Math 21a - Spring 2000 Final Exam Review Problems

Problems 34-48 are not relevant for students in the BioChem section. The students in the BioChem section
should replace Problems 34-48 with the odd numbered problems from the chapters that those sections
covered in the book by Rosner.

Students can obtain additiona answered review problems by working the relevant odd numbered problems
from Chapters 9.4-9.9, 10.1-10.5, 10.7, 11.1, 11.3, 12.1-12.10, 13.1-13.6, 14.1-14.8 and at the ends of
Chapters 9-14 in Part 11 of the 9th edition of Thomas and Finney’ s book Cdculus. Moreover, aimost any
book on multivariable calculus will cover essentidly the same subjects aswe did here. Thus, even more
problems for review can be had by working answered problems in other multivariable ca culus books.
(Please don't take such books out of Cabot; photocopy some problems instead so that other students can
have access to the same resource.)

PROBLEMS:

1

Give an equation of the form f(x, y) = O for the following parametrized curvesin R
a x=@t*+1)Y y=1-t.

b) x=2tant, y=1/cost, for-p/2<t<p/2

c) x=4cost, y=3dnt.

In each case, give an equation for the linein R? which is tangent to the given curve a the indicated point:
a) Thecurveisparametrized asx = (t2 + 1)V*, y = t and the point iswheret = 0.

b) Thecurveiswherex® + y* = - 23 and the point is (-3, 2).

©) Thecurveiswherex + y* = 1 and the point is (2, -1).

Find the length of the curve parametrized by x = €* - 2t, y=4¢€ for O£t £ 1.

a) Find aparametrization of theformt ® (x(t), y(t)) for the curvein R? which is parameterized in polar
coordinatesby r =t, g =t>witht 3 0.
b) Writethis curvein theform f(x, y) = 0.

In each of the cases below, write the vector B as a sum of avector which is pardld to the vector A ad
which is perpendicular to A.

a A=(1,22adB=(1,2-1).

b) A=(3,-4,00and B =(5, 1, 1).

c) A=(2,-1,-2)andB =(3, 3, 3).

Suppose that v and w are vectorsin R* with [v| = 2 and w| = 3. In each case below |2v - w|is given.
Decide whether v and w are perpendicular or not, or whether thereis not enough information to decide.
a |2v-w =12

b) [2v-w=7.

C) |2v-w =5.
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Find the distance from the point (1, 2, 1) to the following:
a) Theplanewhere2x +y-2z=0.
b) Theline parameterizedby t ® (6t, 3t + 2, 2t + 1).

In each case, find an equation of the form f(x, y, 2) = O for the indicated plane:

a) The plane through the point (1, 0, 0) whichisnormd to A = (2, 1, -1).

b) The plane containing the points (1, 1, -1), (2, 1, 0) and (3, 3, 3).

¢) The planethrough the point (-1, 0, 0) for which A = (-1, -1, 1) and B = (1, 1, 3) are tangent.

Find the absolute vaue of the cosine of the angle between the planesx =5 and 6x + 3y + 2z= 2.

Write a parametric equation for the line through the origin which is normd to the plane through the three
points (0, 1, 0), (1,-1, 1) and (1, 1, -1).

In each of the cases below, the given vector function of the parameter t is meant to be the velocity vector of a
parametrized curvein R®. Decide whether the given curve lies entirdy in asingle plane.

a) v(t) = (bcost, 39nt, cost).

b) v(t) = (8t% 3t, cost).

) v(t) = (8t% cost, -7cost).

In each case, find the linear approximations to the given function at the indicated points:
a) f(x,y,2) =10x*+yz - Z+ 1; andthepointsare (1, 1, 1) and (1, 1, -1).
b) f(x,y, 2) =sn xyZ + z and the points are (1, 2, 0) and (3, 0, 1).

In each case, find the equation for the tangent plane to the given surface a the indicated points:
a) Thesurfaceiswheree® - 2 + z=0and the pointsare (0, 0, 1) and (0, 1, 1).
b) Thussurfaceiswherex® + y* - xyz = 1 and the pointsare (1, 0, 1) and (1, 1, 1).

Write down the linear approximation at (1, 1, 1) for any function f(x, y, 2) on R® with following properties:
a f(1,1,1)=-2

b) BothA=(1,1,3)andB = (3, 1, -1) aretangent to the level set f=-2at (1, 1, 1).

¢) Thedirectiond derivativeof f inthedirection (1,0, 0) is2.

Letf(X,y, 2) = x? - yz+ 3. In each case below, the given point lies on a parametrized curve and the given
vector v isthe tangent vector to that curve at the given point. Give the instantaneous rate of change of f
aong the curve a the given point.

a Thepointis(l,1,1)andv =(1,0,0).

b) Thepointis(1,-1,1) andv = (0, -1, 0).

c) Thepointis(0,2,2) andv = (1, 1, 0).

Suppose that f(x, y) isafunction on R? whose gradient at the origin is (1, -3). Also, suppose that

g(u, v) = (x(u, v), y(u, v)) isafunction from R? to R? which sends (0, 0) to (0, 0). Also, suppose the partid
derivativesof x(u, v) andy(u,v) a (0,0) are: x, =1, yu =1, %, =-1, yy = L.

Givethe gradient vector at (0, 0) of the function G(u, v) = f(x(u, v), y(u, v)).
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In each case, give the locd maxima, then the loca minima, and findly, the saddle points for the given function:
a) f(x,y) =y*+cosx.
b) f(x,y)=cosxsdny.
0 f(x,y) =y*- 3y +x%

Find the points where the function f(x, y) = 3xy + 1 takes on its maximum and minimum vaues on the region
where x?/9 + y/4 £ 1.

Find the points of the ball x> + y* + Z £ 1 where the function f(x, y, 2) = 2x* - y* - cos Z achievesits
maximum and minimum values.

Find the point or points on the surface x + y? + Z = 1 where f(x, y, 2) = x/(1 + y* + 7) hasits maximum.

() Find the distance to the origin of the point on the surface where x? + Zy* = 1 which is dosest to the origin.
(b) Find the distance to the origin of the point on the surface where % +7%y? =1 whichiscdlosest to the
origin.

Let E(x,y, 2) = (X%, zy + 1, 2y - 2). Find the point or pointsin R® where thelength of E isleast.

Find the area of the region where x%4 + Y19 £ 1 and x/2 + y/33 1.

Find the average vaue of f(x, y) = x on the part of the first quadrant where x? + y* £ 1.

Find the area of the region given in polar coordinatesby O£ r £ cosqgand 0 £ g £ p/2.

Integrate the function (X, y) = cos x? over the region in the first quadrant wherex - y3 Oand x £ 1.

Find the volume of the regionin R®wherey3 Oandy + x>+ Z £ 1.

Find the volume of the regionin R®where 0 £ z £ cos (x? + y?) and x* + y? £ 1.

Integrate the function f(x, y, 2) = sin (x? + y* + 2)*? over the interior of the ball of radius 1 in R® whose
center is @ the origin.

Writein cylindrica coordinatesthe integra of the function f(x, y, 2) = yx? over the region where
1EXELOEYE (L-x)Y2and 0 £ z£ (X + y?)Y2 Then, evduate the resulting integral.

Writein spherical coordinatesthe integra of the function xyZ* over the portion of the first quadrant where
(x®+y)Y2 £ z£ 1. Then, evduate the resulting integral.

Consder the inverted cone whose vertex lies at the origin and whose base is the disc in the plane z = 3 with
center the origin and radius 4. Express the volume of the portion of thisconewherex® + y? + Z £ 1 asan
iterated integrd in rectangular, cylindrical and aso spherica coordinates. Findly, find this volume by
evauating one of your integral expressons.
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a) Writetheintegral (‘i c‘i e ) dxdy in polar coordinates and evaluate.

b) Evaduate c‘i e dx. (Hint: Congder the square of thisintegrd.)

Thefollowing review problems are not relevant for the BioChem sections.

. Computethe lineintegra of F = (y sin pz/4, x cos pZ/4), - (y* + x?)7*) around the cirdle which is cut from the

sphere x? + y? + Z = 10 by the plane z = -3. Traverse this circle counter-clockwise as viewed from the z= 0
plane.

Compute the lineintegral of the vector fiedld F = (-sin pz, cos pz, - (y* + x%)Z') dong the straight line segment
darting at the origin and ending at (1, 1, 1).

Compute the lineintegral of the vector fidd F = (xy* Sn py®/2, yx? ) dong the path which traverses
(counter-clockwise) the square in the xy-plane with vertices (0, 0), (1, 0), (0, 1) and (1, 1).

Parametrize the following surfaces:

a) The portion of the surface where x%/4 + y?/9 + Z/25 = 1 which lieswherex 3 0.

b) The portion of the same surface which lieswherey 3 0.

¢) The portion of the surface where x + y* + 7' = 1 which lieswhere x 3 0.

d) The portion of the planewherex +y + z= 2 which lies above the first quadrant in the xy-plane.

For Cases a-c in the previous problem, write down an iterated integral which computes the area of the
indicated portion of the surface.

Find the average height over the xy-plane of thez3 0 part of the surface x? + y* + Z/25 = 1.

Find theflux of F = (sin (x* + Z°), cos (X + Z(y? - 1), 2x?) through the part of they = 1 plane where both z and
X are pogitive, but both arelessthan 1. Use the normal that has positive dot product with the position vector
at the point (0, 1, 0).

Find theflux of F = (0, 0, 2) through the surface x* + y* + Z = 25. Use the normal that points away from the
origin.

Write down avector field on R® which is not congtant, but has zero curl and zero divergence.

. @ Write down avector field on R® which has divergence equd to xyz.

b) Write down avector field on R® whose curl is equal to (1, 2, 3).

. @ Write down avector field on the plane whose counter-clockwise path integra around any circle equalsthe

sguare of theradius of the circle.
b) Write down avector fidd on R® whose outward flux through the surface of any cube is equa to the third
power of the length of an edge.



45. a) Either exhibit avector field whose curl is (x, -2y, xy), or explain why no such vector field can exig.
b) Either exhibit avector field whose divergenceisy cos (yZ), or explain why no such vector fidd can exist.

46. Suppose F isavector fidd whose curl isequd to (3, -5, 7). For each plane through the origin, one can
condder the path integral of F in ether direction around the circle where the plane intersects the sphere where
x? +y? + Z = 4. Givethe equation of such a plane for which the path integra in question is zero.

47. Let f(X, y, 2) be some (ungpecified) function and let g(X, v, 2) = @X f(s,y,2ds. Giveaformulawhich

expresses theintegra of the function f over the ball where x* + y* + Z £ 1 asasurface integral over the
boundary sphere which involves the function g. Use the divergence theorem to justify the vdidity of your
formula

48. Inthis problem, F = (-y, X)/(x* + y?). Thisisavector fidd which is defined everywhere on the plane except

a the origin.

a Compute the counter-clockwise path integral of F around the cirde x® + y? = 1.

b) Supposethat g; isacosed loop in the plane which encloses aregion that contains the disk where
x? + y? £ 1. Compute the counter-clockwise path integral of F around g;.

¢) Suppose now that ¢ isaclosed loop which encloses a region which does not contain the origin.
Compute the counter-clockwise path integral of F around g.

Indl of the above, judtify your answers.



