1 Midterm 1 Answer Sheet
1.1 Part 1

1) Answer is (c)
A-B=(-2i+(t-1)j+2k)-(j+tk)=(t-1)+2t=3t-1=0=

N
3

2) Answer is (d)
i j k
AxB=|-2 t-1 2 |=(—-t-2)i+2tj—2k
0 1t
which is nonzero for any value of .
3) Answer is (b)
(A+B)- (AxB)=A-(AxB)+B-(AxB)=0+0=0
since both A and B are normal to (4 x B).

4) Answer is (e)

Consider the level curve passing through (0,0). The first three choices are
eliminated because this level curve would not have points in the first quadrant
(where both z and y are positive). By checking some points in the graph and
using the symmetries, (d) and (f) can be eliminated.

5) Answer is (b)

The fact that the curve is an ellipse eliminates (a), (¢) and (e). Since (d)
would have longer axis in the y direction, we can eliminate it as well.

6) Answer is (a)

r(t) = eV costi+ eV sint j
r'(t) = (\/ie‘/it cost — eV sin t) i+ (\/ieﬁt sint + e¥2* cos t) ]

2 2\ %
[t'(t)| = ((\/ieﬁt cost — eV? sin t) + (\/ie‘/it sint + e¥2 cos t) ) =

_ <262\/§t n ezx/it)% = /3eV2



so the arc length is

L/ )| dt = /\/ﬁeftdt \/gff
0
0

=3 (=)
7) Answer is (e)

Using the differential of f and the partial derivatives at (1,2, 3):

G _ o ydy_d
f z y oz

So
Az

z

Af
< 0.002 + 0.003 + 0.001 = 0.006

2Z|+s| 2|+

that corresponds to 0.6%. Note that we must use the absolute values to get
the maximum error in f (since we do not know if % = £0.1%, or anything in
between.

8) Answer is (e)
It is easy to see that z(0,0) = 1. We can implicitly differentiate

ze($2_y2)/z =1
with relation to z to get

@e(xz_yz)/z + Ze(zz_yz)/z (2_;5- B 72 — y2 %) —o

Oz z 22 0Oz

which gives 5—; =0whenz =y =0.
Another solution:

We can try to solve for z (note that z must be positive, so all operations are
valid)

2 _ .2
e(w2fy2)/z — 1 = z Yy =1In <1> =—lnz=>
z z

=222y’ =—zlnz
We still can not solve for z, but the implicit differentiation is now faster:

2r = lnz—z— %i%—— 2z
N ox 0z  1+Inz

0z 6z 2y
= —-Inz—2-
Y ( ne zz) 8y ay 1+Inz

so clearly
0z 0z
5 0.0 = 0.0 =0



1.2 Part II

Question 1

a) The plan II passes through A = (0,—-2,1), B = (2,0,1) and C = (0,0, 2),
therefore it contains the vectors v = AB = 2i+2j and w = AC' = 2j+ k. Then
the normal vector to IT is

N=VXWwW= =2i—2j+4j

O N =
N DD Cemie
k=

therefore the equation of II is (using (0,0, 2))

22-0)—-2(@y—-0)+4(z—-2)=0=>
>r—y+2z2=4

b) The line passing through (0, —1, 3) and (3, 5, 0) has direction given by the
vector
(3i+5j) — (—j+3k) =3i+6j — 3k

Using the point (3, 5,0), the parametrized equations of the line with param-
eter t are

z(t) =3+ 3t
y(t) =5+ 6t
z(t) = =3t

c) To find the intersection of the line with the plane II, substitute the equa-
tions of the line into the equation of II:

(3+3t)—(5+6t)—6t=4=3t=—-2
therefore the point is (1,1,2).

d) To find the acute angle between the line and the normal vector to II, we
use

A =1i-—j+ 2k as a normal vector to the plane (from (a))
B =i+ 2j—k as a vector in the direction of the line (from (b))

and A -B =|A||B|cosé to find

g G=iT2) (+2-k) _1-2-2 1
T li-jtrkit2—k Vo6 2

so the obtuse angle is %’r, and the acute angle is 7.



Question 2
a) The path is z = cost and y = sint, 0 < ¢ < 27. Using the chain rule

dh _ Ohdx  Ohdy _

dt ~ Bz dt ' Bydt
= (—T7cost + 2sint) (—sint) + (2cost — 3sint) (cost) =
=2cos’t — 2sin®t + 4sint cost = 2 cos 2t + 2sin 2t

b) The points with ‘2—? = 0 correspond to
cos2t +sin2t =0 = tan2t = —1

Since 0 < 2t < 4m, we have

g 3T 7w Un Lom o Sm Tm lln Lom
T 4747 47 47 -8’8 87 8

c¢) The contour line that the second hiker follows is given by

h(z,y) = h(1,—-0.5) = constant

Differentiate to get the slope of the tangent line to the contour curve at
(1,-0.5)

. Oh Oh dy  Oh/0x
dh—O—axda:+8ydy:>dx =~ oh/oy

But since
hs (1,—-0.5) = =8 and hy (1,-0.5) = g
then
dy _ 16
de 7

gives the direction that the hiker follows.

Note 1: It is not true that the second hiker follows the same circle that the
first one followed. There is no reason to believe that the level curves of h are
circles.

Note 2: The position vector r of the hiker and the function h are very
different things; there is no reason to believe that the hiker follows the direction
of %i + ?j. Actually, now that you know that this is the gradient of h, it
should be clear that the direction along a level curve is actually orthogonal to
this vector.



Question 3
a)

d [ ! n o__ k _
a(rXI‘)—I‘ Xr4+rxr =04rx _Rr =0

since
_ ! I _
rxr=r Xr =0

Hence r(t) x r'(t) is constant, and the ball’s motion lies in the plane through
the origin perpendicular to r(t) x r'(¢) (or on a fixed line through the origin, if
r(t) x r'(t) = 0).

Notes: Alternatively, one could conclude that the position vector sweeps equal
areas at equal amounts of time.

It does not follow that the ball moves in an elliptic orbit. In our particular
case, it is true that the orbit is elliptic, but that has nothing to do with the
constancy of r(t) x r'(t). The orbits are generally not circular (although they
can be on occasion, as in part c).

Two common errors were the following incorrect rules for differentiating a
cross product:

9 (AW xB) = A1) < B'()
and

d

a(A(t) x B(t)) = A'(t) x B(t) + B'(t) x A(t).

The first of these is a more serious mistake than the second.



since again

= _ ﬁ r
m
This shows that E(t) is a constant independent of .
Notes: One common mistake was the attractive but incorrect equation

: :
SIr(0)] = ' 1)

(If this equation looks believable, think about circular motion.) Another common
mistake was assuming that r(t) and r"(t) are perpendicular to r'(t), as they
would be in uniform circular motion. A similar error was directly assuming
that |r(t)| and |r'(t)| are constant.

In some solutions, equations ended up being written in which vectors and
scalars were combined in illegitimate ways, e.g., v(t)-r(t)-r(t) or mr" (t)+k|r(t)],
which make no sense. It’s a good idea to keep an eye out for this problem, since
it is a sure sign that something has gone wrong.

After grading this problem, I’ve got three comments about writing style.
First, clearly indicate all dot and cross products. (Some people simply juzta-
posed vectors with no hint as to how they were being combined.) Second, don’t
keep pointless absolute value signs. (Some people wrote |r(t)|> = |r(t) - r(t)|.
That’s true, but you need to get rid of the unnecessary absolute value signs on
the right sooner or later.) Third, keep the logic of the solution clear.

The third point is worth erpanding on. Some people began by assuming
E(t) was constant, then manipulated equations, and finally concluded with a
true statement; they deduced from this that E(t) really was constant. That’s
nonsense, logically. (It doesn’t matter that you can deduce true statements from
the constancy of E(t); what matters is whether you can deduce the constancy
of E(t) from true statements.) This argument is simple enough that doing it
backwards is unlikely to lead to confusion, but it is a bad habit that can cause
serious problems in more complicated cases.



¢) From (a), we know that
r(T)x'(T)=r(0)xr'(0)=ixj=k
$0
—-jxr'(T)=k

This is not enough to state that r'(7) = i. Indeed, if we write r'(T) =
Ai+ Bj + Ck, then

—jxr'(T) = —jx (Ai+ Bj + Ck) = Ak — Ci
so we have A =1 and C' = 0, but we can’t determine B just yet, that is
r'(T) =i+ Bj

Now, from (b)

E(0) = B(T) =
m k.~ m , 2 k
= |t'(T)| = 1

and this allows us to pin down the value of B as 0, that is
r'(T)=1i

Notes: Some solutions used the circularity of the motion. In this particular
case, it turns out that the motion is circular. However, we do not know that a
priori, so any solution that uses that fact must explain why it holds here.

It does not follow from r(0) =i and r'(0) = j that the motion is circular.
Under those conditions, the motion is given by

r(t) = cos (\/gt) i+ \/%Sm (\/gt)i

and is elliptical. Adding the constraint that v(T) = —j for some T forces m = k
and gives circular motion.



