogram spanned by ﬁ and PR (though it is not a unit normal unless f; = f, = 0).2 We can
make the wnil normal % as follows: (= fermfr1)
=Jd= =Sy

I[+J'=,-.fm1}l'
Then, using the expressions for fi and do found above, we see that:

The Flux of F through § -ff?-ﬁdu ijjf~M|(—f,,—f,,l}de
£ [ 4]

BE=z

I':“.f:r -)':.hl”

IMatice that if we let g(z,g,5) = 1 — fiz, ¥} then [{=fo.—fy, Dldzdy = ['ﬁ'gld:rdp, So dor = lﬂ'ﬂdd where do
corresponds 1o the area Af on the sarface 5, and dA corresponds to the A4 area of the corresponding projection onto
the zy- plane. We see that the magnitude of Vg gives us the distortion factor for the surface area element. {Notice that
¥4 is always greater than or squal to one.]
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=:|:jff-|:-f.-,—f..l}drdar
it

for a surface § given by z = f(z,y), with projection Q in the zy-plane.

CAUTION: Don't get confused between (— f., —f,.1) and the unit pormal fi. Typically {- f,.=/,.1)
is not a unit vector, although it is js parallel to i.

Note: Everv surface of the form z = f({z,v) has an unambiguous top and bottam side. Its crientation
tan be with sither upward pointing normals (in the direction of (= fz,—f;. 1)) or downward pointing
normals (in the direction of ( fz, fy, 1))

For example, il § is given by & = f(2,y), oriented with upward normals, we have

JfF 8= [[F (-fe-pu1aa

5 1]

{where {} is the projection of § in the zy-plane).

Important! Every occurrence of z in the right hand side must be replaced with f{z,y) before
integrating.

We get similar formulas for surfaces of the form £ = f{y, z) or y = fiz,2). For example, if § is given
by ¥ = f(z,z) criented with normals pointing to the —y side, we use (f;. -1, ;) for our (non-unit)

nofmal vector, and
_UF-ﬁda - fj?*(fz.—l,f.]dd
5 o

{where £ is the shadow in the zz-plane and dA = dzdz.) And s0 on for the other possibilities. [The
sign of the 1" indicates the choice of orientation.]

Of course, many surfaces can’t be represented asz the graph of 2 single function of two variables.
No closed surface, like the unit sphere, for example, can be. But we can break ihe sphere into two
hemispheres: z = +/T - 22 — ¢ and 7 = —/1 — 27 — y%, and work on each piece separately (making
sure that our orientation of the whole surface is compatible with our choice of normals on each piece).
We can use similar tactics with other surfaces. For a more general discussion of parametrized surfaces,
see Vector Caleulus by Jerrold Marsden and Anthony Thomba.

Applicationz and Examples
We now turn to some examples of calculating flux.

Example 1: Find the flux of the vector field F = (2 + z,v,¥ — 2) across the part of the paraboloid
2 = 2% 4+ y? with z < 1, oriented with inward normals.

Solution:
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§ is already given in the form r = f(z,y). The region Q is the unit disk in the zy-plane. (It has
radius 1 because the surface has boundary where z = L, i.e., where z? + y* = 1.) The inward-pointing
normals have positive k- components, so we use the vector (— f;,— f;, +1) = (=22, -2y,1).

fj?-i¢a= ff{z+z,p.lrrz}-[-2:,~2y.l}dA = ff{:+;?+y’)[-2=)+y{-2y}+{y—=‘—y’)a’.4
5 1] 1]

where we have replaced z by z? + 3* in the final integral. The calculation of the integral is left as an
exercise. (Use polar coordinates. Symmetry arguments can simplify the computation a little, but not
dramatically.)

Example 2: Find the inward flux of F = (2,2,p) across the boundary surface of the tetrahedron
with W.I.'ti.m at Eﬂl ui “}1 {lmulu]t {ul 2- u}'r llld [us-u-r 3]-

Solution: The surface has four faces; we must find the flux through each separately. (Later we'll
encounter the Divergence Theorem which will make this problem easier, just as Green's Theorem made
integrals around closed curves easier.) Let’s start with the slanted face, which we'll call 5.

1t is part of the plane through (1,0,0), (0,2,0), (0,0,3), i.e., the plane 6z + 3y + 2z = 6. (You can
get this equation from the general procedure for finding an equation of the plane through three given
points, or by inspection.) We can therefore write the slant face as r = 3 - 3z - %y. The shadow 1 in
the zy-plane is the triangular region sketched below.

yul-23
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The inward-pointing normal points downward for the slanted face, so we use (+fz, +fy, — 1), which
is (—3,—3,=1). We get

s{ff-ﬁdd: if{:,z.y]-(—ﬁ.-%,—l)dd: ‘s{,f[_k_(%) (3-3:-%")- ]dA

{substituting 3 — 3z — % for 2}
1 3-2=

T e
a 1]

Now consider the face 5 in the zy-plane. Its equation is just ¥ = f{z,z) = 0 since it's part
of the y = 0 plane. {Don't let the triangular boundary confuse you into thinking you need a more
complicated equation!) The shadow 3 is just S itself, since 53 is already in the zz-plane. We want
normals pointing to the +y side, i.e., {=fz, +1, = /) = {0,1,0). So,

: -
s
_—
Ind-Jx
¥
1 . 1 ry
Sfji".m= i]{:,:,,}.m‘l.u}da:j ?h:dzd:=,__

Note that here (—fz,1, —Jf;) actually is the unit normal. This is because §; is already in the rz-
plane, 50 dz and dA are the same (do means a small piece of area on the surface and dA means 3 small
piece of area on the shadow). In this simple case, the flux integral is the same as the double integral
of F . i

Similarly, consider the face 53 in the zy-plane. It's already in the zy-plane, so do = dA, and
fi = +k since the upward normal is the inward-pointing oue. The finx is therefore

1 1-3r

ff?-ﬂdar=ff(:,z,y]-{ﬂ.ﬂ.l}dd:f fydyd::...
5 5
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L]

]
yal-lo
1
1
u .

For 54, the face in the yz-plane, i = +7 and we have

ffiidu: j]{:,z,y}-{l.u,mu= ff:dydz: ffn@s::n
[t

A i 111
gince z = 0 on the yz-plane. {(Remember, sven if z were nonzera, we'd still have to write it as the
appropriate function of y and z before doing the integral.)

Example 3: Find the flux of F = (2,5 — .7 + 2) through the unit disk in the y = 3 plane (centered
at the y-axis), oriented with normals in the 4y direction.

Solution:
z
. s
A
\J F
a yml
]

The equation of the surface is y = 3, since it’s part of the y = 3 plane. [Don’t let the fact that its
boundary is circular confuse you into writing 2 4 z? = 1 or something along those lines. The boundary
will be described by the bounds of lntegration.] So y = f(z,2) = 3, and fr = f; = 0. The shadow
£ is the unit disk in the rz-plane. We use the vector (- fe, +1,—f:} = (0,1,0) since the normals are
supposed to be pointing in the +y direction.

{ff-ﬁda-: 4[(:.#—z.t+z}'[ﬂ,l.ﬂ}m= {j{ﬂ—r}dd
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(we've plugged in 3 for y, remember). We can use symmetry arguments to assert that

éf-:.:m:n

(For each positive value of r in the unit disk, there’s a corresponding negative value of z on the other
side of the disk which will cancel it out.} So we're left with

fjﬂd.i:E{uea.nfﬂ} = 3r.

]

Sometimes one can find a fiux by geometric reasoning without doing the integral. For example, il

F i is zero everywhere, we know the flux is zero. If F-fiisa constant, say ¢, and if we know the
surface area of 5§ geometrically, then the flux is ¢ times the surface area. This makes sense given our
original development of flux, splitting the surface into small pieces, taking F - & {= c) times the area
of each small piece, and adding them up. This gives ¢ times the sum of the areas of the pieces, ie., ¢
times the total area.

Example 4: Find the outward flux of F= (3z,3y,3z) through the sphere of radius 2 centered at the
origin.

Solution: We can do this geometrically. To find the unit normal i, there's no need 1o break the sphere
into hemispheres and write z = +./4 - 2% — y!. We know the outward normal direction is radial
{why?), and thus is given by (x,y,z). Thelength of (z,y,z)is VT  + ¥ + 22 = 2since z? + 4+ 22 = ¢
on the sphere. Dividing by the langth, we get the ourward unit normal vector i = E;—‘l

Next we calculate F - ii. We get (32,3y,32) - (5,4,3) = (= +¢* +2%) = 3 4 = 6 since
2z + 42 + z* = 4 on the sphere. 6 is indeed a constant! So the flux is 6 times the surface area of the
sphere, i.e., (6){16x) = 96r. ’

IMPORTANT CAUTIONARY NOTE: If you find i and calculate F -fi and find that it’s
not constant, so that you have to use the above formulas to calculate the flux integral directly, there
may be a great temptation to integrate what you just found for F -ii over 0. This is wrong! You must
integrate F - {—=fz.=fy, 1) {or whichever one is appropriate) aver {3, not F -i. F -iiis the quantity
that needs to be integrated over the surface. When you do the double integral over the projection. you
need an extra factor to take into account the fact that areas on § are in general bigger than areas on
the projection. The vectors (= fr, —f,, 1) take this into account. (They are always as long or longer

than unit normals.) Equivalently, you can multiply F-i by der and integrate over [l

In other words, you use the uné! normal only when using geometric reasoning involving the surface
area of the surface to find the surface integral; when you are calcunlating a fiux by doing a double integral
over §1, the shadow region (or domain of the parametrization), you use the (not-necessarily-unit) normal
(=fes—fys 1) (or its appropriate analogue depending on which coordinates are your parameters and
what the orientation is).
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For example, in the above problem, if you didn’t realize that F.i= 3(2? + ¥* + 7*) was constant
and went to do the caleulation direetly,

. jsf%(z’+y’+z’)dn.

You could write the sphere on the two hemispheres z = +/4 — 27 — y? with upward normals and
z = —/a—-z? — y° with downward normals. The flux through the top hemisphere is

[[@e3939) (~fe-fuyad = [ [ a2 - 2t 441 F 4 35% - 49 E 43 da
a 7

plug in z = /4 = 27 — y7, and evaluate. The flux through the bottom is
jf(a:.w.a:} {(fe, fy—1)dA = ff [3&[4 —zl 4yt 4 3P(a - 27 + 97 - 32 dA
n Q

plug in z = —/4 =27 — g7, and evalnate. Then you add up the fluxes for the two hemispheres, and
vou should get 96x. (If you're wondering why the integands on the right hand side look almost the
same when in one case we have (—f;,—f,,1) and in the other (f, f,,—1), it's becanse the f's differ

by a sign.)
Example 5: Find the flux of F = (z,y,e%) out of the past of the cylinder z? +y* = L with 0 < 2 < 2.

Solution: We can break the cylinder into two halves: y = ++/1 — 23 and y = —+/1 — 22. In each case,
1l is the rectangle -1 < 2 <1,0< 2 < 2 in the rr-plane.

y= fiox2

hat

For the right half of the cylinder, we want the +y normals, so we evaluate

ff{zfy,c’] (=frli=f1)dzdz = ff (z.m1 r') . (a‘ (‘1 -:1:]_% .1.1]) dzdr
7] ¥
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12 12
= —-z9)% V1-a2t .
‘{nfzzl:l z9) d'zd:r+jj 1-ztdzdz

= =10

By symmetry arguments the left-hand integral is zero. (For each fixed z, the integrand is an odd

- = =T - . 4 . aw =
function of z, i.e., ey = —713_% over the region of integration; for every positive z there is a

corresponding negative £ of equal magnitude, so the total integral is zero.) Thus, we're left with

1 3 1
ffv‘l-zﬂ.fzdufwl-zwz
=1 0 =1

= 2(one-half the area of a unit circle ) = 2- %r =

For the left half of the cylinder, f(z,2) = =1 — z? and we use —y normals, so we get
-4
{I, ' r]'{-jrrll*f:]dlzdt——‘ I, 1= :., 1. Il = 1 .,1,0 dzd F
jﬂf ve jnf( VIm,e) (2 (1-27) 7 1,0) drde

which boils down to the same integral as before (that's only because the vector field happens to be
somewhat symmetrical; this doesn't always happen). Thus the total flux is x + x = 2x.
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